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PREFACE. 


Les causes primordiales ne nous sont point connues; mais elles sont assu- 
jetties A des lois simples et constantes, que Ron pent &6cotivrir par Tobser- 
vation, et dont l’^tnde est Fob jet de la philosophie naturelle. —Fourier. 


The term Natural Philosophy was used by Newton, and is 
still used in British Universities, to denote the investigation of 
laws in the material world, and the deduction of results not 
directly observed. Observation, classification, and description 
of phenomena necessarily precede Natural Philosophy in every 
department of natural science. The earlier stage is, in some 
branches, commonly called Natural History; and it might with 
equal propriety be so called in all others. 

Our object is twofold: to give a tolerably complete account 
of what is now known of Natural Philosophy, in language 
adapted to the non-mathematical reader; and to furnish, to 
those who have the privilege which high mathematical acquire¬ 
ments confer, a connected outline of the analytical processes by 
which the greater part of that knowledge has been extended 
into regions as yet unexplored by experiment. 

We commence with a chapter on Motion , a subject totally 
independent of the existence of Matter and Force. In this 
we are naturally led to the consideration of the curvature and 
tortuosity of curves, the curvature of surfaces, distortions or 
strains, and various other purely geometrical subjects. 
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The Laws of Motion, the Law of Gravitation and of Eh 
and Magnetic Attractions , Hooke's Law , and other fundarn 
principles derived directly from experiment, lead by mi 
matical processes to interesting and useful results, for th< 
testing of which our most delicate experimental methods a 
yet totally insufficient. A large part of the present volui 
devoted to these deductions; which, though not immedii 
proved by experiment, are as certainly true as the elemei 
laws from which mathematical analysis has evolved them. 

The analytical processes which we have employed are, 
rule, such as lead most directly to the results aimed at, an< 
therefore in great part unsuited to the general reader. 

We adopt the suggestion of Amp^ke, and use the 
Kinematics for the purely geometrical science of motio 
the abstract. Keeping in view the proprieties of language, 
following the example of the most logical writers, we en 
the term Dynamics in its true sense as the science which t 
of the action of force , whether it maintains relative rest, or 
duces acceleration of relative motion. The two correspor 
divisions of Dynamics are thus conveniently entitled Statics 
Kinetics . 

One object which we have constantly kept in view is 
grand principle of the Conservation of Energy. Accordir 
modern experimental results, especially those of Joule, Er 
is as real and as indestructible as Matter. It is satisfacto 
find that Newton anticipated, so far as the state of ex 
mental science in his time permitted him, this magnit 
modern generalization. 

We desire it to be remarked that in much of our \ 
where we may appear to have rashly and needlessly inter, 
with methods and systems of proof in the present day gene 
accepted, we take the position of Restorers, and not of 1 
vators. 

In our introductory chapter on Kinematics, the consider, 
of Harmonic Motion naturally leads us to Fourier's Thee 
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one of the most important of all analytical results as regards 
usefulness in physical science. In the Appendices to that chapter 
we have introduced an extension of Greens Theorem , and a 
treatise on the remarkable functions known as Laplace's Go- 
efficients. There can he hut one opinion as to the heauty and 
utility of this analysis of Laplace; but the manner in which it 
has been hitherto presented has seemed repulsive to the ablest 
mathematicians, and difficult to ordinary mathematical students. 
In the simplified and symmetrical form in which we give it, it 
will be found quite within the reach of readers moderately 
familiar with modern mathematical methods. 

In the second chapter we give Newton's Laws of Motion in 
his own words, and with some of his own comments—every 
attempt that has yet been made to supersede them having 
ended in utter failure. Perhaps nothing so simple, and at 
the same time so comprehensive, has ever been given as the 
foundation of a system in any of the sciences. The dynamical 
use of the Generalized Coordinates of Lagkange, and the Vary¬ 
ing Action of Hamilton, with kindred matter, complete the 
chapter. 

The third chapter, “ Experience,” treats briefly of Observa¬ 
tion and Experiment as the basis of Natural Philosophy. 

The fourth chapter deals with the fundamental Units, and 
the chief Instruments used for the measurement of Time, Space, 
and Force. 

Thus closes the First Division of the work, which is strictly 
preliminary, and to which we have limited the present issue. 

This new edition has been thoroughly revised, and very 
considerably extended. The more important additions are to 
be found in the Appendices to the first chapter, especially that 
devoted to Laplace's Coefficients; also at the end of the second 
chapter, where a very full investigation of the “ cycloidal 
motion" of systems is now given; and in Appendix B', which 
describes a number of continuous calculating machines invented 
and constructed since the publication of our first edition. A 
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great improvement has been made in the treatment of 
granges Generalized Equations of Motion. 

We believe that the mathematical reader will espec 
profit by a perusal of the large type portion of this volume 
he will thus be forced to think out for himself what he 
been too often accustomed to reach by a mere mecha 
application of analysis. Nothing can be more fatal to pro, 
than a too confident reliance on mathematical symbols; fo: 
student is only too apt to take the easier course, and considei 
formula and not the fact as the physical reality. 

In issuing this new edition, of a work which has beei 
several years out of print, we recognise with legitimate £ 
faction the very great improvement which has recently t; 
place in the more elementary works on Dynamics publishe 
this country, and which we cannot but attribute, in £ 
part, to our having effectually recalled to its deserved ; 
tion Newton’s system of elementary definitions, and Lav 
Motion. 

We are much indebted to Mr Burnside and Prof. Chry; 
for the pains they have taken in reading proofs and verif 
formulas; and we confidently hope that few erratums of sei 
consequence will now be found in the work. 


W. THOMSON. 
P. G. TAIT. 
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CHAPTER I.—KI NEMATICS. 

1. There are many properties of motion, displacement, and 
deformation, which may be considered altogether independently 
of such physical ideas as force, mass, elasticity, temperature 4 , 
magnetism, electricity. The preliminary consideration of such 
properties in the abstract is of very great use for Natural Philo¬ 
sophy, and we devote, to it, accordingly, the whole of this our 
first chapter; which will form, as it were, the Geometry of our 
subject, embracing what can be observe si or concluded with re¬ 
gard to actual motions, as long as the cause is not sought. 

2. ]n this category we shall take 4 , up first the free motion of 
a point, then the motion of a point attaeheel to an incxtensible 
cord, them the motiems and emplacements of rigid systems—anel 
finally, the 4 , deformations of surfaces anel e>f sediel or fluid bodies. 
Incidentally, we shall be 4 , hid to introduce a goe>d deal of ele¬ 
mentary geometrical matter connected with the curvature of 
lines and surfaces. 

3. When a point, mows from eme position to another it must Motion <>i 

1 . . k point. 

evidently describe a continuous line, which may be curved or 
straight, e»r even madei up of portions of curved and straight 
lines meeting each other at any angles. If the motion be that 
of a material particle , however, there cannot generally be, any 
such abrupt changes of direction, since (as wc shall afterwards 
see) this would imply the action of an infinite force, except in 
the case in which the velocity becomes zero at the angle. It 
is useful to consider at the outset various theorems connected 
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vith the geometrical notion of the path described by a moving 
point, and these we shall now take up, deferring the considera¬ 
tion of Velocity to a future section, as being more closely con¬ 
nected with physical ideas. 

4. The direction of motion of a moving point is at each 
instant the tangent drawn to its path, if the path be a curve, or 
the path itself if a straight line. 

5. If the path be not straight the direction of motion 
changes from point to point, and the rate of this change, per 

unit of length of the curve ^ according to the notation below^j, 

is called the curvature. To exemplify this, suppose two tangents 
drawn to a circle, and radii to the points of contact. The angle 
between the tangents is the change of direction required, and 
the rate of change is to be measured by the relation between 
this angle and the length of the circular arc. Let I be the 
angle, 6 the arc, and p the radius. We see at once that (as 
the angle between the radii is equal to the angle between 
the tangents) 

and therefore - = Hence the curvature of a circle is in- 
C . 9 

versely as its radius, and, measured in terms of the proper unit 
of curvature, is simply the reciprocal of the radius. 

6. Any small portion of a curve may be approximately 
taken as a circular arc, the approximation being closer and 
closer to the truth, as the assumed arc is smaller. The curva¬ 
ture is then the reciprocal of the radius of this circle. 

If SO be the angle between two tangents at points of a curve 
distant by an arc 8s, the definition of curvature gives us at once 

SO 

as its measure, the limit of when 8s is diminished without 

os 

limit; or, according to the notation of the differential calculus, 

. But we have 
as 

tan0 = g, 

if, the curve being a plane curve, we refer it to two rectangular 



axes 0X } OF, according to the Cartesian method, and if 0 denote 

the inclination of its tangent, at any point x, y f to OX lienee 


6 - ton' 


</y , 

dx 5 


we conclude 


ok 

.(* 2 ). 


and, by differentiation with reference to any independent variable 
t, we have 

.ia _ d C**) _ dx 'Cv - <iy ‘f* 

' , fd\ A* ” <&* + (%’ 

1 + U) 

Also, dx - 

Hence, if p denote the radius of curvature, so that 

I an 

p ds . 

1 ^ImtPy-dytPx 
P (dx?+dt/)l 

Although it is generally convenient, in Mnemafcical and 
kinetic form nice, to regard time as the independent variable, and 
all the changing geometrical elements as functions of it, there 
are cases in which it is useful to regard the length of the are or 
path described by a point as the independent variable. On this 
supposition we have 

0 = d (ds 9 ) d (djf + df) 2 (dx d 9 x f dy dfy), 
where we demote by the huIHjc to the letter d, the independent 
variable understood in the differentiation, lleneo 
dx dy (dx? 4* cl// 8 )^ 

d .'V ~ {(<//y) 3 -4 (,/>)»}e 

and using these, with cl/ dj? + dy\ to eliminate dx and dy 
from (2), we have 

i l(WiRM'! 1 , 

p dx* ’ 

or, according to the usual short, a,1 though not quite complete, 
notation, 

i _ (7 AY’ a/v\M 

p 


fW, W. 1 . 

iUv W/ i 


7. If all points of thq curves lie in one plane, it. is (‘ailed a 
plane curve , and in tin* same way we speak of a plane polygon 
or broken line. If various points of the line do not. lie. in one 
plane, we have in one rase what is railed a curve of double 


CumitiirA 
of a plaao 

carve 


Tort none 

curve. 
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curvature, in the other a gauche polygon. The term 'curve c 
double curvature’ is very bad, and, though in very general use 
is, we hope, not ineradicable. The fact is, that there are no 
two curvatures, but only a curvature (as above defined), of whici 
the plane is continuously changing, or twisting, round th 
tangent line; thus exhibiting a torsion. The course of sue! 
a curve is, in common language, well called ‘ tortuous ; ’ an< 
the measure of the corresponding property is conveniently 
called Tortuosity. 

8 . The nature of this will be best understood by consider 
ing the curve as a polygon whose sides are indefinitely small 
An y two consecutive sides, of course, lie in a plane—and ii 
that plane the curvature is measured as above, but in a cum 
which is not plane the third side of the polygon will not be ii 
the same plane with the first two, and, therefore, the new plane 
in which the curvature is to be measured is different from the 
old one. The plane of the curvature on each side of any point 
of a tortuous curve is sometimes called the Osculating Plane of 
the curve at that point. As two successive positions of it con¬ 
tain the second side of the polygon above mentioned, it is 
evident that the osculating plane passes from one position to 
•the next by revolving about the tangent to the curve. ’ 

9. Thus, as we proceed along such a curve, the curvature 
in general varies; and,at the same time, the plane in which the 
curvature lies is turning about the tangent to the curve. Tin* 
tortuosity is therefore to be measured by the rate at which the 
osculating plane turns about the tangent, per unit length of the 
curve. 

To express the radius of curvature, the direction cosines of 
the osculating plane, and the tortuosity, of a curve not in one 
plane, in terms of Cartesian triple co-ordinates, let, as before, 
W be the angle between the tangents at two points at a distance 
8s from one another along the curve, and let 8<f> be the angle 
between the osculating planes at these points. Thus, denoting 
by p the radius of curvature, and r tho tortuosity, we have 
l^dd . 

p ds ’ 
d<t> 

T " ds' 
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SO 

according to tlie regular notation for the limiting values of ~, 

os 

and , when Ss is diminished without limit. Let OL, 0U 


be lines drawn through any fixed point 0 parallel to any two 
successive positions of a moving line PT, each in the directions 
indicated by the order of the letters. Draw OS perpendicular 
to their plane in the direction from 0, such that OL, OLOS 
lie in the same relative order in space as the positive axes of 
co-ordinates, OX, OY, OZ. Let OQ bisect LOL\ and let OR 
bisect the angle between OL' and LO produced through 0. 


Let the direction cosines of 

OL be a,b, c ; 

OL' „ a', V, d ; 

OQ „ Z,m,n; 

OJi „ a,p,y; 

OS „ X, p, v: 


and let SO denote the angle LOU . We have, by the elements of 
analytical geometry, 


cos SO = acu + lib' + cc' 


£ (a 4- a') 
cos | SO 7 

m -*( b+b ? 
cos | SO 7 

n „i<S±V 

cos I Sd 

a' — a 

B- b '~ b 

d — G 

2 sin SO 7 

p ~~ 2 uin.4SO 7 

y ~ 2.sin 4 86>' 

la — be 

ca — da 

aV — a!b 

sin 8i9 7 

sinS6* ’ 

V sin SO 


( 3 ); 


( 4 ); 


( 5 ) ; 

( 6 ) . 


Now let the two successive positions of PT be tangents to a 
curve at points separated by an arc of length Ss. We have 
1 SO __ 2 sin £ SO _ sin SO 
p Ss Ss Ss 

when Ss is infinitely small; and in the same limit 


1-- 


dx 
d~s 7 

-da 
= d ds’ 

be - b'c - 


m = 


dy 
' "ds 7 


dz 
ds 7 


V-b~di 


dy 


dy dz 

js d Js 


ds 7 

dz dy 
ds d ds’ &C ■ 


r dz 
' ds‘ 


.(7) 


•( 8 ); 

■( 3 ); 
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and a B v become the direction cosines of the normal, 1 

’ x — n • « those 


£M1U. M., J ~ - ^ T v 

drawn towards the centre of curvature, G; and A, /*, v 
the perpendicular to the osculating plane drawn m the dm 
tion relatively to PT and PC, corresponding to that of 
relatively to OX and 07. Then, using (8) and (9), with ( 
in (5) and (6) respectively, we have 


7 dx 
d 1s 

a ~p-‘ds’ 


as 

P^T^Ts' 


j dz 


ds 

- 1 ds ’ 


•00); 


dz ~dy 
ds-ds 


dz jdx dx j ch 
ds ds ds ds 


p~ l ds ’ h " p~ L ds ' P 

The simplest expression for the curvature, with choice of in< 
pendent variable left arbitrary, is the following, taken iron) (10) 

p ds ■ 

This, modified by differentiation, and application of the formal 
ds d 2 s = dxd 2 x + dydSj -f dzd 2 z .(1 •*>), 

i_ j{(<Pxy + (dyy + (cPzy-(d>sy } . (1 () 


dx i dy dy ^ dx 
ds ds ds ds . 
- rry: -\ u 


ds 




ds 2 


1 . 


Another formula for - is obtained immediately from equatio 

(11); but these equations may be put into the following .simp! 
form, by differentiation, &c., 

dy d 2 z - dz dry dz d 2 x — dx d 2 z dx d? // - dt/< I'x 

x= ~r r d?~~ ! ds — ’ v= ~ P -\d 

from which we find 


_ {(dyd 2 z - dzd 2 y ) 2 4- (dzd 2 x - dxd?zf + (dxdry - di/dirf j t 

__ —(Hi). 

Each of these several expressions for the curvature, and for t 
directions of the relative lines, we shall find has its own spec 
significance in the kinetics of a particle, and the statics of 
flexible cord. 


To find the tortuosity, we have only to apply the genei 


equation above, with X, g, v substituted for /, m, ??, and 


1 d, 


1 dy, 1 dv 

tTs’t ds i01 ' a ’P’y- Thi,a we 


have t 2 = ( ,£ ^ X '\ + i. ('' 
\dsj \</s) \, 


d, 

lv 

/„• 
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(( dv d/j.\' /d\ dv\* / d/jL dk\*)i 

or T = 

where A, /a, v, denote the direction cosines of the osculating 
plane, given by the preceding formulae. 


10. The integral curvature , or whole change of direction of integral 
an arc of a plane curve, is the angle through which the tangent o^SSrve 
has turned as we pass from one extremity to the other. The § C S are 
average curvature of any portion is its whole curvature divided 
by its length. Suppose a line, drawn from a fixed point, to 
move so as always to be parallel to the direction of motion of 
a point describing the curve: the angle through which this 
turns during the motion of the point exhibits what we have 
thus defined as the integral curvature. In estimating this, we 
must of course take the enlarged modem meaning of an angle, 
including angles greater than two right angles, and also nega¬ 
tive angles. Thus the integral curvature of any closed curve, 
whether everywhere concave to the interior or not, is four right 
angles, provided it does not cut itself. That of a Lemniscate, or 

figure of §, is zero. That of the Epicycloid ^>) is eight right 
angles; and so on. 


11. The definition in last section may evidently be extended 
to a plane polygon, and the integral change of direction, or the 
angle between the first and last sides, is then the sum of its 
exterior angles, all the sides being produced each in the direc¬ 
tion in which the moving point describes it while passing round 
the figure. This is true whether the polygon be closed or not. 
If closed, then, as long as it is not crossed, this sum is four 
right angles,—an extension of the result in Euclid, where all 
re-entrant polygons arc excluded. In the case of the star-shaped 

figure it is ten right angles, wanting the sum of the five 
acute angles of the figure; that is, eight right angles. 

12. The integral curvature and the average curvature of a 
curve which is not plane, may be defined as follows:—Let suc¬ 
cessive lines be drawn from a fixed point, parallel to tangents 
at successive points of the curve. These lines will form a 
conical surface. Suppose this to be cut by a sphere of unit 
radius having its centre at the fixed point. The length of the 
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cum of intersection measures the integral curvature of th 
SftSE given curve. The average curvature is as in the case of 
fST plane cum, the integral curvature divided by the length of th 
cum For a tortuous curve approximately plane, the integrc 
curvature thus defined, approximates (not to the integral cm 
vature according to the proper definition, § 10, for a plan 
curve, but) to the sum of the integral curvatures of all th 
parts of an approximately coincident plane curve, each taken a 
positive. Consider, for examples, varieties of James Bemouilli’ 
plane elastic curve, § 611, and approximately coincident tor 
tuous curves of fine steel piano-forte wire. Take particular!, 
the plane lemniscate and an approximately coincident tortuou 
closed curve. 

13. Two consecutive tangents lie in the osculating plane 
This plane is therefore parallel to the tangent plane to the con 
described in the preceding section. Thus the tortuosity ma; 
be measured by the help of the spherical curve which we hav< 
just used for defining integral curvature. We cannot as ye 
complete the explanation, as it depends on the theory of rolling 
which will be treated afterwards (§§ 110—137). But it is enougl 
at present to remark, that if a plane roll on the .sphere, alonj 
the spherical curve, turning always round an instantaneous axi 
tangential to the sphere, the integral curvature of the curve <> 
contact or trace of the rolling on the plane, is a proper measuo 
of the whole torsion , or integral of tortuosity. From this am 
§ 12 it follows that the curvature of this plane curve at, air 
point, or, which is the same, the projection of the curvature o 
the spherical curve on a tangent plane of the spherical surface 
is equal to the tortuosity divided by the curvature of the. givei 
curve. 

Let ~ be the curvature and r the tortuosity of the givei 

curve, and ds an element of its length. Then J— .and Jrdx, earl 

integral extended over any stated length, Z, of the curve, nr 
respectively the integral curvature and the integral tortuosita 
The mean curvature and the mean tortuosity are respectively 

rlj and )h- 
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Infinite tortuosity will be easily understood, by considering Integral 

a helix, of inclination a, described on a right circular cylinder of of a curve 

^ (compare 

radius r. The curvature in a circular section being -, that of § li6 * 
the helix is, of course, 


cos a 


mi . , ... sin a cos a 

I he tortuosity is-, or 


tan a x curvature. Hence, if a = ~ the curvature and tortuosity 
are equal. 

1 T 

Let the curvature be denoted by -, so that cos 8 a = ~. Let p 

p P 

remain finite, and let r diminish without limit. The step of the 
helix being 2-n-r tan a = 2tt J r ^ 1 — is, in the limit, 2 tt sipr, 

which is infinitely small. Thus the motion of a point in the 
curve, though infinitely nearly in a straight line (the path being 
always at the infinitely small distance r from the fixed straight 

line, the axis of the cylinder), will have finite curvature i. The 

1 1 / r \l 

tortuosity, being - • tan a or —™ ( 1 — ) , will in the limit be a 
P Jpr \ pJ 

mean proportional between the curvature of the circular section 
of the cylinder and the finite curvature of the curve. 

The acceleration (or force) required to produce such a motion 
of a point (or material particle) will be afterwards investi¬ 
gated (§ 35 </.). 

14. A chain, cord, or fine wire, or a fine fibre, filament, or ^ 1 , 1 e ( J ible 
hair, may suggest what is not to be found among natural or 
artificial productions, a perfectly flexible and inextensible line . 

The elementary kinematics of this subject require no investiga¬ 
tion. The mathematical condition to be expressed in any case 
of it is simply that the distance measured along the line from 
any one point to any other, remains constant, however the line 
be bent. 

15. The use of a cord in mechanism presents us with many 
practical applications of this theory, which are in general ex¬ 
tremely simple; although curious, and not always very easy, 
geometrical problems occur in connexion with it. We shall 
say nothing here about the theory of knots, knitting, weaving, 
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plaiting, etc., but we intend to return to the subject, under 
vortex-motion in Hydrokinetics. 

16. In the mechanical tracing of curves, a ilexible and 
inextensible cord is often supposed. Thus, in drawing an 
ellipse, the focal property of the curve shows us that by fixing 
the ends of such a cord to the foci and keeping it stretched by 
a pencil, the pencil will trace the curve. 

By a ruler moveable about one focus, and a string attached 
to a point in the ruler and to the other focus, the hyperbola 
may be described by the help of its analogous focal property; 
and so on. 


17. But the consideration of evolutes is of some importance 
in Natural Philosophy, especially in certain dynamical and 
optical questions, and we shall therefore devote a section or 
two to this application of kinematics. 

Be/. If a flexible and inextensible string be fixed at one 
point of a plane curve, and stretched along the curve, and be 
then unwound in the plane of the curve, its extremity will 
describe an Involute of the curve. The original curve, con¬ 
sidered with reference to the other, is called the Evolute. 

18. It will be observed that we speak of an involute, and 
of the evolute, of a curve. In fact, as will be easily seen, a curve 
can have but one evolute, but it has an infinite number of 
involutes. For all that we have to do to vary an involute, is 
to change the point of the curve from which the fracing point 
starts, or consider the involutes described by different points of 
the string, and these will, in general, be different, curves. 'The 
following section shows that there is but one evolute. 

19. Let AB be any curve, PQ a portion of an involute, 
pP, qQ positions of the free part of the string. .It will be seen’ 

\Q at ° nCe tlu ‘‘ so m,Ist 1)15 tangents 
to the arc AB at p and q. Also (see 
jp § 90), the string at any stage, as 
pP> revolvcs about /). Hence p/' is 
<Z? normal to the curve PQ. And thus 

. , the evolute of is a definite curve, 

vm, the envelope of the normals drawn at every point, of I><>, 
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or, which is the same thing, the locus of the centres of curva- Evoiuto. 
ture of the curve PQ . And we may merely mention, as an 
obvious result of the mode of tracing, that the arc pq is equal to 
the difference of q Q and pP, or that the arc pA is equal to pP. 

20. The rate of motion of a point, or its rate of change of Velocity, 
position, is called its Velocity. It is greater or less as the space 
passed over in a given time is greater or less: and it may be 
uniform, i. e., the same at every instant; or it may be variable. 

Uniform velocity is measured by the space passed over in 
unit of time, and is, in general, expressed in feet per second; 
if very great, as in the case of light, it is sometimes popularly 
reckoned in miles per second. It is to be observed, that time 
is here used in the abstract sense of a uniformly increasing 
quantity—what in the differential calculus is called an inde¬ 
pendent variable. Its physical definition is given in the next 
chapter. 

21. Thus a point, which moves uniformly with velocity v, 
describes a space of v feed each second, and therefore vt feet in 
t seconds, t being any number whatever. Putting s for the 
space described in t seconds, we have 

s = vt. 

Thus with unit velocity a point describes unit of space in unit 
of time. 

22. It is well to observe here, that since, by our formula, 
we have generally 

” = « ; 

and since nothing has been said as to the magnitudes of s and t , 
we may take these as small as we choose. Thus we get the 
untie result whether we derive v from the space described in a 
million seconds , or from that described in a millionth of a second. 

This idea is very useful, as it makes our results intelligible 
when a variable velocity has to be measured, and we find our¬ 
selves obliged to approximate to its value by considering the 
space described in an interval so short, that during its lapse the 
velocity does not sensibly alter in value. 


pkeuminary 
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23. When the point does not move uniformly, the velocity 
is variable, or different at different successive instants; but we 
define the average velocity during any time as the space de¬ 
scribed in that time, divided by the time, and, the less the 
interval is, the more nearly does the average velocity coincide 
with the actual velocity at any instant of the interval. Or 
again, we define the exact velocity at any instant as the space 
which the point would have described in one second, if for one 
second its velocity remained unchanged. That there is at every 
instant a definite value of the velocity of any moving body, is 
evident to all, and is matter of everyday conversation. Tlius, a 
railway train, after starting, gradually increases its speed, and 
every one understands what is meant by saying that at a par¬ 
ticular instant it moves at the rate of ten or of fifty miles an 
hour,—although, in the course of an hour, it may not have 
moved a mile altogether. Indeed, we may imagine, at any 
instant during the motion, the steam to be so adjusted as to 
keep the train running for some time at a perfectly uniform 
velocity. This would be the velocity which the train had at 
the instant in question. Without supposing any such definite 
adjustment of the driving power to be made, we can evidently 
obtain an approximation to this instantaneous velocity by con¬ 
sidering the motion for so short a time, that during it the actual 
variation of speed may be small enough to be neglected. 


24. In fact, if v be the velocity at cither beginning or 
end, or at any instant of the interval, and s the space actually 

described in time t, the equation v = ^ is more and more nearly 

true, as the velocity is more nearly uniform during the interval 
t; so that if we take the interval small enough the. equation 
may be made as nearly exact as we choose. Thus tin; set of 
values— 


Space described in one second, 

Ten times the space described in the first tenth of a second 
Ahundred » » „ hundredth „ 

and so on, give nearer and nearer approximations t,n the velocity 
at the beginning of the first second. The whole foundation of 
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the differential calculus is, in fact, contained in this simple velocity 
question, “What is the rate at which the space described in¬ 
creases ?” i.e.j What is the velocity of the moving point? 
Newton’s notation for the velocity, i.e. the rate at which s 
increases, or the fluxion of s , is This notation is very con¬ 
venient, as it saves the introduction of a second letter. 

Let a point which has described a space s in time t proceed 
to describe an additional space 8s in time 8t, and let v x be the. 
greatest, and v 2 the least, velocity which it has during the in¬ 
terval 8t. Then, evidently, 

8s cv x 8t } 8s>vJ>t, 

8s 8s 

l ' e ->8t <v " 8t >v *' 

But as 8t diminishes, the values of v x and v 2 become more and 
more nearly equal, and in the limit, each is equal to the velocity 
at time t. Hence 

ds 

01 = -— . 
dt 

25. The preceding definition of velocity is equally applica- Velocity 
hie whether the point move in a straight or curved line ; but, 
since in the latter case the direction of motion continually 
changes, the mere amount of the velocity is not sufficient com¬ 
pletely to describe the motion, and we must have in every such 
case additional data to remove the uncertainty. 

In such cases as this the method commonly employed, 
whether we deal with velocities, or as we shall do farther on 
with accelerations and forces, consists mainly in studying, not 
the velocity, acceleration, or force, directly , but its components 
parallel to any three assumed directions at right angles to each 
other. Thus, for a train moving up an incline in a NE direc¬ 
tion, we may have given the whole velocity and the steepness 
of the incline, or we may express the same ideas thus—the train 
is moving simultaneously northward, eastward, and upward— 
and the motion as to amount and direction will be completely 
known if we know separately the northward, eastward, and up¬ 
ward velocities—these being called the components of the whole 
velocity in the three mutually perpendicular directions N, E, 
and up. 
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In general the velocity of a point at x, y, z, in (as we have 
j q , (fdx\ (dy\* 

seen ) dt ’ or> whicl1 “ tLe same ’ iU; + w + vit) j • 

Kow denoting by u the rate at which x increases, or the velo¬ 
city parallel to the axis of x, and so by v, w, for the other two • 
dx dy nn _dz jj enc( ^ ca ning a, /?, y the 


we have , v = 


dt’ W ~dt' 


angles which the direction of motion makes with the axes, and 


ds 


putting q = ^, we have 


dx 
dx dt 

cos a = -=- = -7 : 
as as 

dt 


u 

V 


Hence u = q cos a, and therefore 


26. A velocity in any direction may be resolved in, and 
perpendicular to, any other direction. The first component is 
found by multiplying the velocity by the cosine of the angle 
between the two directions—the second by using as factor the 
sine of the same angle. Or, it maybe resolved into components 
in any three rectangular directions, each component being 
formed by multiplying the whole velocity by the cosine of the 
angle between its direction and that of the component. 

It is useful to remark that if the axes of .r, //, c are not rect¬ 
angular, ~ ~ will still be the velocities parallel to the 

axes, but we shall no longer have 

/ds \ 2 fdx \ 2 /di/\~ /dz\~ 

\dt) 1= U) + U) + W ' 

We leave as an exercise for the student the drtenninaf inn of the 
correct expression for the whole velocity in terms of its eom 
ponents. 

If we resolve the velocity along a line whose inclinations to 
the axes are X, v, and which makes an angle 0 with the di¬ 
rection of motion, we find the two expressions helow (which 
must of course be equal) according as we resolve , 7 dirertly or 
by its components, u , v 9 w, 

q cos 6 = u cos X + v cos f x + w cos v. 
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Substitute in this equation the values of u, v, w already given, Resolutio 
§ 25, and wo have the well-known geometrical theorem for the 

. angle between two straight lines which make given angles with 
the axes, 

cos 0 = cos a cos A + cos /3 cos ^ + cos y cos v. 

From the above expression we see at once that 

27. The velocity resolved in any direction is the sum of the qomposi- 
components (in that direction) of the three rectangular com- velocities, 
ponents of the whole velocity. And, if we consider motion in 
one plane, this is still true, only we have but two rectangular 
components. These propositions are virtually equivalent to the 
following obvious geometrical construction:— 

To compound any two velocities as OA, OB in the figure ; 

from A draw A G parallel and equal 
to OB. Join OC :—then 00 is the 
resultant velocity in magnitude and 
direction. 

OC is evidently the diagonal of the 
parallelogram two of whose sides are 
OA, OB. 

Hence the resultant of velocities represented by the sides of 
any closed polygon whatever, whether in one plane or not, taken 
all in the same order, is zero. 

Hence also the resultant of velocities represented by all the 
sides of a polygon but one, taken in order, is represented by 
that one taken in the opposite direction. 

When there are two velocities or three velocities in two or 
in three rectangular directions, the resultant is the square root 
of the sum of their squares—and the cosines of the inclination 
of its direction to the given directions arc the ratios of the com¬ 
ponents to the resultant. 

Tt is easy to see that as &s* in the limit may be resolved into Sr 
and rSQ, where r and 0 are polar co-ordinates of a plane curve, 

and r ( -?~ are the resolved parts of the velocity along, and 
at at 

perpendicular to, the radius vector. We may obtain the same 
result thus, x r cos 0, y ~ r sin 0. 
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[27. 


Composi¬ 
tion of 
velocities. 


Hence 


dx = -cos8-r sin 6 %, sin 0 *■ r cos 0 ' ~ 


dt dt 


dt f dt dt 


dt * 


Bat by § 26 the whole velocity along r is cos 0 + ^ w in S, 
i .by the above values, ^. Similarly the transverse velocity is 


Accelera¬ 

tion. 


dy 

dt 


cos 6- C ^ t sin 8, 


or r 


<10 
dt * 


28. The velocity of a point is said to be accelerated or re¬ 
tarded according as it increases or diminishes, but the word 
acceleration is generally used in either sense, on tin* understand¬ 
ing that we may regard its quantity as either positive* or nega¬ 
tive. Acceleration of velocity may of course be either uniform 
or variable. It is said to be uniform when the velocity receives 
equal increments in equal times, and is then measured by the 
actual increase of-velocity per unit of time. If we choose as the 
unit of acceleration that which adds a unit of velocity per unit 
of time to the velocity of a point, an acceleration measured by a 
will add a units of velocity in unit of time and, therefore, ^ 
units of velocity in t units of time. Hence if V be the change 
in the velocity during the interval t, 

V 

V~a t } or a = . 


29. Acceleration is variable when the point’s velocity does 
not receive equal increments in successive equal periods of time. 
It is then measured by the increment of velocity, which would 
have been generated in a unit of time had tin* acceleration re¬ 
mained throughout that interval the same as at its commence¬ 
ment. The average acceleration during any time is the whole 
velocity gained during that time, divided by the time. In 
Newtons notation -y is used to express the acceleration in the 
direction of motion; and, if v = s, as in § we have 

a— v- s. 

Let v he the velocity at time £, <$y its change in the interval 
U } a x and a 2 the greatest and least values of the acceleration 
during the interval U. Then, evidently, 

$v<a.& ) > a,fit, 
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Sv 8v Acrelera- 

°r '^<a l9 > a 2 . tion. . 

As Si is taken smaller and smaller, the values of a l and a 2 ap¬ 
proximate infinitely to each other, and to that of a the required 
acceleration at time t. Hence 
dv 

-r = a. 
dt 


It is useful to observe that we may also write (by changing 
the independent variable) 

_dv ds _ dv 
ds dt ds * 


Since v= 


ds 

dt 


we have a = 


<£s 

dt*’ 


and it is evident from similar 


reasoning that the component accelerations parallel to the axes 

d*x dSj d*z t> i • I i « „ , , , d 2 s 

-j , ~ 2 , -t-jj. But it is to be carefully observed that -y-$ 

etc ett etc etc 


are 


is mt generally the resultant of the three component accelera¬ 
tions, but is so only when either the curvature of the path, or 
the velocity is zero; for [§ 9 (14)] we have 


'd*sV /(fxV /<£y\ 2 /d 2 z\ 2 ^ 1 d? 

lie) = \de) + \cU‘) + \df) P dt 1 ' 


The direction cosines of the tangent to the path afc any point 
a, y, z are 

1 dx 1 dy 1 dz 
v eft ’ v dt’ v dt ’ 


Those of the line of resultant acceleration are 
1 drx 1 d\ 1 (Jdz 

/ fie ’ / de ’ / de ’ 

where, for brevity, we denote by f the resultant acceleration. 
Hence the direction cosines of the plane of these two lines are 


{(dyd 


dyd 2 z — dzd 2 y 

dzd 2 yf + (dzd'x - dxd 2 z) 2 + {dxdSj-dyd*x) 2 $ 


etc. 


These (§9) show that this plane is the osculating plane of the 
curve. Again, if 0 denote the angle between the two lines, we 
have 


sin 0 dzdyY + ( dzd 2 x — dxd 2 zf 4- (dxd s y — dyddx ) 2 }^ 

~ vfdfe 


VOX,. T. 


2 
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tion. 


Resolution 
and compo¬ 
sition of ac¬ 
celerations. 


P». 


or, 


according to the expression for tin- curvature (< It), 


sin 6 = 


d/ 

pvfdt? /> * 


r 

Hence ftnn0 = -. 

1 /dx (Px di/<l't/ <1- <l'~\ llxd'li if'H 

Again, M s6 = tf{T t d? + tt dt 1 + <lt dt 1 ) rj'lt' Jt/F' 

J 2 S . 

Hence / cos 6 - ^ , and therefore 


30. The whole acceleration in any direction is the sum (if 
the components (in that direction) of the accelerations parallel 
to any three rectangular axes— each component acceleration 
being found by the same rule as component velocities, that 
is, by multiplying by the cosine of the angle between the di¬ 
rection of the acceleration and the line along which it is to 
be resolved. 


31. When a point moves in a curve tin* whole acceleration 
may he resolved into two parts, one in the duvetiun of the 
motion and equal to the acceleration of tine velocity the other 
towards the centre of curvature (perpendicular fhmvfuiv f.» the 
direction of motion), whose magnitude is pmpurtimtal to the 
square of the velocity and also to the eunatmv of tho path. 
The former of these changes the velocity, tie* other aft* rf.> only 
the form of the path, or the direction of motion, ilon.v if a 
moving point be subject to an acceloration, constant or not, 
whose direction is continually perpendicular to the din-etam of 
motion, the velocity will not be altered- and tho otd\ effort 
of the acceleration will he to make the point mo\o in a euno 
whose curvature is proportional to the aorelorafinn at each 
instant. 


32. In other words, if a point move in :> nine. whether 
with a uniform or a varying velocity, iis chan-jo of diivrti.ui 
is to be regarded as constituting an acceloration (..ward-, tIn- 
centre of curvature, equal in amount to I In- m junto of the 
velocity divided by the radius of curvature. Th.- n h<,h- accele¬ 
ration will, in every case, be the resultant, of the a..location, 
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thus measuring change of direction, and the acceleration of 
actual velocity along the curve. 

We may take another mode of resolving acceleration for a 
plane curve, which is sometimes useful ; along, and perpendicular 
to, the radius-vector. By a method similar to that employed in 
§ 27, we easily find for the component along the radius-vector 

d*r /dd\ 2 
dt* r \dt) r 

and for that perpendicular to the radius-vector 

} £<V—V 

r dt\ dt) 

33 . If for any case of motion of a point we have given the 
whole velocity and its direction, or simply the components of 
the velocity in three rectangular directions, at any time, or, as 
is most commonly the case, for any position , the determination 
of the form of the path described, and of other circumstances of 
the motion, is a question of pure mathematics, and in all cases 
is capable, if not of an exact solution, at all events of a solution 
to any degree of approximation that may be desired. 

The same is true if the total acceleration and its direction 
at every instant, or simply its rectangular components, be given, 
provided the velocity and direction of motion, as well as the 
position, of the point at any one instant, be given. 

For we have in the first ease 
dx 

n = (f cos a, etc., 
dt 1 

three simultaneous equations which can contain only x , y, z, and 
t 7 and which therefore suflice when integrated to determine x, y, 
and z in terms of f. By eliminating t among these equations, we 
obtain two equations among x, ?/, and £—each of which repre¬ 
sents a. surface on which lies the path described, and whose 
intersection therefore completely determines it. 

In the second case we have 

d 2 x dry d‘z 

dtr ~ a ’ dir ^ dt* ' 7 ’ 

to which equations the same remarks apply, except that here 
each has to he twice integrated. 

2_2 


Resolution 
and compo¬ 
sition of ac¬ 
celerations. 


Determina¬ 
tion of the 
motion from 
given velo¬ 
city or ac¬ 
celeration. 
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[33. 


Determina¬ 
tion of the 
motion from 
piven velo¬ 
city or ac¬ 
celeration. 

Examples of 
velocity. 


The arbitrary constants introduced by integration are deter¬ 
mined at once if we know the co-ordinates, and the components 
of the velocity, of the point at a given epoch. 

34. From the principles already laid down, a great many 
interesting results may be deduced, of which we enunciate a 
few of the most important. 

a. If the velocity of a moving point be uniform, and if its 
direction revolve uniformly in a plane, the path described is 
a circle. 


Let a be the velocity, and a the angle through which its direc¬ 
tion turns in unit of time; then, by properly choosing the axes, 
we have 


dx 

~dt 


--a sin at, 


dy 

dt 


= a cos at, 


whence 


(x — A) s + (y — B)* = ^. 


b. If a point moves in a plane, and if its component velo¬ 
city parallel to each of two rectangular axes is proportional to 
its distance from that axis, the path is an ellipse or hyperbola 
whose principal diameters coincide with those axes; and the 
acceleration is directed to or from the origin at every instant. 

dx dy 


Hence ~ = px, ^J =• pvy, and the whole juveleraf ion is 
towards or from 0. 

dy y /jj 

Also = - -, from which pf - vx z . C, an ellipse or hyper¬ 
bola referred to its principal axes. (Compare £ f)f>.) 


c. When the velocity is uniform, but in direetion revolving 
uniformly in a right circular cone, the motion of the point is in 
a circular helix whose axis is parallel to that, of tin* rone. 


Examples of 35. a. When a point moves uniformly in a rirrle of radius 
-vsrith velocity V, the whole acoduratiim is .Iir.-<-f.•< 1 I,,wards 

I ’2 

the centre, and has the constant value •. See 8 , ,‘jj. 

h 0 
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b. With uniform acceleration in the direction of motion, a 
point describes spaces proportional to the squares of the times 
elapsed since the commencement of the motion. 

In this case the space described in any interval is that 
which would be described in the same time by a point moving 
uniformly with a velocity equal to that at the middle of the 
interval. In other words, the average velocity (when the 
acceleration is uniform) is, during any interval, the arithmeti¬ 
cal mean of the initial and final velocities. This is the case of 
a stone falling vertically. 


For if the acceleration be parallel to cc, we have 
dx 

->. = a, therefore — = v = at, and x ~ ia t 2 . 
at at z 

And we may write the equation (§ 29) v^ = a, whence ~ = ax. 


If at timo t = 0 the velocity was these equations become at 
once 

v 2 p 

v = V + at, x = Vt 4- fj and — = — + ax. 

Jt 

And initial velocity = V, 

final „ =zV+atj 
Arithmetical mean = V+ 4a t 9 
x 

whence the second part of the above statement. 


c. When there is uniform acceleration in a constant direc¬ 
tion, the path described is a parabola, whose axis is parallel to 
that direction. This is the case of a projectile moving in 
vacuum. 


For if tlio axis of y be parallel to the acceleration a, and if the 
plane of xy be that of motion at any time, 


d*z 

tit? 


0 , 



0 , 


and therefore the motion is wholly in the plane of xy. 


Then 


drx 

dtr 


0 , 


dry 

dt? 


~ a ’> 


Examples < 
accelera¬ 
tion. 
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Examples 0 , and by integration 

accelera- x= Ut + a, V = i at + ^ + 

tion. 

where U, 7, a, 6 are constants. 


The elimination of * gives the equation of a parabola of which the 


parallel to y, parameter'"-- , and vertex the point whose co- 


ordinates are 


rr , 

x y 

a 


cJ. As an illustration of acceleration in a tortuous curve', we 
take the case of § 13, or of § 34, c. 

Let a point move in a circle of radius r with uniform angular 
velocity o> (about the centre), and lot this circle move perpen¬ 
dicular to its plane with velocity V. The. point. desoribeH a 
pal iv on a cylinder of radius r, and the inclination « is -iron by 


1 r 2 u> 2 ?■<•)* . 

The curvature of the path is - p +r v or p f r {l y ’ all<i 


.,o) P _ F<«> 

tortuosity y p 4 .»V ” PTTO ’ 


The acceleration is ra> 2 , directed perpendicularly towards the 
of the cylinder.—Call this A . 

. A A 


Curvature = 


P + Ar 


Tortuosity = 


JAr V‘ + Ar ^ d 


Let A be finite, r indefinitely small, and therefore <0 indefinitely 
great. 

Curvature (in the limit ) ' • 


Tortuosity ( 


Thus, if we have a material particle moving in < he maimer apeei- 
fied, and if we consider the force (see Chap. II.) required to pro¬ 
duce the acceleration, we find that a finite force perpendicular to 
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the line of motion, in a direction revolving with an infinitely Examples 

• • Of*8/CC0lGI<l" 

great angular velocity, maintains constant infinitely small de- tion. 
flection (in a direction opposite to its own) from the line of un¬ 
disturbed motion, finite curvature, and infinite tortuosity. 


e. When the acceleration is perpendicular to a given plane 
and proportional to the distance from it, the path is a plane 
curve, which is the harmonic curve if the acceleration be towards 
the plane, and a more or less fore-shortened catenary (§ 580) 
if from the plane. 


As in case c, 


: 0 , 


= 0, and z= 0, if the axis of z be 


perpendicular to the acceleration and to the direction of motion 
at any instant. Also, if we choose the origin in the plane, 


d' J x _ dy 




Hence 


dx 
c U Z 


■ const. = a (suppose), 


and 


dry 

ch? 


j y : 


y 

u 3 " 


This gives, if /* is negative, 


y 


r cos (| + e) 


the harmonic curve, or curve of sines. 


If jx be positive, y- iV 4 - Qa ”; 

ami l>y shifting the origin along the axis of x this can be put in 
the form 

which is the catenary if = otherwise it is the catenary 
stretched or fore-shortened in tlic direction of y. 


36. [Compare §§ 233—236 Mow.] a. When the accelc-Aerojmjtion 
ration is directed to a fixed point, the path is in a plane passing Axed centre, 
through that point; a.inl in this plane the areas traced out by 
the radius-vector are proportional to the times employed. This 
includes the ease of a satellite or planet revolving about its 
primary. 

Evidently there is no acceleration perpendicular to the 
plane containing the fixed and moving points and the direction 
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Acceleration 
directed to a 
fixed centre. 


of motion of the second at any instant; and, there being no 
velocity perpendicular to this plane at starting, there is there¬ 
fore none throughout the motion; thus the point moves in the 

plane. And had there been no acceleration, the point would 
have described a straight line with uniform velocity, so that in 
this case the areas described by the radius-vector would have 
been proportional to the times. Also, the area actually described 
in any instant depends on the length of the. radius-vector and 
the velocity perpendicular to it, and is shown below to be 
unaffected by an acceleration parallel to the radius-vector. 
Hence the second part of the proposition. 


We Lave 


d’x _ x <Py_ p y 

d?~ r’ dt a r ’ 


d*z 
dt 1 



the fixed point being the origin, and P lx-ing some function of 
x, y, z; in nature a function of r only. 


Henoe 


d s y d*x A 
X ~T75 0? etc*; 


which give on integration 
dz dy n fa 

y dt~ z Tr°'’ z Tt 


dz 

dt 


G. 


(1 (/ dx 

x dt~ v dt 


c.. 


Hence at once G x x 4- G s y + G. 6 z ~ 0, or the motion is in a plane 
through the origin. Take this as the plane of xy, then we have 
only the one equation 

dy dx „ T . 
x dt- y dt^ Ca ~~ h ^ 0 ^- 


In polar co-ordinates this is 

7 2 do (lA 

h = r - T =2 -j- 

dt dt 

if A he the area intercepted by the curve, a fixed radius vis-tor, 
and the radius-vector of the moving point. Hence the area in¬ 
creases uniformly with the time. 


5. In the same case the velocity at any point is inversely as 
the perpendicular from the fixed point upon the tangent to the 
path, the momentary direction of motion. 

For evidently the product of this perpendic -ular and the 
velocity gives double the area described in one second about the 
fixed point. 
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Or thus—if p be the perpendicular on the tangent, 


and therefore 


dy 

p=x - y ,-, 
* ds J ds 

ds dy 


dx 

dx 


Acceleration 
directed to a 
fixed centre. 


P -y =x = h, 

1 dt dt J dt 


If we refer the motion to co-ordinates in its own plane, we 
have only the equations 

d?x Px d 2 y Py 


dt* 


whence, as before, 


- ’ df 
a dO 7 

r ir h - 


If, by the help of this last equation, we eliminate t from 
(Px Px 

^ = —, substituting polar for rectangular co-ordinates, we 

arrive at the polar differential equation of the path. 

For variety, we may derive it from the formulae of § 32. 

. d s r /d6\ 3 n 2 dd j 
ilioy give 5 p -r^j=P, r Tt =h. 

Putting ~ = w, we have 


(n) 1 /<10\‘ T> , 

— -(1 =P, and 

It u\dtj 


= hu 2 . 


<q 1 ') <i 0) j d '(~) 

I>ul — hn-—~ -h , therefore y- 


Also 


dt 
1 /dOV 


7 „ 2 d 2 u 
■■ - h“u 


u 


~d 6 " •'’M 9 '™ -~ dt vw dQ*' 

C/<) Vm’, tllW sulustitut ' lon °* w liicli values gives ns 

( 1 ). 


<Pn P_ 

dO 2 +U ~~ ltd*' 


the equation required. Tlie integral of this equation involves 
two arbitrary constants besides A, and the remaining constant 
belonging to the two differential equations of the second order 
above is to be introduced on the farther integration of 


dt 


•( 2 ), 


when tlie value of u in terms of 0 is substituted from tlio equa¬ 
tion of the path. 
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Other examples of these principles will he met with in the 
chapters on Kinetics. 

Kodograph. 37. If from any fixed point, lines In* drawn at e\vr\ instant, 
representing in magnitude and direction the* velocity of a point 
describing any path in any maimer, tin* extremities of these 
lines form a curve which is called tin; Hudopraph. The inven¬ 
tion of this construction is due to Sir \V. R. Hamilton. One of 
the most beautiful of the many remarkable theorems to which 
it led him is that of § 38. 

Since the radius-vector of the hodograpli represents the 
velocity at each instant, it is evident (§ :27 j that an elementary 
arc represents the velocity which must he compounded with the 
velocity at the beginning of the corresponding interval of time, 
to find the velocity at its end. Hence tin* velocity in the hodo- 
graph is equal to the acceleration in tin* path ; and the tangent 
to the hoaograph is parallel to the direction of the acceleration 
in the path. 


If x, y, z be the co-ordinates of the moving point, (, ?/, £ those 
of the corresponding point of the hectograph, then ov i»lcnt ly 


dx 

= dt* 



th 

at* 


and therefore ~ ~ fdL ~ ££. 

d 2 x d"y ~ (f’z 7 

dt dt ut 

or the tangent to the hodograpli is parallel t», the acceleration in 
the orbit. Also, if a- be the arc of the hodograph, 



or the velocity m the hodograpli is equal to the rati* of accelera¬ 
tion in the path. 


, 38 ' The hodograpli for the motion of a jdunrt or vomrt 
Z&P whatever he the form and dlmmnionn of (hr orb 

kws. er * p the> motion ofaplanet or comet, the am-l,-rut i<»> is .lin'd, 

towards the sun’s centre. Hence (§ 3«, h) th , Vt . 1<K . it is ; 
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versely as the perpendicular from that point upon the tangent Hodograph 
to the orbit. The orbit we assume to be a conic section, whose SSSm" 
focus is the surfs centre. But we know that the intersection Kepler^ 0131 
of the perpendicular with the tangent lies in the circle whose laws ‘ 
diameter is the major axis, if the orbit be an ellipse or hyper¬ 
bola; in the tangent at the vertex if a parabola. Measure off 
on the perpendicular a third proportional to its own length and 
any constant line; this portion will thus represent the velocity 
in magnitude and in a direction perpendicular to its own— 
so that the locus of the new points in each perpendicular will be 
the hodograph turned through a right angle. But we see by 
geometry* that the locus of these points is always a circle. 

Hence the proposition. The hodograph surrounds its origin if 
the orbit be an ellipse, passes through it if a parabola, and the 
origin is without the hodograph if the orbit is a hyperbola. 

For a projectile unresisted by the air, it will be shewn in 
Kinetics that we have the equations (assumed in § 35, c) 


if the axis of y be taken vertically upwards. 
Hence for the hodograph 



dt 


" • ~ (/> 


or C, rj -- O' - gt, and tho hodograph is a vertical straight 
line along which the describing point moves uniformly. 

For the case of a planet or comet, instead of assuming as Hodograph 
above that tin 1 , orbit is a conic with the sun in one focus, assume com^Cdo- 01 * 
(Newton's deduction from that and the law of areas) that the Newton’s 111 
acceleration is in Lius direction of the radius-vector, and varies law ° n ° rcc ' 
inversely as the square of the distance. We have obviously 

drx fix dry _ fj.y 
d¥ r ;T ? dir ~~ V 1 ’ 


whom 


Hence, as in § 3G, 


r 3 ■= x 2 + ?/. 


hf dx 
dl ~ y dt 


( 1 ). 


Sec our smaller work, § 51. 
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Hodograph 
for planet or 
comet, de¬ 
duced from 
Newton’s 
law of force. 


Applica¬ 
tions. of the 
hodograph. 


Curves of 
pursuit. 


and therefore 


dii dx 
—- 

(Px dt dt 
d? = ~h ^ ’ 


An 




dr 

dt 


~~ h 

- f J /i 

7- 


Hence 

te+A-py . 

dt h r 


.(2)- 

Similarly 

dt + hr . 


.(»)• 


Hence for the hodograph 

(i + Ay+(r) 4 - By = ^2 3 
the circle as before stated. 

We may merely mention that the equation of the orbit will l>e 
dx dv 

found at once by eliminating ^ and -j- among the three first 
integrals (1), (2), (3) above. We thus get 
-h+ Ay ~Bx~^ r, 


a conic section of which the origin is a focus. 

39. The intensity of heat and light emanating from a point, 
or from an uniformly radiating spherical surface, diminishes with 
increasing distance according to the same law as gravitation. 
Hence the amount of heat and light, which a planet, receives 
from the sun during any interval, is proportional to the time 
integral of the acceleration during that interval, fc. :\7) to 
the corresponding arc of the hodograph. From this it is easy 
to see, for example, that if a comet move in a parabola, the 
amount of heat it receives from the sun in any interval is pro¬ 
portional to the angle through which its direction of mol inn 
turns during that interval. There is a corresponding theorem 
for a planet moving in an ellipse, but somewhat, more com¬ 
plicated. 

. 40 - If two P oi nts move, each with a definite unifi-rm velo¬ 
city, one in a given curve, the other at every instant, directing 
its course towards the first describes a path which is called a 
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Curve of Pursuit. The idea is said to have been suggested Curves of 
by the old rule of steering a privateer always directly for the pursmL 
vessel pursued. (Bouguer, Mem. de VAcad. 1732.) It is the 
curve described by a dog running to its master. 

The simplest cases are of course those in which the first 
■point moves in a straight line, and of these there are three, for 
the velocity of the first point may be greater than, equal to, 
or less than, that of the second. The figures in the text below 
represent the curves in these cases, the velocities of the pur¬ 
suer being ■$, 1, and \ of those of the pursued, respectively. In 
the second and third cases the second point can never over¬ 
take the first, and consequently the line of motion of the first 
is an asymptote. In the first case the second point overtakes 
the first, and the curve at that point touches the line of motion 
of the first. The remainder of the curve satisfies a modified 
form of statement of the original question, and is called the 
Curve of Flight. 
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We will merely form the differential equation of the curve, 
and give its integrated form, leaving the work to Urn .student. 

Suppose Ox to be the lino of motion of the first, point, whose 
velocity is v, AP the curve of pursuit, in which the velocity is U) 
then the tangent at P always passes through (J, the instan¬ 
taneous position of the first point. It will l>e evident, on a 
moment’s consideration, that the curve. A P must, have a tangent 
perpendicular to Ox. Take Ilus as the 
axis of y, and lot OJ a. Then, if 
0Q = £, AP-s, and if ./\ y be the co¬ 
ordinates of J\ we have 

A P OQ 


because A, 0 and P, Q uni pairs of si- 
x multaneous positions of the two points. 



- S — C8 


dx 


From this we find, unless e = 1, 

„ / ae \ tf " <( r 

2 r + c 2 -V 1) + ( ,: -O’ 

( Ct\ '?/ 

x + 7 ) = -.--a log, * , 

4/ 2a ° a 

the only case in which we do not get an algebraic eurvo. The 
axis of x is easily seen to be an asymptote if r <j, I. 


41. When a point moves in any manner, (he line joining 
it with a fixed point generally changes its direction. I {', for 
simplicity, we consider the motion as routined to a plane 
passing through the fixed point, the angle which the joining 
line makes with a fixed line in the plane is continually alter¬ 
ing, and its rate of alteration at any instant U called the 
Angular Velocity of the first point about tl te MToud. 11 
uniform, it is of course measured by the angle <li. <-r il..•< 1 in 
unit of time; if variable, by the tingle which w.ml.l inue 
been described in unit of time if the angular velocity at tie- 
instant in question were maintained constant, ibr so long. In 
this respect, the process is precisely similar to that which we 
have already explained for the measurement of velocity and 
acceleration. 
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Unit of angular velocity is that of a point which describes, 
or would describe, unit angle about a fixed point in unit of 
time. The usual unit angle is (as explained in treatises on 
plane trigonometry) that which subtends at the centre of a circle 
an arc whose length is equal to the radius; being an angle of 

- 57*. 20578 ... = 57° 17'44".8 nearly. 

For brevity we shall call this angle a radian. 

42. The rate of increase or diminution of the angular velo¬ 
city when variable is called the angular acceleration, and is 
measured in the same way and by the same unit. 


By methods precisely similar to those employed for linear 
velocity and acceleration we see that if 0 be the angle-vector 
of a point moving in a plane—the 

Angular velocity is o> = , and the 


Angular acceleration is 


da) 

di 


d*6 __ dm 


Since ($ 27) r ^ is the velocity perpendicular to the radius- 
vector, wo see that 


The angular velocity of a point in a plane is found by 
dividing the velocity porpendieular to the radius-vector by the 
length of the rad ins-vector. 


43. When one point describes uniformly a circle about 
another, the time of describing a complete circumference being 
r l\ wo have the angle 27 r described uniformly in T\ and, thcrc- 

27T 

fore, the angular velocity is . Even when the angular velo¬ 
city is not uniform, as in a. planet’s motion, it is useful to 

2t r 

introduce the quant ity , which is then called the mean 
angular velocity. 

When a point, moves uniformly in a straight line its angular 
velocity evidently diminishes as it recedes from the point about 
which the angles are measured. 


Angular 

velocity. 


Angular ac¬ 
celeration. 


Angular 

velocity. 
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velocity 
of a plane. 


Relative 

motion. 


The polar equation of a straight lino is 
r = a see 6. 

But the length of the line between the limiting angles 0 and 8 
is a tan 6, and this increases with uniform velocity v. Hence 

d ~ ta^ r * 

,= -(aUn6) = asece- ;ir , a - df/ 


„ dO av 
lienee 


and is therefore inversely as the square of the 


radius-vector. 

Similarly for the angular acceleration, 
differentiation, 


df 


■f 


Stan 6 



we have by a second 


d 2 Q %av* (. a 5 \l , u . , . , 

i.e., — = - 1 > ancl ultimately Vilru ‘» inversely as 

the third power of the radius-vector. 


44. We may also talk of the angular velocity of a moving 
plane with respect to a fixed one, as the rate of increase of the 
angle contained by them—but unless their line of intersection 
remain fixed, or at all events parallel to itself, a somewhat 
more laboured statement is required to give definite informa¬ 
tion. This will he supplied in a subsequent sect ion. 

45. All motion that we are, or can be, acquainted with, is 
Relative merely. We can calculate from astronomical data for 
any instant the direction in which, and the velocity with which 
we are moving on account of the earth’s diurnal rotation. We 
may compound this with the similarly calculable vcloritv of the 
earth in its orbit. This resultant again we may compound 
with the (roughly known) velocity of tlm sun relatively to the 
so-called fixed stars; but, even if all these elements wore accu¬ 
rately known, it could not be said that we had attained any 
idea of an absolute velocity; for it is only the sun’s relative 
motion among the stars that we can observe ; and, in all pro¬ 
bability, sun and stars are moving on (possibly with very great 
rapidity) relatively to other bodies in space. We must there¬ 
fore consider how, from the actual motions of a set of points, wo 
may find their relative motions with regard to any one of them; ’ 
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and how, having given the relative motions of all hut one with 
regard to the latter, and the actual motion of the latter, we 
may find the actual motions of all. The question is very 
easily answered. Consider for a moment a number of pas¬ 
sengers walking on the deck of a steamer. Their relative 
motions with regard to the deck are what we immediately 
observe, but if we compound with these the velocity of the 
steamer itself we get evidently their actual motion relatively 
to the earth. Again, in order to get the relative motion of 
all with regard to the deck, we abstract our ideas from the 
motion of the steamer altogether—that is, we alter the velocity 
of each by compounding it with the actual velocity of the vessel 
taken in a reversed direction. 

Hence to find the relative motions of any set of points with 
regard to one of their number, imagine, impressed upon each in 
composition with its own velocity, a velocity equal and opposite 
to the velocity of that one; it will be reduced to rest, and the 
motions of the others will be the same with regard to it as 
before. 

Thus, to take a very simple example, two.trains are running 
in opposite directions, say north and south, one with a velocity 
of fifty, the other of thirty, miles an hour. The relative velocity 
of the second with regard to the first is to be found by im¬ 
pressing on both a southward velocity of fifty miles an hour; 
the effect of this being to bring the first to rest, and to give the 
second a southward velocity of eighty miles an hour, which is 
the required relative motion. 

Or, given one train moving north at the rate of thirty miles 
an hour, and another moving west at the rate of forty miles an 
hour. The motion of the second relatively to the first is at 
the rate of fifty miles an hour, in a south-westerly direction 
inclined to the due west direction at an angle of tan" 1 f. It 
is needless to multiply such examples, as they must occur to 
every one. 

46. Exactly the same remarks apply to relative as compared 
with absolute acceleration, as indeed wc may see at once, since 
accelerations are in all cases resolved and compounded by the 
same law as velocities. 

VOL. i. 


Relative 

motion. 
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If ft, V, z > &nd x ' 3 3 z ' 7 eo-ordinatcH of two points 

referred to axes regarded as fixed; and 4 y, l their relative 
co-ordinates—we have 

£ = £ c '-£ c , y = y-y, t-z'-z, 

and, differentiating, 

di dod dx . 

= -_- - 7 ■, etc., 

dt dt dt 

which give the relative, in terms of the absolute, velocities; and 
d s £ dW <Px 
d¥ = df de’ ’ 

proving our assertion about relative and absolute accelerations. 

The corresponding expressions in polar co-ordinates in a plane 
are somewhat complicated, and by no means convenient. The 
student can easily write them down for himself. 


47. The following proposition in relative motion is of con¬ 
siderable importance:— 

Any two moving points describe similar paths relatively to 
each other, or relatively to any point which divides in a con¬ 
stant ratio the line joining them. 

Let A and B be any simultaneous positions of tie* points. 


ff A G 


Take G or (}' in A IS Mich that the ratio 
~B GA G'A 

■ n n or 7,,. has a condant \ aim*. I hen 
(jrl) {j IS 


as the form of the relative path depends only upon the Inijith 
and direction of the line joining the two points at any in. laid, it 
is obvious that these will be the same for A with irgard to //, 
as for B with regard to A, saving only the in\« mbm of the 
direction of the joining line. Hcuee //A path about J, is J’s 
about B turned through two right anglos. A ml w it h regard to 
G and Cr it is evident that the directions remain tie*. anm, while 
the lengths are altered in a given ratio ; but t hi., m the d, tinithm 
of similar curves. 


48. As a good example of relative motion, hf U ; consider 
that of the two points involved in our defin'd ion of the curve, of 
pursuit, § 40. Since, to find the relative, position and motion of 
the pursuer with regard to the pursued, wo ma t impnss on 
both a velocity equal aud opposite to that, of th<- latter, we see 
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at once that the problem becomes the same as the following. A Relative 
boat crossing a stream is impelled by the oars with uniform motlon ‘ 
velocity relatively to the water, and always towards a fixed 
point in the opposite bank; but it is also carried down stream 
at a uniform rate; determine the path described and the time of 
Crossing. Here, as in the former .problem, there are three cases, 
figured below. In the first, the boat, moving faster than the 
current, reaches the desired point; in the second, the velocities 
of boat and stream being equal, the boat gets across only after 
an infinite time—describing 
a parabola—but does not land 
at the desired point, which is 
indeed the focus of the para¬ 
bola, while the landing point 
is the vertex. In the third 
case, its proper velocity being 
less than that of the water, it 
never reaches the other bank, 
and is carried indefinitely 
down stream. The compari¬ 
son of the figures in § 40 with those in the present section cannot 
fail to be instructive. They art', drawn to the same scale, and 
for the same relative velocities. The horizontal lines represent 
the farther bank of the river, and the vertical, lines the path of 
the boat if there were no current. 



We leave the solution of this question as an exercise, merely 
noting that tint equation of the curve, is 


in one or other of the throe case's, according as e is >, - , or <1. 

When c ■■■ 1 this becomes 

;// - • a J — %tx, the parabola. 

The time of crossing is 

■which in finite only for e <], because of course a negative value 
is inadmissible. 


3—2 
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49. Another excellent example of the tnumformat ion of rela¬ 
tive into absolute motion is afforded by the family of cycloids. 
We shall in a future section consider their mechanical descrip¬ 
tion) by the of a circle on a fixed sti .light line or circle. 

In the mean time, we take a different form of enunciation, 
which, however, leads to precisely the .same result. 

Find the actual path of a point which revolves uniformly in 
a circle about another point—the latter moving' uniformly in a 
straight line or circle in the same piano. 

Take the former case first: lot a Iks the radius of the relativo 
circular orbit, and <a the angular velocity in it, v being the 
velocity'of its centre along the straight line. 


The relative co-ordinates of the point in the circle are a cos at 
and asinorf, and the actual co-ordinates of the centre are vt 
and 0. Hence for the actual path 

£=vt + a cos<at, tj = a sin ml. 


Hence £ = - sin” 1 - + a 2 - rf, an equation which, by giving 

different values to v and w, may ki made to represent the cycloid 
itself, or either form of trochoid. See § l 1 2. 

-For the epicycloids, let b be the radius of the circle which li 
describes about A, w l the angular velocity; a the radius of J’s 
path, (d the angular velocity. 



x = a cos o)t + b cos «/,, y = a sin ud -»■ b sin 

which, by the elimination of t, give an algebraic equation between 
x and y whenever w and arc commensurable. 

llius, for <^ = 2(0, suppose wt = 0 , and we have 
x = a cos 0 + l cos 20, y-a sin 0 f h sin *20 , 
or, by an easy reduction, 

tf + tf-by^a'fo + bf + yi 


49 .] 
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Put x-b for x, ie., change the origin to a distance AJB to the Relative 
left of 0, tho equation becomes motion * 

a Q (x 2 + y 2 ) = (x 2 -by 2 — 2bx) 2 , 

ox', in polar co-ordinates, 

a 2 - (?•- 2b cos 6) 2 9 r =a-b2b cos 0, 
and when 2b = a, r = a (1 + cos 0), the cardioid. (See § 94.) 

50. As an additional illustration of this part of our subject, Resultant 

, n r J motion. 

we may define as follows:— 

If one point A executes any motion whatever, with reference 
to a second point B ; if B executes any other motion with refer¬ 
ence to a third point G ; and so on—the first is said to execute, 
with reference to the last, a movement which is the resultant of 
these several movements. 

The relative position, velocity, and acceleration are in such a 
case the geometrical resultants of the various components com¬ 
bined according to preceding rules. 

51. The following practical methods of effecting such a com¬ 
bination in the simple case of the movements of two points are 
useful in scientific illustrations and in certain mechanical arrange¬ 
ments. Let two moving points be joined by an elastic string; 
the middle point of this string will evidently execute a move¬ 
ment which is half the resultant of the motions of the two 
points. But for drawing, or engraving, or for other medianical 
applications, the following method is preferable :— 

OF and El) are rods of equal length 
moving freely round a pivot at 1\ which 
passes through the middle point of each— 

GA, AI), EB, and B b\ are rods of half the 
length of the two former, and so pivoted 
to them as to form a pair of equal rhombi 
GI) } EF, whose angles can be altered at 
will. Whatever motions, whether in a plane, or in space of three 
dimensions, be given to A and B } B will evidently be subjected 
to half their resultant. 

52. Amongst the most important classes of motions which Harmonic 

1 . . motion. 

we have to consider in Natural Philosophy, there is one, namely, 
Harmonic Motion, which is of such immense use, not only in 




Harmonic 

motion. 


Simple ^ 
harmonic 
motion. 
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ordinary kinetics, but in the theories of sound, light, heat, etc., 
that' we make no apology for entering here into considerable 
detail regarding it. 

53. Def. When a point Q moves uniformly in a circle, the 
perpendicular QP drawn from its position 
at any instant to a fixed diameter A A 1 of 
the circle,intersects the diameter in a point 
P, whose position changes by a simple har¬ 
monic motion. 

Thus, if a planet or satellite, or one of 
the constituents of a double star, supposed 
to move uniformly in a circular orbit about 
its primary, he viewed from a very distant position in the plane 
of its orbit, it will appear to move backwards and forwards in a 
straight line, with a simple harmonic motion. This is nearly 
the case with such bodies as the satellites of Jupiter when seen 
from the earth. 

Physically, the interest of such motions consists in the fact 
of their being approximately those of the simplest vibrations of 
sounding bodies, such as a tuning-fork or pianoforte wire; whence 
their name; and of the various media in which waves of sound, 
light, heat, etc., are propagated. 



54:. The Amplitude of a simple harmonic motion is the 
range on one side or the other of the middle point of tin; eourse, 
i.e. } OA or OA' in the figure. 

An arc of the circle referred to, measured from any fixed 
point to the uniformly moving point Q, is the Argument of 
the harmonic motion. 

The distance of a point, performing a simple harmonic motion, 
from the middle of its course or range, is a simple hu nnntrie. f uno¬ 
tion of the time. The argument of this function is what, wo have 
defined as the argument of the motion. 

The Epoch in a simple harmonic motion is tin* interval of t ime 
which elapses from the era of reckoning till the moving point, 
first comes to its greatest elongation in the direction reckoned 
as positive, from its mean position or the middle of its range. 
Epoch in angular measure is the angle described on the circle of 
reference in the period of time defined as the epoch. 
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The Period of a simple harmonic motion is the time which simple 
elapses from any instant until the moving point again moves in m™ 0 T° 
the same direction through the same position. 

The Phase of a simple harmonic motion at any instant is the 
fraction of the whole period which has elapsed since the moving 
point last passed through its middle position in the positive 
direction. 

55. Those common kinds of mechanism, for producing recti- Simple 
lineal from circular motion, or vice versa , in which a crank mot£n n jn 
moving in a circle works in a straight slot belonging to a body 
which can only move in a straight line, fulfil strictly tho definition 

of a simple harmonic motion in the part of which the motion is 
rectilineal, if the motion of tho rotating part is uniform. 

The motion of the treadle in a spinning-wheel approximates 
to the same condition when the wheel moves uniformly; the 
approximation being the closer, tho smaller is the angular motion 
of the tread hi and of the connecting string. It is also approx¬ 
imated to more or loss elosoly in the motion of the piston of a 
steam-engine commoted, by any of tho several methods in use, 
with the crank, provided always the rotatory motion of the 
crank he uniform. 

56. The velocity of a point, executing a simple harmonic velocity 

•' # 1 . i, , in S. II. 

motion is a simple harmonic funelion of the time, a quarter of motion. 

a period earlier in phase than the displaeemeni, and having its 

maximum value equal to the velocity in the circular motion by 

which the given function is defined. 

For, in the iig. of § f>d, if F ho the. velocity in the circle, it 
may he represented by ()(£ in a, direction perpendicular to its 
own, and tin ax* fort 1 , by OP and PQ in directions perpendicular to 
those lines. That is, the velocity of P in the simple harmonic 
y 

motion is - . , VO ; which, when V is at 0 , becomes V 
0(J 0 J 

57. The acceleration of a, point executing a simple harmonic t A^ r ^ IL 
motion is at any time simply proportional to the displacement motion, 
from the. middle point, but in opposite direction, or always 
towards the middle point. Its maximum value is that with 

which a velocity equal to that of the circular motion would 
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Acceiera- be acquired in the time in which an arc equal to the radius 
S£. S * H ‘ is described. 

For, in the fig. of § 53, the acceleration of Q (by § 35, a) is 

along QO. Supposing, for a moment, QO to represent the mag- 
nitude of this acceleration, we may resolve it in QP, 2*0. 
acceleration of P is therefore represented on the same scale bv 

PO. Its magnitude is therefore = PO, which is 

proportional to PO, and has at A its maximum value ™ 

QO ’ an 

acceleration under which the velocity V would he acquired in 
the time as stated. 

Let a be the amplitude, e the epoch, and T the period 0 f a 
simple harmonic motion. Then if s ho the displacement’from 
middle position at time t, we have 

f2irt \ 
s= a cosf~-€j. 


Hence, for velocity, we have 


ds 2iTd . /2tt t 

v ~"dt T mi VT 


&-<)■ 


Hence V, the maximum value, is as above stated £ 
Again, for acceleration, 

dv_ 4Pa /2 irt \ 4V 1 

dt ~ 2 n cos \t'~ ( ) = -- 2«‘ s - (&‘<J S o7.) 

Lastly, for the maximum value of the acceleration, 

4 w*a V 


where, it may be remarked, 1 is the time of describing an are 
equal to radius in the relative circular motion 
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of epochs; and of epoch differing from their epochs by angles ^omposi- 
equal to those which this diagonal makes with the two sides of 
the parallelogram. Let P and P' be 
two points executing simple harmonic 
motions of one period, and in one line 
B'BCAA'. Let Q and Qf be the uni¬ 
formly moving points in the relative 
circles. On CQ and CQ describe a 
parallelogram SQGQ ; and through S 
draw Sli perpendicular to 11 A' pro¬ 
duced. We have obviously Pit —CP 
(being projections of the equal and 
parallel lines QS,CQ, on CM). Hence 
(JM = CP+ CP' ; and therefore the 

point 11 executes the resultant of the motions P and P\ But 
CS, the diagonal of the paralhdogram, is constant, and therefore 
the resultant motion is simple harmonic, of amplitude CS, and 
of epoch exceeding that of the motion of 1\ and falling short 
of that of the motion of P\ by the angles QCS and SCQ re¬ 
spectively. 

This geometrical const ruction lias been usefully applied by the 
tidal committee of the British Association for a mechanical tide- 
indicator (compare § (JO, below). An arm CQ turning round C 
carries an arm Q S turning round Q. Toothed wheels, one of 
them fixed with its axis through 0, and the others pivoted on a 
framework carried by CQ , are so arranged that QS turns very 
approximately at the rate of once round in 12 mean lunar hours, 
it CQ be turned uniformly at the rate of once round in 12 mean 
solar hours. Days and half-days a,re marked by a counter geared 
to CQ. The distance of S from a fixed line through C shows 
the deviation from imam sea-level due to the sum of mean solar 
and mean lunar tidos for the time of day and year marked by 
CQ and the counter. 



An analytical proof of the same proposition is useful, being as 
follows:— 

r±TTt \ , CM A 

“"° S U—'*J + 

/ . 2tt< . . , 2* t ! (2*1 \ 

= (a cos € -f a cos c) cos ^ 4- (a sm c 4- a sin c) sin - r cos l rp “ U J > 
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Composi¬ 
tion of 
S. H. M. in 
one line. 


where r = {(a cos e + a cos cj + (a sin € + a' siu t') 2 }* 
= {a 2 + a' 2 + 2aa' cos (e — 


tan $ — - 


«sme-f-<£ sine 
" a cos c + a' cos c' 


59. The construction described in the preceding section ex¬ 
hibits the resultant of two simple harmonic motions, whether of 
the same period or not. Only, if they are not of the same period, 
the diagonal of the parallelogram will not be constant, but wih 
diminish from a maximum value, the sum of the component 
amplitudes, which it has at the instant when the phases of the 
component motions agree; to a minimum, the difference of those 
amplitudes, which is its value when the phases differ by half 
a period. Its direction, which always must be nearer to the 
greater than to the less of the two radii constituting the sides 
of the parallelogram, will oscillate on each side of the greater 
radius to a maximum deviation amounting on either side to the 
angle whose sine is the less radius divided by the greater, and 
reached when the less radius deviates more than this by a 
quarter circumference from the greater. The full period of this 
oscillation is the time in which either radius gains a full turn 
on the other. The resultant motion is theivfore not simple 
harmonic, but is, as it were, simple harmonic with periodically 
increasing and diminishing amplitude, and with periodical ac¬ 
celeration and retardation of phase. This view is particularly 
appropriate for the case in which the periods of the, two com¬ 
ponent motions are nearly equal, hut the amplitude of one of 
them much greater than that of the other. 


To express the resultant motion, let * be tin* displacement at 
time t; and let & be the greater of the two component half¬ 
amplitudes. 


S = a cos (nt - e) + a cos (n't - c') 

= CL COS (lit — c) Cl COS (lit, — c { 

= (a, 4- a! cos <fi) coH.(nt — c) — a f sin </> sin (nt 
<t> = (rit-€)-(7U-c)i 
s = r cos (nt - € s 6), 


or, finally, 


59 .] 
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if r= (a? + 2 aa' cos 

and 

a + a cos 

The maximum value of tan 0 in the last of these equations is 

found by making <£ = ~ + sin" 1 ~, and is equal to —-_, 

2 a (a s -a'^’ 

a! 

and hence the maximum value of 0 itself is sin" 1 — . The geo¬ 
metrical methods indicated above (§ 58) lead to this conclusion 
by the following very simple construction. 


Composi¬ 
tion of 
S. H. M. in 
one line. 


To find the time and the amount of the maximum acceleration 
or retardation of phase, let GA he the greater half-amplitude. 
From A as centre, with the less half-amplitude as radius, de¬ 
scribe a circle. GB touching this circle is the generating radius 
of the most deviated resultant. Hence CBA is a right angle; 

and . Ty/ ^ A AB 

sm BGA= 7T j. 

LA 


60. A most interesting application of this case of the com- Examples of 
position of harmonic motions is to the lunar and solar tides; of s P H S fM n 
which, except in tidal rivers, or long channels, or deep bays, 
follow each very nearly the simple harmonic law, and produce, as 
the actual result, a variation of level equal to the sum of varia¬ 
tions that would be produced by the two causes separately. 

The amount of the lunar equilibrium-tide (§ 812) is about 2T 
times that of the solar. Hence, if the actual tides conformed to 
the equilibrium theory, the spring tides would be 3*1, and the 
neap tides only IT, each reckoned in terms of the solar tide; 
and at spring and neap tides the hour of high water is that of 
the lunar tide alone. The greatest deviation of the actual tide 
from the phases (high, low, or mean water) of the lunar tide 
alone, would be about 1)5 of a lunar hour, that is, *98 of a solar 
hour (being the. same part of 12 lunar hours that 28° 26', or the 


angle whose sine is —, is of 360°). 


This maximum deviation 


would be in advance or in arrear according as the crown of the 
solar tide precedes or follows the crown of the lunar tide ; and it 
would be exactly reached when the interval of phase between 
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Example. Of the two component tides is 3'95 lunar hours. That is to say, 
composition wou lcl be maximum advance of the time of high water 44 
in one line ^ a y S a f(; er) and maximum retardation the same number of days 
before, spring tides (compare § 811). 


61 . We may consider next the case of equal amplitudes in 
the two given motions. If their periods are equal, their re¬ 
sultant is a simple harmonic motion, whose phase is at every 
instant the mean of their phases, and whose amplitude is equal 
to twice the amplitude of either multiplied by the cosine of half 
the difference of their phases. The resultant is of course nothing 
when their phases differ by half the period, and is a motion of 
double amplitude and of phase the same as theirs when they are 
of the same phase. 

When their periods are very nearly, hut not quite, equal (their 
amplitudes being still supposed equal), the motion passes very 
slowly from the former (zero, or no motion at all) to the latter, 
and back, in a time equal to that in which the faster has gone 
once oftener through its period than the slower has. 

In practice we meet with many excellent examples of this 
case, which will, however, be more conveniently treated of when 
we come to apply kinetic principles to various subjects in acou¬ 
stics, physical optics, and practical mechanics ; such as the sym¬ 
pathy of pendulums or tuning-forks, the rolling of a turret ship 
at sea, the marching of troops over a suspension bridge, etc. 


62 ‘ If an y number °f pulleys be so placed that a cord 
porafcDg paging f rom a fi xe d point half round each of them has its 
Snelia free P arts a11 in parallel lines, and if their centres be moved 
with simple harmonic motions of any ranges and any periods 
• in lines parallel to those lines, the unattached end of the 
cord moves with a complex harmonic motion equal to twice 
the sum of the given simple harmonic motions. This is the 
principle of Sir W. Thomsons tide-predicting machine, con¬ 
structed by the British Association, and ordered to he placed 
in South Kensington Museum, availably for general use in 
calculating beforehand for any port or other place on the sea 
for which the simple harmonic constituents of the tide have 
been determined by the “harmonic analysis” applied to 
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previous, observations*. We may exhibit, graphically, any case Graphical 
of single or compound simple harmonic motion in one line by tfonof nt8r 
curves in which the abscissse represent intervals of time, and the motions in 

one line. 



* See British Association Tidal Committee’s Beport, 18G8, 1872, 1875. 


PRELIMINARY. 


46 


[G2. 


Graphical ordinates the corresponding distances of the moving point from 
Kf nta ' its mean position. In the case of a single simple harmonic 
SSSSila motion, the corresponding curve would be that described by the 
omlme ' point P in § 53, if, while Q maintained its uniform circular 
motion, the circle were to move with uniform velocity in any 
direction perpendicular to OA. This construction gives the 
harmonic curve, or curves of sines, m which the 01 dinates are 
proportional to the sines of the abscissae, the straight line in 
which 0 moves being the axis of abscissae. It is the simplest 
possible form assumed by a vibrating string. When the har¬ 
monic motion is complex, but in one line, as is the case for any 
point in a violin-,.harp-, or pianoforte-string (differing, as these 
do, from one another in their motions on account of the different 
modes of excitation used), a similar construction may be made. 
Investigation regarding complex harmonic functions has led to 
results of the highest importance, having their most general 
expression in Fourier's Theorem, to which we will presently devote 
several pages. We give, on page 45, graphic representations of 
the composition of two simple harmonic motions in one line, of 
equal amplitudes and of periods which are as 1 : 2 and as 2 : 3, 
for differences of epoch corresponding to 0, 1, 2, etc., sixteenths 
of a circumference. In each case the epoch of t he, component of 
greater period is a quarter of its own period. In the. first., second, 
third, etc., of each series respectively, the epoch of the component 
of shorter period is less than a quarter-period by 0, I, 2, etc., 
sixteenths of the period. The successive horizontal lines a,re the 
axes of abscissae of the successive curves ; the vertical line to the 
left of each series being the common axis of ordinates. In each 
of the first set the graver motion goes through one complete 
period, in the second it goes through two periods. 


1 : 2 
(Octave) 


y = sin x + sin 


sin ( 2 * + -^-). 


2 : 3 
(Fifth) 

y ~~ sin 2./: sin ( ,‘b: + 


Both, from «=0 toas=2jr; and for n .0, 1, 2.IS, in .su.xmsion. 


These, and similar cases, when the periodic times arc not com¬ 
mensurable, will be again treated of under Acoustics. 
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63. We have next to consider the composition of simple har- s. h. mo- 
monic motions in different directions. In the first place, we see different 
that any number of simple harmonic motions of one period, and 

of the same phase, superimposed, produce a single simple har¬ 
monic motion of the same phase. For, the displacement at any 
instant being, according to the principle of the composition of 
motions, the geometrical resultant (see above, § 50) of the dis¬ 
placements due to the component motions separately, these com¬ 
ponent displacements, in the case supposed, all vary in simple 
proportion to one another, and are in constant directions. Hence 
the resultant displacement will vary in simple proportion to each 
of them, and will be in a constant direction. 

But if, while their periods are the same, the phases of the 
several component motions do not agree, the resultant motion 
will generally be elliptic, with equal areas described in equal 
times by the radius-vector from the centre; although in par¬ 
ticular cases it may be uniform circular, or, on the other hand, 
rectilineal and simple harmonic. 

64. To prove this, we may first consider the case in which 
we have two equal simple harmonic motions given, and these in 
perpendicular lines, and differing in phase by a quarter period. 

Their resultant is a uniform circular motion. For, let BA, B'A' 
be their ranges; and from 0, their common middle point, as 
centre, describe a circle through AA'BB f . The given motion of P 
in BA will be (§ 53) defined by the motion 
of a point Q round the circumference of 
this circle ; and the same point, if moving 
in the direction indicated by the arrow, will 
give a simple harmonic motion of F, in 
B'A r , a quarter of a period behind that of 
the motion of P in BA. But, since A' 0A, 

QPO , and QF 0 arc right angles, the figure 
QPOP is a parallelogram, and therefore Q is in the position of 
the displacement compounded of OP and OF. Hence two equal 
simple harmonic motions in perpendicular lines, of phases dif- 

' fering by a quarter period, are equivalent to a uniform circular 
motion of radius equal to the maximum displacement of either 
singly, and in the direction from the positive end of the range of 


A! 
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the component in advance of the other towards the positive end 
of the range of this latter. 


65. Now, orthogonal projections of simple harmonic motions 
are clearly simple harmonic with unchanged phase. Hence, if 
we project the case of § 64 on any plane, we get motion in an 
ellipse, of which the projections of the two component ranges 
are conjugate diameters, and in which the radius-vector from the 
centre describes equal areas (being the projections of the areas 
described by the radius of the circle) in equal times. But the 
plane and position of the circle of which this projection is taken 
may clearly be found so as to fulfil the condition of having the 
projections of the ranges coincident with any two given mutually 
bisecting lines. Hence any two given simple harmonic motions, 
equal or unequal in range, and oblique or at right angles to one 
another in direction, provided only they differ by a quarter 
period in phase, produce elliptic motion, having their ranges for 
conjugate axes, and describing, by the radius-vector from the 
centre, equal areas in equal times (compare § 34, 6). 


66. Returning to the composition of any number of simple 
harmonic motions of one period, in lines in all directions and of 
all phases: each component simple harmonic motion maybe de- 
terminately resolved into two in the same line, differing in phase 
by a quarter period, and one of them having any given epoch. 
We may therefore reduce the given motions to two sets, differing 
in phase by a quarter period, those of one set agreeing in phase 
with any one of the given, or with any other simple harmonic 
motion we please to choose (•£.<?., having their epoch anything 
we please). 

All of eacn set may (§ a8) he compounded into one simple 
harmonic motion of the same phase, of determinate amplitude, 
in a determinate line ; and thus tint whole system is reduced to 
two simple fully determined harmonic motions differing from 
one another in phase by a quarter period. 

Now the resultant of two simple harmonir motions, one a 
quarter of a period in advance of tin; other, in different, lines, has 
been proved (§ Go) to be motion in au ellipse of which the ranges 
of the component motions are conjugate axes, and in which equal 
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areas are described by the radius-vector from the centre in equal 
times. Hence the general proposition of § 63. 

Let x x = l l a x cos (*nt - € x )d 

y x =m x a x cos (at — Cj),!.(1) 

= w x « x cos (a it - £ X ),J 

he the Cartesian, specification of the first of the given motions; 
and so with varied suffixes for the others; 


l, m, n denoting the direction cosines, 
a „ „ half amplitude, 

c „ „ epoch, 

the proper suffix being attached to each letter to apply it to each 
case, and w denoting the common relative angular velocity. The 
resultant motion, specified by x, y, z without suffixes, is 


x = cos (<*>£ - € x ) = cos oitH l cb l cos € l + sin o)Gl l a l sin e x , 
y = etc.; z - etc.; 
or, as we may write for brevity, 



x = P cos ut + P' sin ut, ] 



y - Q cos <jit + Q r sin oj£, l. 

2 = R cos c at + R r sin <at, J 

.(2) 

where 

jP= S l l a l cos e t , 

C'=2 sin e,, | 



Q — Sm/q cos e x , 
R = 2 n ] a x cos e x , 

Q' = Sra/q sin , > . 

lx — 5 n x a x sin iq.J 

.(3) 


The resultant motion thus specified, in terms of six component 
simple harmonic motions, may be reduced to two by compounding 
1\ Q , R, and P\ Q\ R\ in the elementary way. Thus if 

£ = (!*+Q‘ + Ii s )K 
x- 7 ’ - K 

ft — y , V , , 

4 4 41 /n 

r=(/ v *+G ,, +/o i » i. 


X 


i v 


/X « 


r 


R f 


the required motion will be the resultant of £eoso>£ in the line 
(X, fj,j v), and f Q sincj£ in the line (X', y/, v). It is therefore mo¬ 
tion in an ellipse, of which and 2£' in those directions are 


S. H. mo¬ 
tions in 
different 
directions. 
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conjugate diameters j with radius-vector from centre tracing 
equal areas in equal times; and of period ~~ . 

67. We must next take the case of the composition of simple 
kindsand" harmonic motions of different periods and in different lines. I n 
indifferent g enem ^ these lines be in one plane or not, the line 

of motion returns into itself if the periods are commensurable* 
and if not, not. This is evident without proof. 

If a be the amplitude, e the epoch, and n the angular velocity 
in the relative circular motion, for a component in a line whose 
direction cosines are A., /*, v —and if £, rj, £ be the co-ordinates in 
the resultant motion, 

£ = 2. Vi cos (V " € i)> V = cos (V - 0> £ = 3. Vb cos (n x t - €] ). 
Now it is evident that at time t -t-^Pthe values of £, rj, £ will recur 
as soon as nff, n i T ) etc., are multiples of 2 tt, that is, when T is 

2 7T 27T 

the least common multiple of —, — , etc. 

n i n a 

If there be such a common multiple, the trigonometrical func¬ 
tions may be eliminated, and the equations (or equation, if the 
motion is in one plane) to the path are algebraic. Jf not, they 
are transcendental. 


S. H. mo¬ 
tions in 
different 
directions. 


H. motions 


68. From the above we see generally that, the composition 
of any number of simple harmonic motions in any directions 
and of any periods, may be effected by compounding, according 
to previously explained methods, their resolved parts in each 
of any three rectangular directions, and then compounding the 
final resultants in these directions. 


& H. mo¬ 
tions in two 
rectangular 
directions. 


69. By far the most interesting case, and tin- simplest, is 
that of two simple harmonic motions of any periods, whose 'di¬ 
rections must of course be in one plane. 

Mechanical methods of obtaining such combinations will be 
afterwards described, as well as cases of their occurrence in 
Optics and Acoustics. 

We may suppose, for simplicity, the two component, motions 
to take place in perpendicular directions. A Is.., as we can only 
have a re-entering curve when their periods are commonsur- 
able, it will be advisable to COmmenr'A wifli en/.l. . 
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The following figures represent the paths produced by thes. H.mo- 

fcions in tw 
rectan^nla 



combination of simple harmonic motions of equal amplitude in 
two rectangular directions, the periods of the components being 
as 1 : 2, and the epochs differing successively by 0, 1, 2, etc., 
sixteenths of a circumference. 

In the case of epochs equal, or differing by a multiple of n r, 
the curve is a portion of a parabola, and is gone over twice 
in opposite directions by the moving point in each complete 
period. 

For the cm so figured above, 

x - a cos (2nt — e), y a cos a-t. 

Hence x. — a {cos 2 nt cos e + sin 2 at sin e} 


^ a, - 


lU* 


L j cos 


s e + 


2 - 
a 



sin € 


}■ 


which for any given value of c is the equation of the correspond¬ 
ing curve. Thus for e - 0, 


x 

a 


V 


• 1, or y 5 (x + a), the parabola as above. 
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S. H. mo¬ 
tions in two 
rectangular 
directions. 


Composi¬ 
tion of two 
uniform 
circular 
motions. 


For £ = have ^2^1-g, or «V-V(«‘ 
the equation of tlie 5tli and 13th of the above curves. 
In general 


-'f)> 


x = a cos (nt + e), y = a cos {n x t + 1 ), 
from which, t is to be eliminated to find the Cartesian equation of 
the curve. 


70. Another very important case is that of two groups of 
two simple harmonic motions in one plane, such that the resultant 
of each group is uniform circular motion. 

If their periods are equal, wo have a ease belonging to those 
already treated (§ 63), and conclude that the resultant is, in 
general, motion in an ellipse, equal areas being described in 
equal times about the centre. As particular cases we may have 
simple harmonic, or uniform circular, motion. (Compare § 91.) 

If the circular motions are in the same direction, the. resultant 
is evidently circular motion in the same direction. This is the 
case of the motion of 8 in § 58, and requires no furt her comment, 
as its amplitude, epoch, etc., are seen at once from the figure. 

71. If the periods of the two are very nearly equal, the re¬ 
sultant motion will be at any moment very nearly tie; circular 
motion given by the preceding construction. ()r we may regard 
it as rigorously a motion in a circle with a varying radius de¬ 
creasing from a maximum value, the sum of the radii of the two 
component motions, to a minimum, their difference, and increas¬ 
ing again, alternately; the direction of the resultant radius 
oscillating on each side of that of the greater component, (as in 
corresponding case, § 59, above). 11 cure the angular velocity 
of the resultant motion is periodically variable. .In the case of 
equal radii, next considered, it is constant. 


72. When the radii of the two component motions are equal, 
we have the very interesting and important ease figured below. 
Here the resultant radius bisects the angle between the com¬ 
ponent radii. The resultant angular velocity is the arithmetical 
mean of its components. We will explain in a future section 
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(§ 94) how this epitrochoid is traced by the rolling of one circle composi- 

tion of two 
uniform 
circular 
motions. 



on another. (The particular case above delineated is that of a 
non-reentrant curve.) 

73. Let the uniform circular motions be in opposite direc¬ 
tions ; then, if the periods are equal, we may easily see, as 
before, § GG, that the resultant is in general elliptic motion, 
including the particular cases of uniform circular, and simple 
harmonic, motion. 

If the periods are very nearly equal, the resultant will be 
easily found, as in the case of § 59. 

74. If the radii of the component motions are equal, w^e have 
cases of very great importance in modern physics, one of which 
is figured below (like the preceding, a non-reentrant curve). 
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This is intimately connected with the explanation of two sets of 
important phenomena—the rotation of the plane of polarization 
of light, by quartz and certain fluids on the one hand, and by 
transparent bodies under magnetic forces on the other. It is 
a case of the hypotrochoid, and its corresponding mode of 
description will be described in a future section. It will also 
appear in kinetics as the path of a pendulum-bob which contains 
a gyroscope in rapid rotation. 


73. Before leaving for a time the subject of the composition 
of harmonic motions, we must, as promised in § 02, devote some 
pages to the consideration of Fourier’s Theorem, which is not 
only one of the most beautiful results of modern analysis, but 
may be said to furnish an indispensable instrument in the treat¬ 
ment of nearly every recondite question in modern physics. To 
mention only sonorous vibrations, the propagation of electric 
signals along a telegraph wire, and the conduction of heat by 
the earth’s crust, as subjects in their generality intractable with¬ 
out it, is to give but a feeble idea of its importance. The follow¬ 
ing seems to be the most intelligible form in which it can be 
presented to the general reader:— 

Theorem.— A complex harmonic function , with a constant term 
addedj is the proper expression , in mathematical language, 
for any arbitrary periodic function; and consequently can 
express any function whatever between definite values of 
the variable . 


76. Any arbitrary periodic function whatever being given, 
the amplitudes and epochs of the terms of a complex harmonic 
function which shall be equal to it for every value of the inde¬ 
pendent variable, may be investigated by the “ method of inde¬ 
terminate coefficients.” 

Assume equation (14) below. Multiply both members first 

. 2'£7r£ .. _ . 

by cos — and integrate from 0 to p : then multiply by 

sin dg and integrate between same limits. Thus instantly 

you find (13). 
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This investigation is sufficient as a solution of the problem, Fourier's 
—to find a complex harmonic function expressing a given arhi- Theorem 
trary periodic function,—when once we are assured that the 
problem is possible; and when we have this assurance, it proves 
that the resolution is determinate; that is to say, that no 
other complex harmonic function than the one we have found 
can satisfy the conditions. 

For description of an integrating machine by which the 
coefficients A i} in the Fourier expression (14) for any given 
arbitrary function may be obtained with exceedingly little 
labour, and with all the accuracy practically needed for the 
harmonic analysis of tidal and meteorological observations, see 
Proceedings of the Royal Society, Feb. 1876, or Chap. v. below. 


77. The full theory of the expression investigated in § 76 
will be made more intelligible by an investigation from a 
different point of view. 

Let F(x) bo any periodic function, of period p. That is to 
say, let F(x) be any function fulfilling the condition 

F(x + ip) = F(x) .(1), 

where i denotes any positive or negative integer. Consider the 
integral 

f e F(x) dx 

J/a a + x* ’ 


where a, c, c denote any three given (planti ties. Its value is 

f c (1 v (Iqg 

less than F(z) I and greater than F(z) / if « 

and z denote the values of x, either equal to or intermediate 
between the limits c and c', for whieli F(x) is greatest and least 
respectively. Put 


f c dx 
a* + x‘ 


1 

a 


tan" 1 


- — tan 
a 


a) 


( 2 ), 


and therefore. 


J c , a- + a;" w \ a aj 


and 


(3) 
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(4) 


(5) 


Hence if A be the greatest of all the values of F(x), and B the 
l6aSfc ’ r F(x)adx ^ A /v 

J c a 2j r%* \2 a ) 

•, > B - tan -1 . 

and ” \2 ft/ 

Also, similarly, 

and » > B (tan - ' “ + ^) • J 

in g the first members of (3), (4), and (5), and comparing 
with the corresponding sums of the second members, we find 

rm^ < F{z) (tan- t - tan-' £) + A (w- tan- + tan^), 1 

—30 ^ 

and „ >^')(tan-^-tan-‘ e -) + J B(w-tan-‘%tan-‘ C -). 

But, by (1), 

.«■ 

Now if we denote J— 1 by v, 


( 6 ) 


. = }-(- 


4_ \ 

- ijD + ftv/ 5 


a 2 + (a; + ij?) 2 2av \x + ip — ccv x + 'i 
and therefore, taking the terms corresponding to positive and 
equal negative values of i together, and the terms for i = 0 sepa¬ 
rately, we have 


S*"“ ( 1 _^ = JL (_L 

i== -°° yx 2 + (a: + ip)v 2ftu \x - < 


x — flU 

i?p“ - (x ~ au) s 


x + ftv 


-+ 22/ 


> x + ftu 
rp 2 - (x + avf 


zapv t 


( , 7r(x - ftu) , ?r(x + 

. J cot —-- - cot —--- V 


p 


/ 


7T . 27 TCtV 

o— sm- 


-sm 

apv p 


i ttclv 


n 7TX 


COS -cos — cos - 

p p p 

2 -rra 2-rra 

V 


7r 


€ " - € 


'lira 


2na 


ap T o 2 «b _ 

€ y - 2 COS-+ € p 

p 
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Hence, 


. _ 2ira 2irrt 

° F(x)dx it / -j - — 

M a 2 + x 2 ap\ 


Fourier s 
Theorem. 


F(x) dx 


n 2ir« * 

-2 cos-+ € p 


Next, denoting temporarily, for brevity, € y by £, and putting 


we have 


-1“ „ 2ttx -~ a - 1 -etf + C l ) + e‘ 

€ P - 2 COS- + € P 

p 

e / 1 1 ,\ 




= * {i+«(«+r 1 )+c 2 (^+r = )+e 3 (r+r 3 )+etc.} 

1 — 6 

e / 27r£ 47ra; 67nr , \ 

= ,— 1 + 2e cos — + 2<r cos -- + 2e cos — + etc. I. 

1 — e \ p p p J 


Hence, according to (8) and (9), 

’ F( x ) dx _ JL T KJ,L i'll?. ™ 


f = — f F{x)dx(l + 2e cos — + 2e*cos — + etc )... (10). 

a + x‘ apj 0 \ p p J x 1 


Hence, by (G), wo infer that 


F(z) ( tan 1 - - tan ” 1 - ) + A ( tt - tan ” 1 ~ + tan " 1 G -\ > 
w \ a aj \ a a) 

and Fiz) ( tan ” 1 ° - tan ” 1 + b ( tt - tan ” 1 - + tan ” 1 < 
v ' \ a aj \ a aj 


- J F(x)dx ^1 + 2e cos — + etc .J . 

Now let c c, and x = £' - £, 

£' being a variable, and £ constant, so far as the integration is 
concerned; and let 

F (x) + ^ <$>(£), 

and there 1 ,fore F (z) = <f> (£ + z) } 

F (z) - <j>(g + z). 
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The preceding pair of inequalities becomes 

<£(£ + z). 2 tan -1 ~ + a(k-2 tan” 3 

c f c 

and <£(£+ %') • 2 tan 1 —f- B ( tt — 2 tan 1 — 

Q> \ CL, 


COS 




}■ 
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(li) 


P jm CO fP 

pUi *(?)#'+l *(?)#'< p 

where <j> denotes any periodic function whatever, of period p. 

Now let c be a very small fraction of p. In the limit, where o 
is infinitely small, the greatest and least values of <£ (£') for values 
of f between £+c and i~c will be infinitely nearly equal to one 
another and to <£(£); that is to say, 

£(£+*) = ^ (£+?0 = 0 (£)• 

Next, let a be an infinitely small fraction of c. In the limit 


and 


tan" 1 - = 
a 

2jra 




1. 


Hence the comparison (11) becomes in the limit an equation 
which, if we divide both members by i r, gives 

This is the celebrated theorem discovered by Fourier* for the 
development of an arbitrary periodic function in a scries of simple 
harmonic terms. A formula includod in it as a particular case 
had been given previously by Lagranget. 

If, for cos , we take its valuo 


2iirg Sing . Siirt' 

cos- cos —- + sin - 

P 


2irr£ 

„ sm 

V P p 

and introduce the following notation :_ 

, 1 f p 




TMorie analytique de la Chalcur. Paris, 1822. 
t Anciens Memoires de I'Academie dc Turin. 


( 13 ) 
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we reduce (12) to this form :— 


<K0= A + c: A cos + a;:r A sin . 


Fourier’s 

Theorem. 


(H), 


which is the general expression of an arbitrary function in terms 
of a series of cosines and of sines. Or if we take 


A = (A*+ and tan t, = j.(15), 

we have <£(£) = J- 0 + S*,"”/*, cos (j~^~ e f ).(16), 


which is the general expression in a series of single simple har¬ 
monic terms of the successive multiple periods. 

Each of the equations and comparisons (2), (7), (8), (10), and Converg- 
(11) is a true arithmetical expression, and may be verified by actual Fom-ier’s 
calculation of the numbers, for any particular case; provided only seues ‘ 
that F (x) has no infinite value in its period. Hence, with this 
exception, (12) or either of its equivalents, (14), (16), is a true 
arithmetical expression; and the series which it involves is there¬ 
fore convergent. Hence we may with perfect rigour conclude 
that even the extreme case in which the arbitrary function ex¬ 
periences an abrupt finite change in its value when the inde¬ 
pendent variable, increasing continuously, passes through some 
particular value or values, is included in the general theorem. 

In such a case, if any value be given to the independent variable 
differing however little from one which corresponds to an abrupt 
change in the value of the function, the series must, as we may 
infer from the preceding investigation, converge and give a 
definite value for the function. But if exactly the critical value 
is assigned to the independent variable, the series cannot con¬ 
verge to any definite value. The consideration of the limiting 
values shown in the comparison (11) docs away with all difficulty 
in understanding how the series (12) gives definite values having 
a finite difference for two particular values of the independent 
variable on the two sides of a critical value, but differing in¬ 
finitely little from one another. 

If the differential coeflioient is finite for every value of 

£ within the period, it too is arithmetically expressible by a series 
of harmonic terms, which cannot be other than the series ob¬ 
tained by differentiating the scries for </>(£). Hence 
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M P i=1 



(17), 


and this series is convergent ; and we may therefore conclude that 
the series for <£(£) is more convergent than a harmonic series 


with 


for its coefficients. 


b b h 
1 de 


h etc o 

has no infinite values within the 


period, we may differentiate both members of (17) and still have 
an equation arithmetically true; and so on. We conclude that 
if the n th differential coefficient of <£(£) has no infinite values, 
the harmonic series for <£(£) must converge more rapidly than a 
harmonic series with 


1, 



for its coefficients. 


Displace- 78. We now pass to the consideration of the displacement 
rigid body, of a rigid body or group of points whose relative positions are 
unalterable. The simplest case we can consider is that of the 
motion of a plane figure in its own plane, and this, as far as 
kinematics is concerned, is entirely summed up in the result of 
the next section. 


Displace- 79. If a plane figure be displaced in any way in its own 
plane 3 figure plane, there is always (with an exception treated in § 8.1) one 
m its plane. q £ p. common to any two positions; that is, it may be 

moved from any one position to any other by rotation in its own 
plane about one point held fixed. 

To prove this, let A, B be any two points of the plane figure 
in its first position, A', B' the positions of the same two after 
a displacement. The lines A A', BB will 
not be parallel, except in one case to be 
presently considered. Hence the line equi¬ 
distant from A and A' will meet that equi¬ 
distant from B and B ' in some point 0. 
Join OA, OB, OA r , OB'. Then, evidently, 
because OA' = OA, OB' = OB and AB 
~AB, the triangles OA 7/ and OAB are 
equal and similar. Hence 0 is similarly 
situated with regard to AF and AB, and is therefore one and 
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the same point of tlie plane figure in its two positions. If, for Dispiace- 
the sake of illustration, we actually trace the triangle OAB upon 
the plane, it becomes 0A'B in the second position of the figure. m lts Plai 

80. If from the equal angles A'OB', AOB of these similar 
triangles we take the common part A'OB, we have the remaining 
angles AO A', BOB' equal, and each of them is clearly equal to 
the angle through which the figure must have turned round the 
point 0 to bring it from the first to the second position. 

The preceding simple construction therefore enables us not 
only to demonstrate the general proposition, § 79, but also to 
determine from the two positions of one terminated line AB, 

A'B' of the figure the common centre and the amount of the 
angle of rotation. 

81. The lines equidistant from A and A', and from B and B', 
are parallel if AB is parallel to A'B ; and therefore the con¬ 
struction fails, the point 0 being 
infinitely distant, and the theorem 
becomes nugatory. In this case the 
motion is in fact a simple trans¬ 
lation of the figure in its own 

plane without rotation—since, AB being parallel and equal to 
A'B', we have A A! parallel and equal to BB ; and instead of 
there being one point of the figure common to both positions, 
the lines joining the two successive positions of all points in the 
figure are equal and parallel 

82. It is not necessary to suppose the figure to be a mere flat 
disc or plane—for the preceding statements apply to any one of 
a set of parallel planes in a rigid body, moving in any way 
subject to the condition that the points of any one plane in it 
remain always in a fixed plane in space. 



83. There is yet a case in which the construction in § 79 is 
nugatory—that is when A A' is paral- yj 

lei to BB\ but the lines of AB and d' 


A'B intersect. In this case, how- ^ 
ever, the point of intersection is the A 
point 0 required, although the former 


0 


B 


method would not have enabled us to find ii. 
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Examples 84. Very many interesting applications of this principle may 
mlt&Tn'e be made, of which, however, few belong strictly to our subject, 
ptae ' and we shall therefore give only an example or two. Thus we 
know that if a line of given length AB move with its extremities 

always in two fixed lines OA, OB ; 
any point in it as P describes an 
ellipse. It is required to find the 
direction of motion of P at any in¬ 
stant, ie., to draw a tangent to the 
ellipse. BA will pass to its next 
position by rotating about the point 
Q; found by the method of § 79 
by drawing perpendiculars to OA 
and OB at A and B. Hence P for the instant revolves about Q, 
and thus its direction of motion, or the tangent to the ellipse, is 
perpendicular to QP. Also AB in its motion always touches a 
curve (called in geometry its envelop) ; and the same principle 
enables us to find the point of the envelop which lies in AB , for 
the motion of that point must evidently bo ultimately (that is 
for a very small displacement) along AB, and the only point 
which so moves is the intersection of AB with the perpen¬ 
dicular to it from Q. Thus our construction would enable us 
to trace the envelop by points. (For more on this subject 
see § 91.) 

85. Again, suppose AB to be the beam of a stationary engine 
having a reciprocating motion about A, and by a link BD 
turning a crank CD about 0. Determine the relation between 
the angular velocities of AB and CD in any position. Evi¬ 
dently the instantaneous direction of motion of B is trans¬ 
verse to AB, and of D transverse to Gil—hence if AB, CD 
produced meet in 0, the motion of BD is for an instant as if 

it turned about 0. From thrs 
it may be easily soon that if 
the angular velocity of A /> be 

®, that of CD is A 

similar process is of course 
applicable to any combination of machinery, and we shall find it 
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very convenient when we come to consider various dynamical Examples 
problems connected with virtual velocities. meS^na 

plane. 

86. Since in general any movement of a plane figure in its composition 
plane may be considered as a rotation about one point, it is abSut ationa 
evident that two such rotations may in general be compounded K. llel 
into one; and therefore, of course, the same may be done with 

any number of rotations. Thus let A and B be the points of 
the figure about which in succession the rotations are to take 
place. By a rotation about A, B is brought say to S', and by a 
rotation about B\ A is brought to A'. The construction of § 79 
gives us at once the point 0 and the amount of rotation about it 
which singly gives the same effect as those about A and B in 
succession. But there is one case of exception, viz, when the 

rotations about A and B are of equal ^ _ 

amount and in opposite directions. In ~ 1^ 

this case A'B' is evidently parallel to ‘ / X. / 

AB, and therefore the compound result [ _ x. / 

is a translation only. That is, if a body ^ B' 

revolve in succession through equal angles, but in opposite di¬ 
rections, about two parallel axes, it finally takes a position to 
which it could have been brought by a simple translation per¬ 
pendicular to the lines of the body in its initial or final position, 
which were successively made axes of rotation; and inclined to 
their plane at an angle equal to half the supplement of the 
common angle of rotation. 

87. lienee to compound into an equivalent rotation a rota- Composition 
tion and a translation, the latter being effected parallel to the and trnnsia- 

, , .. , , ... tions in one 

plane ot the iormer, we may decompose the translation into two plane, 
rotations of equal amount and opposite direction, compound one 
of them with the given rotation by § 8(1, and then compound 
the other with the resultant rotation by the same process. Or 
we may adopt the following far 

simpler method. Let OA. he the TV i C 

translation common to all points f "—-- l 

in the plane, and let BOO be the Qt __ 

angle of rotation about (), BO ^ 

being drawn so that OA bisects the exterior angle (JOB. Take 
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Composition the point F in BO produced, such that B'C' , the space through 
andtonsia- which the rotation carries it, is equal and opposite to OA. This 
pZ s J n ° ne point retains its former position after the performance of the 
compound operation 5 so that a rotation and a translation in 
one plane can be compounded into an equal rotation about a 
different axis. 

In general, if the origin be taken as the point about which 
rotation takes place in the plane of xy, and if it be through an 
angle 0 , a point whose co-ordinates were originally x, y will have 
them changed to 

f= a;cos0-ysin0, 77 = x sin 0 4 - y cos0, 
or, if the rotation be very small, 

£~ x ~yS, rj - y 4- x6. 


Omission of 88. In considering the composition of angular velocities 
andh^he d r about different axes, and other similar cases, we may deal with 
smaifquan- infinitely small displacements only ; and it results at once from 
tltles * the principles of the differential calculus, that if these displace¬ 
ments be of the first order of small quantities, any point whose 
displacement is of the second order of small quantities is to be 
considered as rigorously at rest. Hence, for instance, if a body 
revolve through an angle of the first order of small quantities 
about an axis (belonging to the body) which during the revolu¬ 
tion is displaced through an angle or space, also of the first 
order, the displacement of any point of the body is rigorously 
what it would have been had the axis been fixed during the 
rotation about it, and its own displacement made either before 
or after this rotation. Hence in any case of motion of a rigid 
system the angular velocities about a system of axes moving with 
the system are the same at any instant as those about a system 
fixed in space, provided only that the latter coincide at the 
instant in question with the moveable ones. 


Superposi- 89. From similar considerations follows also the general pro¬ 
motions. ciple of Superposition of small notions. It asserts that if several 
causes act simultaneously on the same particle or rigid body, and 
if the effect produced by each is of the first order of small quan¬ 
tities, the joint effect will be obtained if wo consider the causes 
to act successively , each taking the point or system in the posi- 
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tion in which the preceding one left it. It is evident at once Superposi- 
that this is an immediate deduction from the fact that the second motiSns maU 
order of infinitely small quantities may be with rigorous accuracy 
neglected. This principle is of very great use, as we shall find 
in the sequel; its applications are of constant occurrence. 

A plane figure has given angular velocities about given axes 
perpendicular to its plane, find the resultant. 

Let there be an angular velocity <o about an axis passing 
through the point a, b. 

The consequent motion of the point x, y in the time St is, as 
we have just seen (§ 87), 

— (y-b) u)bt parallel to x, and (x - a) wSt parallel to y. 

Hence, by the superposition of small motions, the whole motion 
parallel to x is 

— (y2<o — 26<o) St, 
and that parallel to y (x2w — 2 &w) 8 1 . 

Hence the point whose co-ordinates are 

, 2 ata 

^ ~ and y =-=, - 

Aoj >r< 


Aw 


is at rest, and the resultant axis passes through it. Any other 
point x, y moves through spaces 

— (v/2w — 2&w) St, (x2<*> — 2^w) St, 

But if the whole had turned about x, y with velocity O, we should 
have had for the displacements of x, ?/, 

— (y - y) ilSt, (x — x') ilSt. 

Comparing, we lind il - 2<u. 

Hence if the sum of the angular velocities he zero, there is no 
rotation, and indeed the above fbnnuhe show that there is then 
merely translation, 

2 (ba))St parallel to x, and —2 (au))St parallel to y. 

These formulae suffice for the consideration of any problem on 
the subject. 

90. Any motion whatever of a plane figure in its own plane Roiling of 
might be produced by the rolling of a curve fixed to the figure curve, 
upon a curve fixed in the plane. 

For we may consider the whole motion as made up of suc¬ 
cessive elementary displacements, each of which corresponds, as 
we have seen, to an elementary rotation about some point in 
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the plane. Let o v o 2 , o 3 , etc., be the successive points of 
the moving figure about which the rotations take place, O t , 
0 , 0 8> etc., the positions of these points when each is the 
instantaneous centre of rotation. Then the figure rotates about 
o t (or O v which coincides with it) till o 2 coincides with 0 2 , then 
about the latter till o 3 coincides with 
0 3 , and so on. Hence, if we join o 
o 3 , o 3 , etc., in the plane of the figure, 
and 0,, 0 2 , 0 3 , etc., in the fixed plane, 
the motion will be the same as if the 
polygon o x o 2 o z , etc., rolled upon the fixed 
polygon Ofifi zy etc. By supposing the 
successive displacements small enough 
the sides of these polygons gradually diminish, and the polygons 
finally become continuous curves Hence the theorem. 

From this it immediately follows, that any displacement of a 
rigid solid, which is in directions wholly perpendicular to a fixed 
line, may be produced by the rolling of a cylinder fixed in the 
solid on another cylinder fixed in space, the axes of the cylinders 
being parallel to the fixed line. 



91. As an interesting example of this theorem, let us recur 
to the case of § 84:—A circle may evidently be circumscribed 
about OBQA ; and it must be of invariable magnitude, since in 
it a chord of given length AB subtends a given angle 0 at the 
circumference. Also OQ is a diameter of this circle, and is there¬ 
fore constant. Hence, as Q is momentarily at rest, the motion 
of the circle circumscribing OBQA is one of internal rolling on 
a circle of double its diameter. Hence if a circle roll internally 
on another of twice its diameter, any point in its circumference 
describes a diameter of the fixed circle, any other point in its 
plane an ellipse. This is precisely the same proposition as that 
of § 70, although the ways of arriving at it are very different. 
As it presents us with a particular case of the Hypocycloid, it 
warns us to return to the consideration of these and* kindred 
curves, which give good instances of kinematical theorems, but 
which besides are of great use in physics generally. 

# ^ Wh en a circle rolls upon a straight line, a point in its 
circumference describes a Cycloid; an internal point describes a 



KINEMATICS. 


G7 


92.] 

Prolate, an external one a Curtate, Cycloid. The two latter ^ loids 
varieties are sometimes called Trochoids. Trochoids. 

The general form of these curves will be seen in the annexed 
figures; and in what follows we shall confine our remarks to the 
cycloid itself, as of immensely greater consequence than the 
others. The next section contains a simple investigation of those 
properties of the cycloid which are most useful in our subject. 




93. Let A B be a diameter of the generating (or rolling) circle, Projiertiea 


BG the line on which it rolls. 
The points A and /> describe 
similar and equal cycloids, ol 
which AQ(J and I>B are portions. 
If PQR be any subsequent posi¬ 
tion of the generating circle, () 
and 8 the new posit,ions of A and 
B, *QP8 is of course a, right 
angle. If, therefore, Qlt be drawn 
parallel to P8 } Pll is a. diameter 


B 


P 


cycloid. 
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Properties of the rolling circle. Produce QR to T making 127= QR=PS. 
wdok Evidently the curve AT, which is the locus of T, is similar and 
equal to BS, and is therefore a cycloid similar and equal to AG. 
But QR is perpendicular to PQ, and is therefore the instanta¬ 
neous direction of motion of Q, or is the tangent to the cycloid 
AQG. Similarly, PS is perpendicular to the cycloid BS at S, 
and so is therefore TQ to AT at T. Hence (§ 19) AQG is the 
evolute of AT, and arc AQ—QT—QQR. 


Epicycloids, 

etc. 


94 . When the circle rolls upon another circle, the curve 
described by a point in its circumference is called an Epicycloid, 
or a Hypocycloid, as the rolling circle is without or within the 
fixed circle; and when the tracing point is not in the circum¬ 
ference, we have Epitrochoids and Hypotrochoids. Of the latter 
we have already met with examples, §§ 70, 
91, and others will be presently mentioned. 
Of the former, we have in the first of the 
appended figures the case of a circle rolling 
externally on another of equal size. The 
curve in this case is called the Cardioid 
(§49). 




In the second diagram, a circle 
rolls externally on another of twice 
its radius. The epicycloid so de¬ 
scribed is of importance in Optics, 
and will, with others, be referred 
to when we consider the subject of 
Caustics by reflex ion. 



In the third diagram, we have 
a hypocycloid traced by the rolling 
of one circle internally on another 
of four times its radius. 
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The curve figured in § 72 is an epitrochoid described by a Epicycloids, 
point in the plane of a large circular disc which rolls upon a wcfoWtc. 
circular cylinder of small diameter, so that the point passes 
through the axis of the cylinder. 

That of § 74 is a hypotrochoid described by a point in the 
plane of a circle which rolls internally on another of rather 
more than twice its diameter, the tracing point passing through 
the centre of the fixed circle. Had the diameters of the circles 
been exactly as 1 : 2, §72 or § 91 shows that this curve would 
have been reduced to a single straight line. 


The general equations of this class of curves are 


x-(a + b) cos 6-eb cos 


ct 4 * b 
~ 


0 , 


y = (a + b) sin 6-eb sin 


a + b 

T~ 


0 , 


where a is the radius of the fixed, b of the rolling circle; and eb 
is the distance of the tracing point from the centre of the latter. 


93. If a rigid solid body move in any way whatever, sub- Motion 

/ J J . aboutn 

jeet only to the condition that one of its points remains fixed, fixed point, 
there is always (without exception) one line of it through this 
point common to the body in any two positions. This most 
important theorem is due to Euler. To prove it, consider Euler’s 
a spherical surface within the body, with its centre at the 
fixed point 0. All points of this sphere attached to the 
body will move on a, sphere fixed in space. Hence the 
construction of § 79 may be made, but with great circles 
instead of straight lines; and the, same reasoning will apply to 
prove that the point 0 thus obtained is common to the body 
in its two positions. 11 once every point of the body in the 
line 00, joining 0 with the fixed point, must he common to it 
in the two positions. Hence the body may pass from any one 
position to any other by rotating through a definite angle about 
a definite axis, lienee any position of the body maybe speci¬ 
fied by specifying the axis, and the angle, of rotation by which 
it may be brought to that position from a fixed position of re¬ 
ference, an idea, due to Euler, and revived by Rodrigues. 
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Let OX, OF, OZ be any three fixed axes through the fixed 
point 0 round which the body turns. Let A, fx, v be the 
direction cosines, referred to these axes, of the axis 01 round 
which the body must turn, and x the angle through which it 
must turn round this axis, to bring it from some zero position to 
any other position. This other position, being specified by the 
four co-ordinates A, fx, v, x (reducible, of course, to three by 
the relation A 2 + fx 2 + v 2 = 1), will be called for brevity (A, /*, *, x ). 
Let 01, OB, 00 be three rectangular lines moving with the 
body, which in the “zero” position coincide respectively with 
OX, OF, OZ] and put 

(XA), (FA), (ZA), (XB), (FB), (ZB), (XC), (FC), (ZO), 
for the nine direction cosines of OA, OB, 00, each referred to 
OX, OF, OZ. These nine direction cosines are of course reduci¬ 
ble to three independent co-ordinates by the well-known six 
relations. Let it be required now to express these nine direction 
cosines in terms of Rodrigues' co-ordinates A, fx, v, 

Let the lengths OX, OA, ..., 01 be equal, and call each 
unity: and describe from 0 as centre a spherical surface of unit 
radius; so that X, F, Z, A, B, 0, I shall be points on this sur¬ 
face. Let XA, FA, ... XB, denote arcs, and .AM F, A XB, ... 
angles between arcs, in the spherical diagram thus obtained. 
We have I A = IX = cos' 1 A, and XIA = Hence by the isosceles 
spherical triangle XIA, 

cos XA = cos 2 IX + sin 2 IX cos x, 
or (XA) = A 2 + (1 - A 2 ) cos x.(1). 

A nu by the spherical triangle XIB, 

cos XB = cos IX cos IB + sin IX sin IB cos XIB 

= \{x + J(lXX)(lX fJi ^ CO s XIB .(U). 

Bow XIB = XIF+ FIB = XIF ± x ; and by the spherical 
triangle XIF we have 

cos X 7 = 0 = cos IX cos IF + sin IX sin 1 7 cos A' 1 7 
= v + JX-K 1 ) (WO cos XIV. 

Hence J(l - A 5 ) (1 - /r) cos A’IV - - Ap, 

and J(l - A -)(1 -sin XIV = J(\ -X : - jx') - 
by which we have 


\J(l— A“) (1 - /r) cos (XIF + x) = — A a cos x~ v sin X > 
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and using this in (2), 

cos XB = Xfji (1 - cos x) - v sin x 
Similarly we find 


Rodrigue3* 
co-ordi- 
(3). nates. 


cos A Y- Xfi (1 - cos x) + v sin x.(4). 

The other six formulae may be written out by symmetry from 
(1), (3), and (4); and thus for the nine direction cosines we find 


(X.4) = X 2 4* (1 — X 2 ) cos x; (XB) =\u(l - cos x) - v sin x; (YA) =X/t (1 -cos x) + v sin x 5 ) 

( YB) = m? + (1- /* 2 ) cos x; ( YG) = fxp (1 - cos x) - X sin x; [ZB) =/ip( 1 - cos x) + X sin x; >(5). 
(ZC) = p 2 + ( 1 - r 2 ) cosx; [ZA)=v\ 1 -cos x)“/*sinx; (AO r ) = ^X(l-cosx)+Atsinx. ' 


Adding the three first equations of these three lines, and re- 


memberiug that 


A“ /x“ + v 2 = 1 . 

.(6), 

we deduce 


cos x = l [(A r il) + (TB) + {ZC)-l] . 

.(7); 


and then, by the three equations separately, 


, 9 1 + (XA)-(YB)-(ZC) 1 
‘ ™ 3 - (Abl) - ( YB) - (ZCy 

, 1 ~{XA) + (YB)~(ZC) 
h " Z-(XA)- (l r B)- (JZCy ' 

~ - (A'j)- ( YB) - {ZC)' j 


( 3 ) 


These fonnuhe, (<S) and (7), express, in terms of (XA), (YB), 
(■ZC ), three out of the nine direction cosines (XA), ..., the 
direction cosines of the axis round which the body must turn, 
and the cosine of the angle through which it must turn round 
this axis, to bring it from tho zero position to the position 
specified by those three direction cosines. 


By aid of Euler’s theorem above, successive or simultaneous Compo- 
rotations about any number of axes through the fixed point rotations, 
may be compounded into a rotation about one axis. Doing this 
for infinitely small rotations we find the law of composition of 
angular velocities. 

Let OA, 01) be two axes about which a body revolves with Composi- 
1 . . . tionofangu- 

angular velocities m, p respectively. larveloci- 

° 1 1 J ties. 

With radius unity describe the are AB, and in it take any 
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point I. 


Draw la, 7ft perpendicular to OA, OB respectively. 

Let tlie rotations about tlio two axes be 
sucli that that about OB tends to raise I 
above the plane of the paper, and that 
about OA to depress it. In an infinitely 
short interval of time t, the amounts of 
these displacements will be pI/3. r and 
-zrla.r. The point I, and therefore 
every point in the line 01, will he at i’est 
during the interval r if the sum of these 
displacements is zero, that is if p.I/3 = la. Hence the line 
01 is instantaneously at rest, or the two rotations about OA and 
OB may be compounded into one about 01. Draw Ip, Iq , 
parallel to OB, OA respectively. Then, expressing in two ways 
the area of the parallelogram IpOq, we have 
Oq . Ifi = Op . la, 



Oq : Op :: p : tx. 

Hence, if along the axes OA, OB, wc measure off from 0 lines 
Op, Oq, proportional respectively to the angular velocities about 
these axes—the diagonal of the parallelogram of which these are 
contiguous sides is the resultant axis. 

Again, if Bb be drawn perpendicular to OA, and if O be the 
angular velocity about 01, the whole displacement of B may 
evidently be represented either by w. Bb or O . f[3. 

Hence 


O : 'us :: Bb : I(3 :: sinAOA : sin 10B :: sin TpO : sin pIO, 

:: 01 : Op. 

Thus it is proved that,— 

If lengths proportional to the respective angular velocities 
about them be measured off on the component and resultant 
axes, the lines so determined will be the sides and diagonal of 
a parallelogram. 


96. Hence the single angular velocity equivalent to three 
co-existent angular velocities about three mutually perpen¬ 
dicular axes, is determined in magnitude, and the direction of 
its axis is found (§ 27), as follows :—The square of the resultant 
angular velocity is the sum of the squares of its components, 
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and the ratios of the three components to the resultant are the Composi- 

direction cosines ot the axis. iar veloci¬ 

ties about 

Hence simultaneous rotations about any number of axes fn^ina^ 
meeting in a point may be compounded thus :—Let <o be the 
angular velocity about one of them, whose direction cosines are 
l, m, n, O the angular velocity and A, /*, v the direction cosines 
of the resultant, 

XH = 2 (&*>), p.Q = 2 (mo)) 3 vO = 2 (wco), 
whence f} 2 = 2 2 (lo) + 2 2 (mw) + 2 2 (noi), 

2 (la>) 2 (wai) 2 (no) 

and v = _L_i. 

Hence also, an angular velocity about any line may be re* 
solved into three about any set of rectangular lines, the resolu¬ 
tion in each case being (like that of simple velocities) effected 
by multiplying by the cosine of the angle between the directions. 

Hence, just as in § 31 a uniform acceleration, perpendicular 
to the direction of motion of a point, produces a change in the 
direction of motion, but does not influence the velocity; so, if a 
body be rotating about an axis, and be subjected to an action 
tending to produce rotation about a perpendicular axis, the 
result will be a change of direction of the axis about which the 
body revolves, but no change in the angular velocity . On this 
kincmatical principle is founded the dynamical explanation of 
the Precession of the Equinoxes (§ 107) and of some of the 
seemingly marvellous performances of gyroscopes and gyrostats. 

The following method of treating the subject is useful in 
connexion with the ordinary methods of co-ordinate geometry. 

It contains also, as will be seen, an independent demonstration 
of the parallelogram of angular velocities : — 

Angular velocities m, p, cr about the axes of x } y 3 and z 
respectively, produce in time St displacements of the point at 
y, » (§§ 87, 89), 

(pz — cry) St || x , (c tx — mz) St || y 3 (my — px) St || £. 

Hence points for which 

x ^ y z 
m p cr 

arc not displaced. These are therefore the equations of the axis. 
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tion of angu¬ 
lar veloci¬ 
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axes meet¬ 
ing in a 
point. 


Now the perpendicular from any point x, y, z to this line is, 
hy co-ordinate geometry, 

fax + py + <rz) 2 ~| ^ 


y? 4 - v 2 -4- z~ - 


+ <r 


■ J(pz - cry) 2 + fax - wz) 2 + fay - px ) a 


\AmT + p 2 + or 2 

whole d isplacement of x, y, 
Jm 2 + p 2 + cr“ 8$ 


The actual displacement of as, y, « is therefore the same as would 
have been produced in time St by a single angular velocity, 
Q, = Jw 2 + p 2 + (?, about the axis determined by tlie preceding 
equations. 


composi- 97. We give next a few useful theorems relating to the 
c^sivefinite composition of successive finite rotations. 

rotations. j£ a py ram i(i or cone of any form roll on a hetcrochirally 
similar* pyramid (the image in a plane mirror of the first posi¬ 
tion of the first) all round, it clearly comes back to its primitive 
position. This (as all rolling of cones) is conveniently exhibited 
by taking the intersection of each with a spherical surface. 
Thus we see that if a spherical polygon turns about its angular 
points in succession, always keeping on the spherical surface, 
and if the angle through which it turns about each point is 
twice the supplement of the angle of the polygon, or, which 
will come to the same thing, if it be in the other direction, 
but equal to twice the angle itself of the polygon, it will be 
brought to its original position. 

The polar theorem (compare § 131, below) to this is, that a 
body, after successive rotations, represented by the doubles of 
the successive sides of a spherical polygon takon in order, is 
restored to its original position; which also is seif- evident. 


98. Another theorem is the following;— 

If a pyramid rolls over all its sides on a plane, it leaves its 
track behind it as one plane angle, equal to the sum of the 
plane angles at its vertex. 

* The similarity of a riglit-hand and a left-hand is called lietcrochiral: that 
of two right-hands, homochiral. Any object and its imago in a plane mirror 
are heterochirally similar (Thomson, Proc. Jl 8. Edinburgh, 1873). 
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Otherwise:—in a spherical surface, a spherical polygon having Composition 
rolled over all its sides along a great circle, is found in the sive finite 
same position as if the side first lying along that circle had rotatloUi ’* 
been simply shifted along it through an arc equal to the poly¬ 
gon’s periphery. The polar theorem isif a body he made to 
take successive rotations, represented by the sides of a spherical 
polygon taken in order, it will finally he as if it had revolved 
about the axis through the first angular point of the polygon 
through an angle equal to the spherical excess (§ 184) or area 
of the polygon. 

99. The investigation of § 90 also applies to this case; and it Motion 

is thus easy to show that the most general motion of a spherical pointl a S 
figure on a fixed spherical surface is obtained by the rolling of m£ cones * 
a curve fixed in the figure on a curve fixed on the sphere. 

Hence as at each instant the line joining 0 and 0 contains a 
set of points of the body which arc momentarily at rest, the 
most general motion of a rigid body of which one point is fixed 
consists in the rolling of a cone fixed in the body upon a cone 
fixed in space—the vertices of both being at the fixed point. 

100 . Given at each instant the angular velocities of the Position of 

. 1 thebodydue 

body about three rectangular axes attached to it, determine to given ro- 

J ° . tations. 

its position in space at any time. 

From the given angular velocities about OA , OB, 00 , we 
know, § 95, the position of the instantaneous axis 01 with re¬ 
ference to the body at every instant. Hence we know the 
conical surface in the body which rolls on the cone fixed in 
space. The data arc sufficient also for the determination of 
this other cone; and these cones being known, and the lines of 
them which are in contact at any given instant being deter¬ 
mined, the position of the moving body is completely deter¬ 
mined. 

If X, //,, v be the direction cosines of OF referred to OA , OB, 

00 ; tar, p, cr the angular velocities, and oj their resultant: 

X fJL v l 

zu p cr o) 7 

by § 95. These equations, in which m, p, cr, co arc given functions 
of t, express explicitly the position of 01 relatively to OA, OB, 
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00, and therefore determine the cone fixed in the body. For 
the cone fixed in space: if r be the radius of curvature of its 
intersection with the unit sphere, / the same for the rolling 
cone, we find from § 105 below, that if s be the length of the 
arc of either spherical curve from a common initial point, 

to/ = i j t sin (sin -1 r + sin -1 /) = i ^ ( T Jl ~r' 2 + r 9 jY-r 2 ), 

which, as s, / and to are known in terms of t, gives r in terms 
of t, or of s , as we please. Hence, by a single quadrature, the 
“intrinsic” equation of the fixed cone. 


101 . An unsymm etrical system of angular co-ordinates ^r,9,cf>, 
for specifying the position of a rigid body by aid of a line OB 
and a plane A OB moving with it, and a line 0 Y and a plane 
YOX fixed in space, which is essentially proper for many 
physical problems, such as the Precession of the Equinoxes and 
the spinning of atop, the motion of a gyroscope and its gimbals, 
the motion of a compass-card and of its bowl and gimbals, is con¬ 
venient for many others, and has been used by the greatest 
mathematicians often even when symmetrical methods would 
have been more convenient, must now be described. 

ON being the intersection of the two planes, let YON=yfr, 
and N0B = <j ); and let 6 be the angle from the fixed plane, 
produced through ON, to the portion NOB of the moveable 
plane. (Example, 9 the “obliquity of the ecliptic,” ^ the 
longitude of the autumnal equinox reckoned from 0 Y, a fixed 
line in the plane of the earth’s orbit supposed fixed; <fi the 
hour-angle of the autumnal equinox; B being in the earth’s 
equator and in the meridian of Greenwich: thus ^[r, 9, <j> are 
angular co-ordinates of the earth.) To show the relation of 
this to the symmetrical system, let OA be perpendicular to OB, 
and draw OG perpendicular to both; OX perpendicular to OY, 
and draw OZ perpendicular to OF and OX\ so that OA, OB, 
OG are three rectangular axes fixed relatively to the body, 
and OX, OY, OZ fixed in space. The annexed diagram shows 
6, cj> in angles and arc, and in arcs and angles, on a spherical 
surface of unit radius with centre at 0. 

To illustrate the meaning of these angular co-ordinates, sup¬ 
pose A, B , G initially to coincide with X, Y, Z respectively. 
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Then, to bring the body into the position specified by 6 , 0, 
rotate it round OZ through an angle equal to thus 


Letter 0 at cen¬ 
tre of sphere 
concealed by 

Y. 

XA' = ty + & 

yn=^> 

NB’ = cj>. 



bringing A and B from X and Y to A' and B' respectively ; 
and, (taking YN = 0 r,) rotate the body round ON through an 
angle equal to 9, thus bringing A, B , and 0 from the positions 
A\ B\ and Z respectively, to the positions marked A , B, C in 
the diagram. Or rotate first round ON through 6 , so bringing 
G from Z to the position marked G , and then rotate round 
OG through yjr + cf>. Or, while OG is turning from OZ to the 
position shown on the diagram, let the body turn round OG 
relatively to the plane ZGZ'O through an angle equal to 0 . 
It w ill be in the position specified by these three angles. 

Let l XZG = ij/j l ZQA = 7 r - 0, and ZG = 9 , and z*r, p, cr mean 
the same as in § 100. By considering in succession instantaneous 
motions of G along and perpendicular to ZO, and the motion of 
AB in its own plane, we have 


(10 

dt 


= ur sin 0 4 - p cos 0, 


sin 0 ~ = p sin 0 - or cos 0, 
dt 


and 


dip „ cZ0 
-r cos 9 + = 

dt dt 


The nine direction cosines (Xd), ( YB ), &c., according to the 
notation of § 95, are given at once by the spherical triangles 


Position < 
the body 
due togi\ 
rotations 
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XNA, YNB , &c.; each having N for one angular point, with 0, 
or its supplement or its complement, for the angle at this point. 
Thus, by the solution in each case for the cosine of one side in 
terms of the cosine of the opposite angle, and the cosines and 
sines of the two other sides, we find 

(XA) = cos 6 cos \p cos <p> - sin ip sin <j>, 

(XB) = - cos 6 cos ip sin cj> - sin ip cos </>, 

(YA) = cos 6 sin \p cos cj> + cos ip sin cp. 

( YB) = — cos 6 sin \p sin <j> + cos ip cos <£, 

( YG) = sin 6 sin i p, 

(ZB) = sin 0 sin <£. 


(ZC)= cos (9, 

(iL4) = -sin 6 cos <£, 

(XC) = sin 0 cos i p. 

General 102. We shall next consider the most general possible motion 

motion of a . . , 

rigid body. 0 f a rigid body of which no point is fixed—and first we must 
prove the following theorem. There is one set of parallel planes 
in a rigid body which are parallel to each other in any two 
positions of the body. The parallel lines of the body perpen¬ 
dicular to these planes are of course parallel to each other in 
the two positions. 

Let G and O' be any point of the body in its first and second 
positions. Move the body without rotation from its second 
position to a third in which the point at O' in the second posi¬ 
tion shall occupy its original position (J. The preceding de¬ 
monstration shows that there is a line GO common to the body 
in its first and third positions, lienee a line (''O' of the body 
in its second position is parallel to the same line CO in the first 
position. This of course clearly applies to every line of the 
body parallel to CO, and the plain's perpendicular to these 
lines also remain parallel. 

Let S denote a plane of the body, the (wo positions of which 
are parallel. Move the body from its first position, without 
rotation, in a direction perpendicular to /S', t ill /S' comes into the 
plane of its second position. Then to get the body into its 
actual position, such a motion as is treated in § 7b is farther 
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required. But by § 79 this may be effected by rotation about 
a certain axis perpendicular to the plane S, unless the motion 
required belongs to the exceptional case of pure translation. 
Hence [this case excepted] the body may be brought from the 
first position to the second by translation through a determinate 
distance perpendicular to a given plane, and rotation through a 
determinate angle about a determinate axis perpendicular to 
that plane. This is precisely the motion of a screw in its nut. 

103. In the excepted case the whole motion consists of two 
translations, which can of course be compounded into a single 
one; and thus, in this case, there is no rotation at all, or every 
plane of it fulfils the specified condition for S of § 102. 

104. Returning to the motion of a rigid body with one point 
fixed, let us consider the case in which the guiding cones, § 99, 
are both circular. The motion in this case may be called Pre- 
cessional Rotation. 

The plane through the instantaneous axis and the axis of 
the fixed cone passes through the axis of the rolling cone. This 
plane turns round the axis of the fixed cone with an angular 
velocity Q (see § 105 below), which must clearly bear a con¬ 
stant ratio to the angular velocity co of the rigid body about 
its instantaneous axis. 


105. The motion of the plane containing these axes is 
called the precession in any such case. What we have denoted 
by is the angular velocity of the precession, or, as it is some¬ 
times called, the rate of precession. 

The angular motions co, H are to one another inversely as 
the distances of a point in the axis of the rolling cone from the 
instantaneous axis and from the axis of the fixed cone. 

For, let OA be the axis of the fixed 
cone, OB that of the rolling cone, and 01 
the instantaneous axis. From any point 
P in OB draw PN perpendicular to OI, 
and PQ perpendicular to OA. Then we 
perceive that P moves always in the 
circle whose centre is Q , radius PQ, 
and plane perpendicular to OA. Hence 
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Precessionai tho actual velocity of the point I? is £2 QP . But, by the 
Rotation. p r j nc |pj es explained above, § 99, the velocity of P is the 
same as that of a point moving in a circle whose centre is N, 
plane perpendicular to ON, and radius NP, which, as this radius 
revolves with angular velocity co, is eoNP. Hence 
£2. QP = co. NP, or co : £2 :: QP : NP. 

Let a be the semivertical angle of the fixed, /3 of the rolling, 
cone. Each of these may be supposed for simplicity to be 
acute, and their sum or difference less than a right angle— 
though, of course, the formula) so obtained are (like all 
trigonometrical results) applicable to every possible case. We 
have the following three cases:— 




I ii the preceding let (¥> a. 
It may then bo conveniently 
written 

<i> sin ft' -- O sin (f¥ - a), 
where A()f = a, WI = ft', 
a and ft' being still positive. 


Cases of pro- 108. If, as illustrated by the first of these diagrams, the 
rotation, case is one oi a convex cone rolling on a convex cone, the pre¬ 
cessionai motion, viewed on a hemispherical surface having A 
for its pole and 0 for its centre, is in a similar direction to 
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that of the angular rotation about the instantaneous axis. Cases of pro- 
This we shall call positive precessional rotation. It is the case rotation * 
of a common spinning-top (peery), spinning on a very fine 
point which remains at rest in a hollow or hole bored by itself; 
not sleeping upright, nor nodding, but sweeping its axis round 
in a circular cone whose axis is vertical. In Case ill. also we 
hsive positive precession. A good example of this occurs in the case 
of a coin spinning on a table when its plane is nearly horizontal. 

107. Case II., that of a convex cone rolling inside a concave 
one, gives an example of negative precession: for when viewed 
as before on the hemispherical surface the direction of angular 
rotation of the instantaneous axis is opposite to that of the 
rolling cone. This is the case of a symmetrical cup (or figure 
of revolution) supported on a point, and stable when balanced, 
i.e n having its centre of gravity below the pivot; when in¬ 
clined and set spinning non-nutation ally. For instance, if a 
Troughton’s top be placed on its pivot in any inclined position, 
and then spun off with very great angular velocity about its 
axis of figure, the nutation will be insensible; but there will 
be slow precession. 

To this case also belongs the precessional motion of the earth’s Model 

. P i • i illustrating 

ctXIS J tor WI11CI1 tllG Precessional 

tation w the^sidereal ^ 

circle to be the in- ~ 
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Precession ner edge of a fixed ring in space (directionally fixed, that is 
ofth^equi- ^ ga ^. ^ laying the same translational motion as the 
earth's centre), and imagine a circular post or pivot of 
radius BI to be fixed to the earth with its centre at B. 
This ideal pivot rolling on the inner edge of the fixed 
ring travels once round the 52,240,000 feet-circumference in 
25,868 years, and therefore its own circumference must be 
5-53 feet. Hence BI= 0*88 feet; and angle BOI , or 
= 0"*00867. 

Tree rota- 103. Very interesting examples of Cases I. and ill. are fur- 
body kiueti* wished hy projectiles of different forms rotating about any axis. 
iSSr Thus the gyrations of an oval body or a rod or bar flung into 
h is? tan the air belong to Class I. (the body having one axis of less 
moment of inertia than the other two, equal); and the 
seemingly irregular evolutions of an ill-thrown quoit belong 
to Class IIT. (the quoit having one axis of greater moment of 
inertia than the other two, which are equal). Case in. has 
therefore the following very interesting and important appli¬ 
cation. 

If by a geological convulsion (or by the transference of a few 
million tons of matter from one part of the world to another) 
the earth’s instantaneous axis 01 (diagram nr., § 105) were at 
any time brought to non-coincidence with its principal axis of 
greatest moment of inertia, which (§§ 825, 285) is an axis of 
approximate kinetic symmetry, the instantaneous axis will, and 
the fixed axis 0A will, relatively to the solid, travel round the 
solid’s axis of greatest moment of inertia in a period of about 
306 days [this number being the reciprocal of the most probable 
O — A 

<$£ value of —^— (§ 828)]; and the motion is represented hy the 

diagram of Case in. with BI =306 x AI. Thus in a very little 

less than a day (less hy when BOI is a small angle) 

I revolves round A. It is OA, as has been remarked hy 
Maxwell, that is found as the direction of the celestial pole 
by observations of the meridional zenith distances of stars, and 
this line being the resultant axis of the earth’s moment of 
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momentum (§ 2G7), would remain invariable in space did no 
external influence such as that of the moon and sun disturb the 
earth’s rotation. When we neglect precession and nutation, 
the polar distances of the stars are constant notwithstanding 
the ideal motion of the fixed axis which we are now consider¬ 
ing; and the effect of this motion will be to make a periodic 
variation of the latitude of every place on the earth’s surface 
having for range on each side of its mean value the angle BOA , 
and for its period 306 days or thereabouts. Maxwell*, ex¬ 
amined a four years series of Greenwich observations of Polaris 
(1851-2-3-4), and concluded that there was during those 
years no variation exceeding half a second of angle on each 
side of mean range, but that the evidence did not disprove 
a variation of that amount, but on the contrary gave a very 
slight indication of a minimum latitude of Greenwich belonging 
to the set of months Mar. ’51, Feb. ’52, Dec. ’52, Nov. ’53, 
Sept. ’54. 

“This result, however, is to be regarded as very doubtful. 

“ and more observations would be required to establish the 
“ existence of so small a variation at all. 

“I therefore conclude that the earth has been for a long time 
“ revolving about an axis very near to the axis of figure, if not 
“ coinciding with it. The cause of this near coincidence is 
“ either the original softness of the earth, or the present fluidity 
“ of its interior [or the existence of water on its surface]. 
“The axes of the earth are so nearly equal that a con- 
“ siderable elevation of a tract of country might produce a 
“ deviation of the principal axis within the limits of observa- 
“ tion, and the only cause which would restore the uniform 
“ motion, would be the action of a fluid which would gradually 
“ diminish the oscillations of latitude. The permanence of 
“ latitude essentially depends on the inequality of the earth’s 
“ axes, for if they had all been equal, any alteration in the 
“ crust of the earth would have produced new principal axes, 
“ and the axis of rotation would tmvel about those axes, alter- 

* On a Dynamical Top, Trans. R. S. E. t 1857, p. 559. 

G—2 


Free rota¬ 
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Free rota- “ ing the latitudes of all places, and yet not in the least altering 
b$y°kineti- «the position of the axis of rotation among the stars.” 

callysym- . , , . . 

about C an Perhaps by a more extensive search and analysis of the 
a *is. «observations of different observatories, the nature of the 
“ periodic variation of latitude, if it exist, may be determined. 
“ I am not aware* of any calculations having been made to prove 
“its non-existence, although, on dynamical grounds, we have 
“ every reason to look for some very small variation having the 
“periodic time of 325*6 days nearly” [more nearly 306 days], 
“ a period which is clearly distinguished from any other astro- 
“ nomical cycle, and therefore easily recognised! ” 

The periodic variation of the earth’s instantaneous axis thus 
anticipated by Maxwell must, if it exists, give rise to a tide 
of 306 days period (§ 801). The amount of this tide at the 
equator would be a rise and fall amounting only to centi¬ 
metres above and below mean for a deviation of the instan¬ 
taneous axis amounting to 1" from its mean position OB, or 
for a deviation BI on the earth’s surface amounting to 
31 metres. This, although discoverable by elaborate analysis 
of long-continued and accurate tidal observations, would be less 
easily discovered than the periodic change of latitude by astro¬ 
nomical observations according to Maxwell’s method;};. 

* (Written twenty years ago). 

+ Maxwell; Transactions of the Royal Socit ft/ of Edinburgh , 20th April, 1857. 

J Prof. Maxwell now refers us to Peter.s [Recherehes stir la jmrallaxc ties 
ctoiles fixes , St Peterslmrgh Observatory Papers, Vol. i., lsf>2), who seems to 
have been the first to raise this interest in" and important question. 1'Ie found 
from the Pulkovo, observations of Polaris from March 11, 1812 till April 30, 
1843 an angular radius of 0 #, *070 (probable error ()"•(! 17), for the circle round 
its mean position described by the instantaneous axis, and for the time, 
within that interval, when the latitude of Pulkova was a maximum, Nov. 1(5,1842. 
The period (calculated from the dynamical theory) which Peters assumed was 
304 mean solar days: the rate therefore 1*201 turns per annum, or, nearly 
enough, 12 turns per ten years. Thus if Peters’ result were, genuine, and 
remained constant for ten years, the latitude of Pulkova would he a maximum 
about the 10th of Nov. again in 18.72, and Pulkova being in 30° Mast longitude 
from Greenwich, the latitude of Greenwich would he a maximum p.. of the period, 
or about 25 days earlier, that is to say about Oct. 22, 18.72. Put Maxwell’s ex¬ 
amination of observations seemed to indicate men' nearly the minimum latitude 
of Greenwich about the same time. This discrepance is altogether in accordance 
with a continuation of Peters’ investigation by Dr Nsrvn of tins Pulkova Ob- 
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109. In vai'ious illustrations and arrangements of apparatus Communi- 
useful in Natural Philosophy, as well as in Mechanics, it is angular 
required to connect two bodies, so that when either turns about equaU;jr be- 
a certain axis, the other shall turn with an equal angular clined axes * 
velocity about another axis in the same plane with the former, 
but inclined to it at any angle. This is accomplished in 
mechanism by means of equal and similar bevelled wheels, or 
rolling cones; when the mutual inclination of two axes is not 
to be varied. It is approximately accomplished by means of 
-fr Hooke’s joint, when the two axes are nearly in the same line, Hoove’s 
but are required to be free to vary in their mutual inclination. 

A chain of an infinitely great number of Hooke’s joints may be Flexible but 
imagined as constituting a perfectly flexible, untwistable cord, cord7 ls a 
which, if its end-links are rigidly attached to the two bodies, 
connects them so as to fulfil the condition rigorously without 
the restriction that the two axes remain in one plane. If we Universal A 

nexurejoint. 

imagine an infinitely short length of such a chain (still, how¬ 
ever, having an infinitely great number of links) to have its 
ends attached to two bodies, it will fulfil rigorously the con¬ 
dition stated, and at the same time keep a definite point of one 
body infinitely near a definite point of the other; that is to say, 
it will accomplish precisely for every angle of inclination what 
Hooke’s joint does approximately for small inclinations. 

The same is dynamically accomplished with perfect accuracy Bostic uni. 
for every angle, by a short, naturally straight, elastic wire of flexure joint. 


servatory, in which, by a careful scrutiny of several series of Pulkova observations 
between the years 1842...1872, he concluded that there is no constancy of 
magnitude or phase in the deviation sought for. A similar negative conclusion 
was arrived at by Professor Newcomb of the United States Naval Observatory, 

Washington, who at our request kindly undertook an investigation of the ten- 
month period of latitude from the Washington Prime Vertical Observations 
from 1862 to 1867. His results, as did those of Peters and Nysen- and Maxwell, 
seemed to indicate real variations of the earth’s instantaneous axis amounting \ 
to possibly as much as ¥ or J" from its mean position, but altogether irregular c ^' £- 
both in amount and direction ; -in fact, just such as might be expected from - 

irregular heapings up of the oceans by winds in different localities of tlie^% • *'. \^ r ' . 
earth. , i W t {0 

We intend to return to this subject and to consider cognate questions regard- . 

ing irregularities of the earth as a timekeeper, and variations of its figure and . 

of the distribution of matter within it, of the ocean on its surface, and of the ^ ^ ' , 

atmosphere surrounding it, in §§ 267, 276, 405, 406, 830, 832, 845, 846. ( v • ...... 
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Elastic uni- truly circular section, provided the forces giving rise to any re- 

Srejoint. sistance to equality of angular velocity between the two bodies 
are infinitely small. In many practical cases this mode of con¬ 
nexion is useful, and permits very little deviation from the con¬ 
ditions of a true universal flexure joint. It is used, for instance, 

; =,.<■. in the suspension of the gyroscopic pendulum (§ 74) with perfect 

1 success. The dentist’s tooth-mill is an interesting illustration 

of the elastic universal flexure joint. In it a long spiral spring 
of steel wire takes the place of the naturally straight wire 
suggested above. 

Moving Of two bodies connected by a universal flexure joint, let one 

be held fixed. The motion of the other, as 
long as the angle of inclination of the axes 
remains constant, will be exactly that figured 
in Case I., § 105, above, with the angles a and 
/3 made equal. Let 0 be the joint; A 0 the 
axis of the fixed body; OB the axis of the 
moveable body. The supplement of the angle 
A OB is the mutual inclination of the axes ; 
and the angle AOB itself is bisected by the 
instantaneous axis of the moving body. The 
diagram shows a case of this motion, in which the mutual in- 
clination, 0 , of the axes is acute. According to the formula} 
of Case L, § 105, we have 

o) sin a = fl sin 2a, 

0 

or a) =. 2fl cos a = 2Q sin - , 

where a is the angular velocity of the moving body about its 
instantaneous axis, 01\ and O is the angular velocity of its pre¬ 
cession; that is to say, the angular velocity of the plane through 
the fixed axis AA\ and the moving axis OB of the moving 
body. 

Twodegrees Besides this motion, the moving body may clearly have any 

of freedom . - o j j j j 

tomoveen- angular velocity whatever about an axis through 0 perpen- 

suspended ( ^ cu ^ ar to P^ ane AOB, which, compounded with a round 
01, gives the resultant angular velocity ami instantaneous axis. 

Two co-ordinates, 0 = A'OB, and <j> m ensured in a piano per¬ 
pendicular to AO, from a fixed plane of inference to the plane 


body at 
tached to a 
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AOB, fully specify tie position of tie moveable body in tiis 
case. 

110. Suppose a rigid body bounded by any curved surface General 
to be touched at any point by another such body. Any motion frigid 
of one on the other must be of one or more of the forms sliding , mg another. 
rolling , or spinning. The consideration of • the first is so simple 

as to require no comment. 

Any motion in which there is no slipping at the point of 
contact must be rolling or spinning separately, or combined. 

Let one of the bodies rotate about successive instantaneous 
axes, all lying in the common tangent plane at the point of 
instantaneous contact, and each passing through this point— 
the other body being fixed. This motion is what we call rolling, 
or simple rolling, of the moveable body on the fixed. 

On the other hand, let the instantaneous axis of the moving 
body be the common normal at the point of contact. This is 
pure spinning, and does not change the point of contact. 

Let the moving body move, so that its instantaneous axis, 
still passing through the point of contact, is neither in, nor 
perpendicular to, the tangent plane. This motion is combined 
rolling and spinning. 

111 . When a body rolls and spins on another body, the Traces of 
trace of either on the other is the curved or straight line along rolimg * 
which it is successively touched. If the instantaneous axis is 

in the normal plane perpendicular to the traces, the rolling 
is called direct . If not direct, the rolling may be resolved into Direct 
a direct rolling, and a rotation or twisting round the tangent 
line to the traces. 

When there is no spinning the projections of the two traces 
on the common tangent plane at the point of contact of the 
two surfaces have equal and same-way directed curvature: or 
they have “contact of the second order.” When there is 
spinning , the two projections still touch one another, but with 
contact of the first order only: their curvatures differ by a 
quantity equal to the angular velocity of spinning divided 
by the velocity of the point of contact. This last we see by 
noticing that the rate of change of direction along the pro- 
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Direct jection of the fixed trace must Le equal to the rate of change 

r °mng. of direct i on along the projection of the moving trace if held 

fixed plus the angular velocity of the spinning. 


At any instant let 2z = Ax 2 + 2 Cxy +By 2 .(1) ^ 

an d 2z = A'x 2 + 20'xy + B'y 2 .(2) 


be the equations of the fixed and moveable surfaces S t and S' 
infinitely near the point of contact 0 , referred to'axes OX, OY 
in their common tangent plane, and OZ perpendicular to it: 
let us, p, (r be the three components of the instantaneous angular 
velocity of S'; and let x, y, be co-ordinates of P, the point of 
contact at an infinitely small time t, later: the third co-ordinate, 
2 , is given by (1). 

Let F be the point of S' which at this later time coincides withi 5 . 
The co-ordinates of F at the first instant are x + cryt, y - crxt; 
and the corresponding value of z' is given by (2). This point is 
infinitely near to (x, y, z), and therefore at the first instant the 
direction cosines of the normal to S' through it differ but infinitely 
little from 

-(A'x + C'y), -(C'x + B'y), 1 . 

But at time t the normal to S' at F coincides with the normal 
to S at P, and therefore its direction cosines change from the 
preceding values, to 

-(Ax+Cy), -((Cx + By ), 1 : 
that is to say, it rotates through angles 



(C'-C)x+(B'-B)y round OX, 


and 

-{(A'-A)x+(G’-G)y} „ OF. 


Hence 

vtt = (C'-C)x + (B'-B)y ) 

pt=-{(A'-A)x+(C'-C)y} j . 

. (3), 

or 

w= (G'-G)x + (B'-B)y •) 
p = -{(A'-A)x + (C'-G)y)\ . 

.(1), 


if x, y denote the component velocities of tlxc point of contact. 

Put q = J(^+f) .(. r >) ; 

and take components of us and p round the tangent to the traces 
and the perpendicular to it in the common tangent plane of tho 
two surfaces, thus: 

(twisting component).- us + ^ p 

= (O' - G) + [(If - IS) - (A’ - A)] ** .(G), 
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and 

(direct-rolling component).~ p 

= l[(A'-A)tf + 2(C'- C) xy + ( B' - B) f] 


Direct 

rolling. 


( 7 )- 


Choose OX, OT so that C - C" = 0, and put A'-A=a, B'-J3=[3 
(6) and (7) become 

(twisting component) .^ or +1 p = (/?-a)^.(8), 

q/ rjfc 1 

(direct-rolling component).^ zu--p = - (a of -I- ySv/ 2 ).(9). 

[Compare below, § 124 (2) and (1).] 

And for cr, the angular velocity of spinning, the obvious pro¬ 
position stated in the preceding large print gives 


'-*(?-?). (,o) - 

if - and — be the curvatures of the projections on the tangent 

y y 

plane of the fixed and moveable traces. [Compare below, § 124 

(3).] 

From (1) and (2) it follows that 

When one of the surfaces is a plane, and the trace on the 
other is a line of curvature (§ 130), the rolling is direct. 

When the trace on each body is a line of curvature, the 
rolling is direct. Generally , the rolling is direct when the twists 
of infinitely narrow bands (§ 120) of the two surfaces, along the 
traces, are equal and in the same direction. 


112. Imagine the traces constructed of rigid matter, and all 
the rest of each body removed. We may repeat the motion 
with these curves alone. The difference of the circumstances 
now supposed will only be experienced if we vary the direction 
of the instantaneous axis. In the former case, we can only do 
this by introducing more or less of spinning, and if we do so 
we alter the trace on each body. In the latter, we have always 
the same moveable curve rolling on the same fixed curve; and 
therefore a determinate line perpendicular to their common 
tangent for one component of the rotation; but along with this 
we may give arbitrarily any velocity of twisting -round the 
common tangent. The consideration of this case is very in- 










Curve 
rolling on 
curve. 


Angular 
velocity of 
rolling in a 
plane. 


Plane 
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structive. It may bo roughly imitated in practice by two stiff 
wires bent into the forms of the given curves, and prevented 
from crossing each other by a short piece of elastic tube clasping 
them together. 

First, let them be both plane curves, and kept in one plane. 
We have then rolling, as of one cylinder on another. 



Let p be the radius of curvature of the rolling, p of the fixed, 
cylinder ; w the angular velocity of the former, V the linear velo¬ 
city of the point of contact. We have 

* ..(mu 

\P p/ 

For, in the figure, suppose P to he at auy time 
the point of contact, and Q and Q' the points which 
are to he in contact after an infinitely small 
interval t ; 0, O' the centres of curvature; POQ 
= 6, PO'Q' = ff. 

Then PQ - PQ = space described by point of 
contact. In symbols pO pO’ -- Vt. 

Also, before ()'(/ and OQ can coincide in direc¬ 
tion, the former must evidently turn through an 
angle 0 + O'. 

Therefore u l 0 + O'; and by eliminating 6 and 
0\ and dividing by t, we get the above result. 

It is to be understood, that as the radii of curvature have 
been considered positive here, when both surfaces are convex, 
the negatives sign must be introduced for either radius when the 
corresponding curve is concave. 


Hence the angular velocity of the rolling curve is in this 
case equal to the product of the linear velocity of the, point of 
contact by the sum or difference of the curval ures, according 
as the curves are both convex, or one concave and the other 
convex. 


113. When the curves are both piano, but in different 
planes,' the plane in which the rolling takes place divides the 
angle between the plane of one of the curves, and that of the 
other produced through the common tangent, line, info parts 
whose sines are inversely as the. curvatures in them respec¬ 
tively; and the angular velocity is equal to fin* linear velocity 
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of the point of contact multiplied by the difference of the pro- Plane 
jections of the two curvatures on this plane. The projections of in same 
the circles of the two curvatures on the plane of the common 
tangent and of the instantaneous axis coincide. 


For, let PQ } Pp be equal arcs of the two curves as before, and 
let PP be taken in the common tangent (i.e., the intersection of 
the planes of the curves) equal to each. Then QP , pP are 
ultimately perpendicular to PP . 

PR 2 

Hence pP = 


QP = 


2<r* 

PP 2 



Also, l QPp - a , the angle between the planes of the curves. 

We have Qp~ = (I + -I - — cos a). 

4 \<r- p* o-p ) 

Therefore if w be the velocity of rotation as before, 


o,= V / \ , 1 2 cos a 

V cr 2 p“ crp 

Also the instantaneous axis is evidently perpendicular, and there¬ 
fore the plane of rotation parallel, to Qp. Whence the above. 
In the case of a = ir, this agrees with the result of § 112. 


A good example of this is the case of a coin spinning on a 
table (mixed rolling and spinning motion), as its plane becomes 
gradually horizontal. In this case the curvatures become more 
and more nearly equal, and the angle between the planes of the 
curves smaller and smaller. Thus the resultant angular velo¬ 
city becomes exceedingly small, and the motion of the point 
of contact very great compared with it. 


114. The preceding results are, of course, applicable to tor-Curve roll- 

„ , . . 1 x . . ing on 

tuous as well as to plane curves ; it is merely requisite to sub- curve: two 

. ^ j. degrees of 

stitute the osculating plane of the former for the plane of the freedom, 
latter. 


115. We come next to the case of a curve rolling, with or curveroii- 
without spinning, on a surface. face: three 

It may, of course, roll on any curve traced on the surface, freedom. 
When this curve is given, the moving curve may, while rolling 
along it, revolve arbitrarily- round the tangent. But the com- 
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Curve roll- ponent instantaneous axis perpendicular to the common tan- 
}J!ws n thSi gent, that is, the axis of the direct rolling of one curve on the 
fS ( of other, is determinate, § 113. If this axis does not lie in the 
surface, there is spinning. Hence, when the trace on the surface 
is given, there are two independent variables in the motion; 
the space traversed by the point of contact, and the inclination 
of the moving curve’s osculating plane to the tangent plane of 
the fixed surface. 

Trace pre- 116. If the trace is given, and it be prescribed as a condi- 
m^spinnirig tion that there shall be no spinning, the angular position of the 
permitted. ro m n g curve round the tangent at the point of contact is deter¬ 
minate. For in this case the instantaneous axis must be in the 
tangent plane to the surface. Hence, if we resolve the rotation 
into components round the tangent line, and round an axis per¬ 
pendicular to it, the latter must be in the tangent plane. Thus 
the rolling, as of curve on curve, must be in a normal plane to 
the surface; and therefore (§§ 114, 113) the rolling curve must 
Two degrees be always so situated relatively to its trace on the surface that 
of freedom. projections of the two curves on the tangent plane may be 

of coincident curvature. 

The curve, as it rolls on, must continually revolve about the 
tangent line to it at the point of contact with the surface, so as 
in every position to fulfil this condition. 

Let a denote the inclination of the plane of curvature of the 
trace, to the normal to the surface at any point, a the same for 

the plane of the rolling curve; - , i their curvatures. We 

P P 

rechon a as obtuse, and a acute, when the two curves lie on 
opposite sides of the tangent plane. Then 

1 . , 1 . 

sina = - sma, 

P P 

which fixes a or the position of the rolling curve when the point 
of contact is given. 

Let oj he the angular velocity of rolling about an axis perpen¬ 
dicular to the tangent, w that of twisting about the tangent, and let 

V be the lineal' velocity of the point of contact Then, since \ cos a 

P 


Angular ve¬ 
locity of di¬ 
rect rolling. 
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and — cos a (each positive wlien the curves lie on opposite sides Angular ve- 
P locifcy of di- 

of the tangent plane) are the projections of the two curvatures on rect rollmg * 
a plane through the normal to the surface containing their com¬ 
mon tangent, we have, by § 112, 

O) — v(~, cos a! — i cos a\ 

\p p ] 

a being determined by the preceding equation. Let r and t 
denote the tortuosities of the trace, and of the rolling curve, re¬ 
spectively. Then, first, if the curves were both plane, we see 
that one rolling on the other about an axis always perpendicular 
to their common tangent could never change the inclination of 
their planes. Hence, secondly, if they are both tortuous, such 
rolling will alter the inclination of their osculating planes by an 
indefinitely small amount (r — r) ds during rolling which shifts Angular ve- 
the point of contact over an arc ds. How a is a known function tangent.^ 1 ^ 
of s if the trace is given, and therefore so also is a. But a - a 
is the inclination of the osculating planes, hence 
(d(a-a) ) 

F V^r-- (T - T >j =nr - 

117. Next, for one surface rolling and spinning on another, surface on 
First, if the trace on each is given, we have the case of § 113 sur£ac0, 
or § 115, one curve rolling on another, with this farther con¬ 
dition, that the former must revolve round the tangent to the 
two curves so as to keep the tangent planes of the two surfaces 
coincident. 

It is well to observe that when the points in contact, and the Both traces 
two traces, are given, the position of the moveable surface is om>Te«ree ! 
quite determinate, being found thus :—Place it in contact with of hccdom * 
the fixed surface, the given points together, and spin it about 
the common normal till the tangent lines to the traces coincide. 

Hence when both the traces are given the condition of no 
spinning cannot be imposed. During the rolling there must in 
general be spinning, such as to keep the tangents to the two 
traces coincident. The rolling along the trace is due to rotation 
round the line perpendicular to it in the tangent plane. The 
whole rolling is the resultant of this l'otation and a rotation 
about the tangent line required to keep the two tangent planes 
coincident. 



Surface on 
surface, 
both traces 
prescribed? 
one degree 
of freedom. 


Twist. 


Axis and 
ti ausverse. 
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Iii tliis case, then, there is but one independent variable—the 
space passed over by the point of contact: and -when the velocity 
of the point of contact is given, the resultant angular velocity, 
and the direction of the instantaneous axis of the rolling bodv 
are determinate. We have thus a sufficiently clear view of the 
general character of the motion in question, but it is right that 
we consider it more closely, as it introduces us very naturally 
to an important question, the measurement of the twist of a rod, 
wire, or narrow plate, a quantity wholly distinct from the tor¬ 
tuosity of its axis (§ 7). 

118. Suppose all of each surface cut away except an infinitely 
narrow strip, including the trace of the rolling. Then we have 
the rolling of one of these strips upon the other, each having at 
every point a definite curvature, tortuosity, and twist. 

119. Suppose a flat bar of small section to have been bent 
(the requisite amount of stretching and contraction of its edges 
being admissible) so that its axis assumes the form of any plane 
or tortuous curve. If it be unbent without twisting, i.e., if the 
curvature of each element of the bar be removed by bending it 
through the requisite angle in the osculating plane, and it be 
found untwisted when thus rendered straight, it had no hoist in 
its original form. This case is, of course, included in the general 
theory of twist, which is the subject of the following sections. 

120. A bent or straight rod of circular or any other form of 
section being given, a line through the centres, or any other 
chosen points of its sections, may be calk'd its axis, Mark a 
line on its side all along its length, such that, it shah he a 
straight line parallel to the axis when the rod is unhent and 
untwisted. A line drawn from any point of the axis perpen¬ 
dicular to this side line of reference, is (‘ailed the transverse of 
the rod at this point. 

The whole twist of any length of a straight rod is the angle 
between the transverses of its ends. The average twist is the 
integral twist divided by tin’, length. The. twist, at any point 
is the average twist in an infinitely short length through this 
point; in other words, it is the rate of rotation of its transverse 
per unit of length .along it. 
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The twist of a curved, plane or tortuous, rod at any point is Twist, 
the rate of component rotation of its transverse round its tangent 
line, per unit of length along it. 

If t he the twist at any point, /ids over any length is the 
integral twist in this length. 

121. Integral twist in a curved rod, although readily de¬ 
fined, as above, in. the language of the integral calculus, can¬ 
not be exhibited as the angle between any two lines readily 
constructible. The following considerations show how it is to 
be reckoned, and lead to a geometrical construction exhibiting 
it in a spherical diagram, for a rod bent and twisted in any 
manner:— 


122. If the axis of the rod forms a plane curve lying in one Estimation 
plane, the integral twist is clearly the difference between the twisfcf gral 
inclinations of the transverse at its ends to its plane. For in a piano 
if it be simply unbent, without altering the twist in any part, 
the inclination of each transverse to the plane in which its 
curvature lay will remain unchanged; and as the axis of the 
rod now has become a straight line in this plane, the mutual 
inclination of the transverses at any two points of it has become 
equal to the difference of their inclinations to the plane. 


123. No simple application of this rule can be made to a 
tortuous curve, in consequence of the change of the plane of 
curvature from point to point along it; but, instead, we may 
proceed thus :— 

First, Let us suppose the plane of curvature of the axis of in a curve 
the wire to remain constant through finite portions of the curve, of plane' 8 

- . 7 . . portions in 

and to change abruptly by finite angles from one such portion different 
to the next (a supposition which involves no angu¬ 
lar points, that is to say, no infinite curvature, in 
the curve). Let planes parallel to the planes of cur¬ 
vature of three successive portions, PQ , QR, RS (not 
shown in the diagram), cut a spherical surface in the 
great circles GAG', AO A', CE. The radii of the 
sphere parallel to the tangents at the points Q and R 
of the curve where its curvature changes will cut its 
surface in A and C, the intersections of these circles. 
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Let G be the point in which the radius of the sphere parallel to 
the tangent at P cuts the surface; and let GH, AB, CP (lines 
Estimation necessarily in tangent planes to the spherical surface), he paral- 
tJSEinl lels to the transverses of the bar drawn from the points P y Q, R 
SingT of its axis. Then (§ 122) the twist from P to Q is equal to the 
tionlfin° r " difference of the angles EGA and BAG') and the twist from Q 
planes! 1 * 5 to R is equal to the difference between BA C and P CA'. Hence 
the whole twist from P to R is equal to 

EGA - BA G' + BAC- DCA\ 
or, which is the same thing, 

A'CE+ G' AC— (BCE-EGA), 

Continuing thus through any length of rod, made up of portions 
curved in different planes, we infer that the integral twist be¬ 
tween any two points of it is equal to the sum of the exterior 
angles in the spherical diagram, wanting the excess of the in¬ 
clination of the transverse at the second point to the plane of 
curvature at the second point above the inclination at the first 
point to the plane of curvature at the first point. The sum of 
those exterior angles is what is defined below as the “ change of 
direction in the spherical surface ” from the first to the last side 
of the polygon of great circles. When the polygon is closed, and 
the sum includes all its exterior angles, it is (§ 134) equal to 
27 t wanting the area enclosed if the radius of the spherical sur¬ 
face be unity. The construction we have made obviously holds 
in the limiting case, when the lengths of the plane portions arc 
infinitely small, and is therefore applicable to a wire forming a 
tortuous curve with continuously varying plane of curvature, for 
which it gives the following conclusion :— 
in a eon- Let a point move uniformly along the axis of the bar: and, 
tortuous^ parallel to the tangent at every instant, draw a radius of a 
CU1VU sphere cutting the spherical surface in a curve, the holograph 
of the moving point. From points of this hodograph draw par¬ 
allels to the transverses of the corresponding points of the bar. 
The excess of the change of direction (§ 135) from any point to 
another of the holograph, above the increase of its inclination to 
the transverse, is equal to the twist in the corresponding part 
of the bar. 
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The annexed diagram, showing the hodograpli and the 
parallels to the transverses, illustrates this rule. Thus, for in-twist: in a 

r i . contmu- 

stance, the excess of the change of direction in the sphericality 
surface along the hodograph from A to 6 Y , above DCS — BAT, curve * 
is equal to the twist in the bar between the points of it to 
which A and C correspond. Or, 
again, if we consider a portion of 
the bar from any point of it, to 
another point at which the tangent 
to its axis is parallel to the tan¬ 
gent at its first point, we shall have 
a closed curve as the spherical hodograph; and if A be the 
point of the hodograph corresponding to them, and AB and 
AB the parallels to the transverses, the whole twist in the 
included part of the bar will be equal to the change of direction 
all round the hodograph, wanting the excess of the exterior 
angle BAT above the angle BAT ; that is to say, the whole 
twist will be equal to the excess of the angle BAB ' above 
the area enclosed by the hodograph. 

The principles of twist thus developed are of vital import¬ 
ance in the theory of rope-making, especially the construction 
and the dynamics of wire ropes and submarine cables, elastic 
bars, and spiral springs. 

For example: take a piece of steel pianoforte-wire carefully Dynamics 
straightened, so that when free from stress it is straight: bend kinks!!* 111 
it into a circle and join the ends securely so that there can be 
no turning of one relatively to the other. Do this first without 
torsion: then twist the ring into a figure of 8, and tie the two 
parts together at the crossing. The area of the spherical hodo¬ 
graph is zero, and therefore there is one full turn (27 t) of twist; 
which (§ 600 below) is uniformly distributed throughout the 
length of the wire. The form of the wire, (which is not in a 
plane,) will be investigated in § 610. Meantime we can see 
that the “torsional couples” in the normal sections farthest 
from the crossing give rise to forces by which the tie at the 
crossing is pulled in opposite directions perpendicular to the 
plane of the crossing. Thus if the tie is cut the wire springs 
back into the circular form. Now do the same thing again, 
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beginning with a straight wire, but giving it one full turn 
(2?r) of twist before bending it into the circle. The wire will 
stay in the 8 form without any pull on the tie. Whether 
the circular or the 8 form is stable or unstable depends 
on the relations between torsional and flexural rigidity. If 
the torsional rigidity is small in comparison with the flexural 
rigidity [as (§§ 703, 704, 705, 709) would be the case if, 
instead of round wire, a rod of + shaped section were used], 
the circular form would be stable, the 8 unstable. 

Lastly, suppose any degree of twist, either more or less 
than 27 T, to be given before bending into the circle. The 
circular form, which is always a figure of free equilibrium, may 
be stable or unstable, according as the ratio of torsional to 
flexural rigidity is more or less than a certain value depending 
on the actual degree of twist. The tortuous 8 form is not (except 
in the case of whole twist = 27r, when it becomes the plane 
elastic lemniscate of Fig. 4, § 610,) a continuous figure of free 
equilibrium, but involves a positive pressure of the two cross¬ 
ing parts on one another when the twist > IV, and a negative 
pressure (or a pull on the tie) between them when twist <27r: 
and with this force it is a figure of stable equilibrium. 

124. Returning to the motion of one surface rolling and 
spinning on another, the trace on each being given, we may 
consider that, of each, the curvature (§ 6), the tortuosity (§ 7), 
and the twist reckoned according to transverscs in the tangent 
plane of the surface, are known ; and the subject is fully spe¬ 
cified in § 117 above. 

Let - and - be tlic curvatures of the traces on the rolling 
P P 

and fixed surfaces respectively; a and a the inclinations of their 
planes of curvature to the normal to the tangent plane, reckoned 
as in § 11G; t and r their tortuosities; t' and t their twists; 
and q the velocity of the point of contact. All these being 
known, it is required to find:— 

w the angular velocity of rotation about the transverse of the 
traces; that is to say, the line in the tangent plane perpendicular 
to their tangent line, 

“zc the angular velocity of rotation about the tangent line, and 
cr ,, ofspinnimr. 
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(\ ,i \ 

<o = q COS a -cos aj . 

. (i), 

■m-q(t t)-q j ^ ( T T ')j .... 

.(2), 


and cr = q sin a — - sin . 

\P P J 

. (3)- 


These three formulas are respectively equivalent to (9), (8), 



and (10) of § 111. 

125. In the same case, suppose the trace on one only of Surfaceroii- 

A A ^ mg on sur- 

the surfaces to be given. We may evidently impose the con- face without 

** x sp innin g, 

dition of no spinning, and then the trace on the other is deter¬ 
minate. This case of motion is thoroughly examined in § 137, 
below. 

The condition is that the projections of the curvatures of the 
two traces on the common tangent plane must coincide. 

If i and ^ be the curvatures of the rolling and stationary 

surfaces in a normal section of each through the tangent line to 
the trace, and if a, a, p, p have their meanings of § 124, 

p =r f c os a, p = r cos a (Meunier’s Theorem, § 129, below). 

1.1. r f 

But - sin a! = - sin a, hence tan a - — tan a, the condition re- 
p p r 

quired. 

126. If a straight rod with a straight line marked on one 

side of it be bent along any curve on a spherical surface, so and fcwist * 
that the marked line is laid in contact with the spherical sur¬ 
face, it acquires no twist in the operation. For if it is laid 
so along any finite arc of a small circle there will clearly be 
no twist. And no twist is produced in continuing from any 
point along another small circle having a common tangent with 
the first at this point. 

If a rod be bent round a cylinder so that a line marked 
along one side of it may lie in contact with the cylinder, 
or if, what presents somewhat more readily the view now de- 
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Examples of sired, we wind a straight ribbon spirally on a cylinder, the 
and twist[ axis of bending is parallel to that of the cylinder, and therefore 
oblique to the axis of the rod or ribbon. We may therefore 
resolve the instantaneous rotation which constitutes the ben din «■ 

*3 

at any instant into two components, one round a line perpen¬ 
dicular to the axis of the rod, which is pure bending, and the 
other round the axis of the rod, which is pure twist. 

The twist at any point in a rod or ribbon, so wound on a 
circular cylinder, and constituting a uniform helix, is 

cos a sin a 
r ’ 

if r be the radius of the cylinder and a the inclination of the 
spiral. For if V be the velocity at which the bend proceeds 

along the previously straight wire or ribbon, will be the 

angular velocity of the instantaneous rotation round the line of 
bending (parallel to the axis), and therefore 

V cos a . , V cos a 

-sm a and-— cos a 

r r 

are the angular velocities of twisting and of pure bending respec¬ 
tively. 

From the latter component we may infer that the curvature of 
the helix is 

cos 2 a 


a known result, which agrees with the expression used above 

(§ 13 ). 

327. The hodograph in this case is a small circle of 
the sphere. If the specified condition as to the mode of 
laying on of the rod on the cylinder is fulfilled, the trans- 
verses of the spiral rod will be parallel at points along it sepa¬ 
rated by one or more whole turns. Hence the integral twist 
in a single turn is equal to the excess of four right angles 
above the spherical area enclosed by the hodograph. If a be 
the inclination of the spiral, lrr~a will be the arc-radius of the 
hodograph, and therefore its area is 2 tt (1 - sin a). Hence the 
integral twist in a turn of the spiral is 2 t r sin a, which agrees 
with the result previously obtain d fS 12Gb 
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128. As a preliminary to the farther consideration of the Curvature 
rolling of one surface on another, and as useful in various parts ° SUr ace ’ 
of our subject, we may now take up a few points connected 
with the curvature of surfaces. 

The tangent plane at any point of a surface may or may not 
cut it at that point. In the former case, the surface bends away 
from the tangent plane partly towards one side of it, and partly 
towards the other, and has thus, in some of its normal sections, 
curvatures oppositely directed to those in others. In the latter 
case, the surface on every side of the point bends away from 
the same side of its tangent plane, and the curvatures of all 
normal sections are similarly directed. Thus we may divide 
curved surfaces into Anticlastic and Synclastic . A saddle gives Synciastic 
a good example of the former class; a ball of the latter. Our- ciast??sur- 
vatures in opposite directions, with reference to the tangent 
plane, have of course different signs. The outer portion of an 
anchor-ring is synclastic, the inner anticlastic. 


129. Meuniers Theorem .—The curvature of an oblique sec-curvature 
tion of a surface is equal to that of the normal section through sections! 0 
the same tangent line multiplied by the secant of the inclina¬ 
tion of the planes of the sections. This is evident from the 
most elementary considerations regarding projections. 


130. Euler's Theorem .—There are at every point of a syn- Principal 

. i • i i curvatures. 

clastic surface two normal sections, m one of which the cur¬ 
vature is a maximum, in the other a minimum; and these are 
at right angles to each other. 

In an anticlastic surface there is maximum curvature (but 
in opposite directions) in the two normal sections whose planes 
bisect the angles between the lines in which the surface cuts 


its tangent plane. On account of the difference of sign, these 
may be considered as a maximum and a minimum. 

Generally the sum of the curvatures at a point, in any two hf' 
normal planes at right angles to each other, is independent of J 0 0 r n ^ sec ' 
the position of these planes. 

Taking the tangent plane as that of x , y, and the origin at the 
point of contact, and putting 


right angles 
to each 
other. 
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'^\=A,(- d X 


(* 

\dx‘ 


% 


\dxdyj 0 


= 7 ?. 


, /£z\ 

’ W)o 


c-, 


we have 


z - - } (Ax 3 4 23xy + Gy 3 ) + etc. 


a) 


The curvature of the normal section which passes through the 
point x, y, % is (in the limit) 

1 2z __ Ax 3 4 - 23xy + Cy 2 
r ~ x 3 + y 2 ~ x 2 + y 2 

If the section he inclined at an angle 0 to the plane of XZ, this 
becomes 


- = A cos 3 6 + 23 sin# cos# + C sin 2 #. (2) 

Hence, if - and - be curvatures in normal sections at ri<dit 

T S ° 

angles to each other, 

- + - = .4+C' = constant. 
r s 

(2) may be written 

i = i {.4(1 + cos 26) f 23 sin 20 + C( 1 - cos 20)) 


or if 


= g {4 + C + A - V cos 261 + 217 sin 26}, 
2 (A — C) = 3 cos 2a, 3 = 3 sin 2a, 


that is Ji = (A - Cf + If), and tan 2« = j~, 

we have ^ ~ (A + C) + (A - Cf + If) cos 2(6- a),. 

The maximum and minimum curvatures are therefore those in 
normal places at right angles to each other for which 0 = a and 

6 = a + ™, and are respectively 

l(A + c)±^Q(A-cy + jf). 

Hence their product is AC - 3 2 . 

If this be positive we have a synclastic, if negative an anti- 
clastic, surface. If it be zero we have one curvature only, and the 
surface is cylindTical at the noint considered. Tt is demon stated 
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(§152, below) that if this condition is fulfilled at every point, the Principal 
surface is “developable” (§ 139, below). Sons. 

By (1) a plane parallel to the tangent plane and very near it 
cuts the surface in an ellipse, hyperbola, or two parallel straight 
lines, in the three cases respectively. This section, whose 
nature informs us as to whether the curvature be synclastic, 
anticlastic, or cylindrical, at any point, was called by Dupin 
the Indicatrix. 

A line of curvature of a surface is a line which at every point Definition 
is cotangential with normal section of maximum or minimum Curvature, 
curvature. 

131. Let P, p be two points of a surface infinitely near to Shortest 
each other, and let r be the radius of curvature of a normal tween two 
section passing through them. Then the radius of curvature surface, 
of an oblique section through the same points, inclined to the 
former at an angle a , is (§ 129) r cos a. Also the length along 

the normal section, from P to p, is less than that along the 
oblique section—since a given chord cuts off an arc from a 
circle, longer the less the radius of that circle. 

If a be the length of the chord Pjp, we have 
Distance Pp along normal section = 2 r sin -1 ~ —a , 

” „ oblique section = a (l + gjp^) • 

132. Hence, if the shortest possible line be drawn from one 
point of a surface to another, its plane of curvature is every¬ 
where perpendicular to the surface. 

Such a curve is called a Geodetic line. And it is easy to see geodetic 
that it is the line in which a flexible and inextensible string 
would touch the surface if stretched between those points, the 
surface being supposed smooth. 

133. If an infinitely narrow ribbon be laid on a surface 
along a geodetic line, its twist is equal to the tortuosity of its 
axis at each point. We have seen (§ 125) that when one body 
rolls on another without spinning, the projections of the traces 
on the common tangent plane agree in curvature at the point 
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surface. 
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of contact. Hence, if one of the surfaces be a plane, and the 
trace on the other be a geodetic line, the trace on the plane is a 
straight line. Conversely, if the trace on the plane he a straight 
line, that on the surface is a geodetic line. 

And, quite generally, if the given trace he a geodetic line, 
the other trace is also a geodetic line. 

134. The area of a spherical triangle (on a sphere of unit 
radius) is known to he equal to the “ spherical excess,” i.e, } the 
excess of the sum of its angles over two right angles, or the 
excess of four right angles over the sum of its exterior angles. 
The area of a spherical polygon whose n sides are portions 
of great circles— i.e>, geodetic lines—is to that of the hemi¬ 
sphere as the excess of four right angles over the sum of its 
exterior angles is to four right angles. (We may call this the 
“ spherical excess” of the polygon.) 

For the area of a spherical triangle is known to be equal to 
A + B + C — 7T. 

Divide the polygon into n such triangles, with a common 
vertex, the angles about which, of course, amount to 2i r. 

Area - sum of interior angles of triangles - mr 

= 2tt + sum of interior angles of polygon — uk 

— 2tt — sum of exterior angle of polygon. 

/ 

Given an open or closed spherical polygon, or line on the 
surface of a sphere composed of consecutive arcs of great circles. 
Take either pole of the first of these arcs, and the corresponding 
poles of all the others (all the poles to he 011 the right hand, or 
all on the left, of a traveller advancing along the given great 
circle arcs in order). Draw great circle arcs from the first of 
these poles to the second, the second to the third, and so on in 
order. Another closed or open polygon, constituting what is 
called the polar diagram to the given polygon, is thus obtained. 
The sides of the second polygon are evidently equal to the 
exterior angles in the first; and the exterior angles of the 
secondare equal to the sides of the first. Hence the relation 
between the two diagrams is reciprocal, or each is polar to the 
other. The polar figure to any continuous curve on a spherical 
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surface is the locus of the ultimate intersections of great circles 
equatorial to points taken infinitely near each other along it. 

The area of a closed spherical figure is, consequently, ac¬ 
cording to what we have just seen, equal to the excess of 2tt 
above the periphery of its polar, if the radius of the sphere be 
unity. 

135. If a point move on a surface along a figure whose 
sides are geodetic lines, the sum of the exterior angles of this 
polygon is defined to be the integral change of the direction in 
the surface . 

In great circle sailing, unless a vessel sail on the equator, or 
on a meridian, her course, as indicated by points of the com¬ 
pass (true, not magnetic, for the latter change even on a meri¬ 
dian), perpetually changes. Yet just as we say her direction 
does not change if she sail in a meridian, or in the equator, so 
we ought to say her direction does not change if she moves in 
any great circle. Now, the great circle is the geodetic line on 
the sphere, and by extending these remarks to other curved 
surfaces, we see the connexion of the above definition with that 
in the case of a plane polygon (§ 10). 

Note. —We cannot define integral change of direction here by 
any angle directly constructible from the first and last tangents 
to the path, as was done (§ 10) in the case of a plane curve or 
polygon; but from §§ 125 and 133 we have the following 
statement:—The whole change of direction in a curved surface, 
from one end to another of any arc of a curve traced on it, is 
equal to the change of direction from end to end of the trace of 
this arc on a plane by pure rolling. 

136. Def The excess of four right angles above the inte¬ 
gral change of direction from one side to the same side next 
time in going round a closed polygon of geodetic lines on a 
curved surface, is the integral curvature of the enclosed portion 
of surface. This excess is zero in the case of a polygon traced 
on a plane. We shall presently see that this corresponds exactly 
to what Gauss has called the curvatura integra. 

Def (Gauss.) The curvatura integra of any given portion 
of a curved surface, is the area enclosed on a spherical surface 
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of unit radius by a straight line drawn from its centre, parallel 
to a normal to the surface, the normal being carried round the 
boundary of the given portion. 

The curve thus traced on the sphere is called the Horograph 
of the given portion of curved surface. 

The average curvature of any portion of a curved surface is 
the integral curvature divided by the area. The specific curva¬ 
ture of a curved surface at any point is the average curvature 
of an infinitely small area of it round that point. 

137. The excess of 2tt above the change of direction, in a sur¬ 
face, of a point moving round any closed curve on it, is equal to 
the area of the horograph of the enclosed portion of surface. 

Let a tangent plane roll without spinning on the surface over 
eveiy point of the bounding line. (Its instantaneous axis will 
always lie in it, and pass through the point of contact, but will 
not, as we have seen, be at right angles to the given bounding 
curve, except when the twist of a narrow ribbon of the surface 
along this curve is nothing.) Considering the auxiliary sphere 
of unit radius, used in Gauss’s definition, and the moving line 
through its centre, we perceive that the motion of this line is, at 
each instant, in a plane perpendicular to the instantaneous axis 
of the tangent plane to the given surface. The direction of 
motion of the point which cuts out the area on the spherical 
surface is therefore perpendicular to this instantaneous axis. 
Hence, if we roll a tangent plane oil the spherical surface also, 
making it keep time with the other, the trace on this tangent 
plane will be a curve always perpendicular to the instantaneous 
axis of each tangent plane. The change of direction, in the 
spherical surface, of the point moving round and cutting out the 
area, being equal to the change of direction in its own trace on 
its own tangent plane (>$ 135), is therefore equal to the change 
of direction of the instantaneous axis in the tangent plane to the 
given surface reckoned from a line fixed relatively to this plane. 
But having rolled all round, and being in position to roll round 
again, the instantaneous axis of the fresh start must be inclined 
to the trace at the same angle as in the beginning. Hence the 
change of direction of the instantaneous axis in either tangent 
nlane is ecunl to the chi ntre of d’ 'c t*on. ii the criven surface, of 
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a point going all round the boundary of the given portion of it Curmtura 
(§ 135); to which, therefore, the change of direction, in the 
spherical surface, of the point going all round the spherical area 
is equal. But, by the well-known theorem (§ 134) of the 
“spherical excess,” this change of direction subtracted from %T 
leaves the spherical area. Hence the spherical area, called by 
Gauss the curvatura Integra , is equal to %r wanting the change 
of direction in going round the boundary. 

It will be perceived that when the two rollings we have con¬ 
sidered are each complete, each tangent plane will have come 
back to be parallel to its original position, but any fixed line in 
it will have changed direction through an angle equal to the 
equal changes of direction just considered. 

Note .—The two rolling tangent planes are at each instant 
parallel to one another, and a fixed line relatively to one drawn 
at any time parallel to a fixed line relatively to the other, re¬ 
mains parallel to the last-mentioned line. 

If, instead of the closed curve, we have a closed polygon of 
geodetic lines on the given surface, the trace of the rolling of 
its tangent plane will be an unclosed rectilineal polygon. If 
each geodetic were a plane curve (which could only be if the 
given surface were spherical), the instantaneous axis would be 
always perpendicular to the particular side of this polygon which 
is rolled on at the instant; and, of course, the spherical area on 
the auxiliary sphere would be a similar polygon to the given 
one. But the given surface being other than spherical, there 
must (except in the particular case of some of the geodetics 
being lines of curvature) be tortuosity in every geodetic of 
the closed polygon; or, which is the same thing, twist in 
the corresponding ribbons of the surface. Hence the portion 
of the whole trace on the second rolling tangent plane which 
corresponds to any one side of the given geodetic polygon, must 
in general be a curve; and as there will generally be finite angles 
in the second rolling corresponding to (but not equal to) those in 
the first, the trace of the second on its tangent plane will be an 
unclosed polygon of curves. The trace of the same rolling on 
the spherical surface in which it takes place will generally be 
a spherical polygon, not of great circle arcs, but of other curves. 

The sum of the exterior angles of this polygon, and of the 
changes of direction from one end to the other of each of its sides, 
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T tu Ind application of the theorem of § 134, equal to 2ir wanting the 
graph. spherical area enclosed. 

Or again, if, instead of a geodetic polygon as the given curve, 
we have a polygon of curves, each fulfilling the condition that 
the normal to the surface through any point of it is parallel to a 
fixed plane; one plane for the first curve, another for the 
second, and so on; then the figure on the auxiliary spherical 
surface will be a polygon of arcs of great circles; its trace on its 
tangent plane will be an unclosed rectilineal polygon; and the 
trace of the given curve on the tangent plane of the first rolling 
will be an unclosed polygon of curves. The sum of changes of 
direction in these curves, and of exterior angles in passing from 
one to another of them, is of course equal to the change of 
direction in the given surface, in going round the given polygon 
of curves on it. The change of direction in the other will be 
simply the sum of the exterior angles of the spherical polygon, 
or of its rectilineal trace. Itemark that in this case the in¬ 
stantaneous axis of the first rolling, being always perpendicular 
to that plane to which the normals are all parallel, remains 
parallel to one line, fixed with reference to the tangent plane, 
during rolling along each curved side, and also remains parallel 
to a fixed line in space. 

Lastly, remark that although the whole change of direction of 
the trace in one tangent plane is equal to that in the trace on 
the other, when the rolling is completed round the given circuit; 
the changes of direction in the two are generally unequal in any 
part of the circuit. They may be equal for particular parts 
of the circuit, viz., between those points, if any, at which the in¬ 
stantaneous axis is equally inclined to the direction of the trace 
on the first tangent plane. 

Any difficulty which may have been felt in reading this Section 
will be removed if the following exercises on the subject be 
performed. 

(1) Find the holograph of an infinitely sma.il circular area of 
any continuous curved surface. Jt is an ellipse or a hyperbola 
according as the surface is synelastic or antielastio (§ 128). Find 
the axes of the ellipse or hyperbola in either case. 

(2) Find the horograph of the area cut off a synelastic surface 
by a plane parallel to the tangent plane at any given point of it, 
and infinitely near this point. Find and interpret the corre- 

. 1a i* .. il . * ... 1 . : . 1 . . ici o i i rA O Qi i n 
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' (3) Let a tangent plane roll without spinning over the ^vatura 

, x _ „ , _ r 6 rntegra, and 

boundary ot a given closed curve or geodetic polygon on any horograph. 

curved surface. Show that the points of the trace in the tangent 
plane which successively touch the same point of the given 
surface are at equal distances successively on the circumference 
of a circle, the angular values of the intermediate arcs being each 
2 tt - K if taken in the direction in which the trace is actually 
described, and K if taken in the contrary direction, K being 
the “integral curvature” of the portion of the curved surface 
enclosed by the given curve or geodetic polygon. Hence if K 
be commensurable with tt the trace on the tangent plane, how¬ 
ever complicatedly autotomic it may be, is a finite closed curve 
or polygon. 

(4) The trace by a tangent plane rolling successively over 
three principal quadrants bounding an eighth part of the cir¬ 
cumference of an ellipsoid is represented in the accompanying 
diagram, the whole of which is traced when the tangent plane is 



rolled four times over the stated boundary. A, B, C; A', B\ C f , 

<fec. represent the points of the tangent plane touched in order 
by ends of the mean principal axis (A), the greatest principal 
axis ( B ), and least principal axis (C), and AB, BG , CA f are the 
lengths of the three principal quadrants. 

138. It appears from what precedes, that the same equality ^^nuiielT 
or identity subsists between “ whole curvature ” in a plane ™ 
arc and the excess of i r above the angle between the terminal curvature. 
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Analogy be- tangents, as between “whole curvature” and excess of 2 tt above 

an'S'S change of direction along the bounding line in the surface for 

curvature, any portion of a curved surface. 

Or, according to Gauss, whereas the whole curvature in a 

plane arc is the angle between two lines parallel to the terminal 

normals, the whole curvature of a portion of curve surface is 

the solid angle of a cone formed by drawing lines from a point 

parallel to all normals through its boundary. 

. . . , . , . change of direction 

Again, average curvature in a plane curve is- ^ - • 

and specific curvature, or, as it is commonly called, curvature, 

change of direction in infinitely small length 
at any point of it=-=-~• 

Thus average curvature and specific curvature are for surfaces 
analogous to the corresponding terms for a plane curve. 

Lastly, in a plane arc of uniform curvature, i.e., in a circular 

arc, — 1. And it is easily proved (as below) 

that, in a surface throughout which the specific curvature is 
27r-change of direction integral curvature 1 


uniform, 


, or 


where 


area ' area pp 

p and p are tlie principal radii of curvature. Hence in a sur¬ 
face, whether of uniform or non-uniform specific curvature, the 

specific curvature at any point is equal to . In geometry of 


three dimensions, pp (an area) is clearly analogous to p in a 
curve and plane. 


Consider a portion S, of a surface of any curvature, bounded 
by a given closed curve. Let there be a spherical surface, radius 
r, and centre C. Draw a radius CQ, parallel to the normal at 
any point P of S. If this be done for every point of the bound- 
Horograph. ary, the line so obtained encloses the spherical area used in 
Gauss’s definition. Now let there be an infinitely small rect¬ 
angle on /$, at P, having for its sides arcs of angles £ and £', on 
the normal sections of greatest and least curvature, and let their 
radii of curvature be denoted by p and p'. The lengths of these 
sides will be p£ and pg respectively. Its area will therefore be 
pp££'. The corresponding figure at Q on the spherical surface 
will be bounded by arcs of angles equal to those, and therefore of 
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lengths rt and r£' respectively, and its area will be Hence 

if d<r denote this area, the area of the infinitely small portion of 

the given surface will be . In a surface for which pp is 

constant, the area is therefore = jjda = pp x integral curvature. 


139 . A perfectly flexible but inextensible surface is sug- yiexibieaud 
gested, although not realized, by paper, thin sheet metal, or surface, 
cloth, when the surface is plane; and by sheaths of pods, seed 
vessels, or the like, when it is not capable of being stretched 
flat without tearing. The process of changing the form of a 
surface by bending is called “ developing ” But the term “De¬ 
velopable Surface ” is commonly restricted to such inextensible 
surfaces as can be developed into a plane, or, in common lan¬ 
guage, “ smoothed flat.” 


140 . The geometry or kinematics of this subject is a great 
contrast to that of the flexible line (§ 14), and, in its merest 
elements, presents ideas not very easily apprehended, and sub¬ 
jects of investigation that have exercised, and perhaps even 
overtasked, the powers of some of the greatest mathematicians. 

141 . Some care is required to form a correct conception of 
what is a perfectly flexible inextensible surface. First let us 
consider a plane sheet of paper. It is very flexible, and we 
can easily form the conception from it of a sheet of ideal 
matter perfectly flexible. It is very inextensible; that is to 
say, it yields very little to any application of force tending to 
pull or stretch it in any direction, up to the strongest it can 
bear without tearing. It does, of course, stretch a little. It 
is easy to test that it stretches when under the influence of 
force, and that it contracts again when the force is removed, 
although not always to its original dimensions, as it may and 
generally does remain to some sensible extent permanently 
stretched. Also, flexure stretches one side and condenses the 
other temporarily ; and, to a less extent, permanently. Under 
elasticity (§§ 717, 718, 719) we shall return to this. In the 
meantime, in considering illustrations of our kinematical propo¬ 
sitions, it is necessary to anticipate such physical circumstances. 



H2 PRELIMINARY. [142.* 

Surface 142. Cloth woven in the simple common way, very fine 
iS e two n d? le muslin for instance, illustrates a surface perfectly inextensible 
rectiors. tm) Sections (those of the warp and the woof), hut suscept¬ 
ible of any amount of extension from 1 up to V 2 along one 
diagonal, with contraction from 1 to 0 (each degree of extension 
along one diagonal having a corresponding determinate degree 
of contraction along the other, the relation being e 2 + e' 2 = 2, 
where 1: e and 1: e are the ratios of elongation, which will be 
contraction in the case in which e or e is < 1) in the other. 


"Elastic . 143. The flexure of a surface fulfilling any case of the 
muslin 01 geometrical condition just stated, presents an interesting sub- 
goods * ject for investigation, which we are reluctantly obliged to 
forego. The moist paper drapery that Albert Diirer used on 
his little lay figures must hang very differently from cloth. 
Perhaps the stiffness of the drapery in his pictures may be to 
some extent owing to the fact that he used the moist paper in 
preference to cloth on account of its superior flexibility, while 
unaware of the great distinction between them as regards 
extensibility. Fine muslin, prepared with starch or gum, is, 
during the process of drying, kept moving by a machine, which, 
by producing a to-and-fro relative angular motion of warp and 
woof, stretches and contracts the diagonals of its structure alter- 
. nately, and thus prevents the parallelograms from becoming 
stiffened into rectangles. 


Flexure of 144. The flexure of an inextensible surface which can be 
developable! plane, is a subject which has been well worked by geometrical 
investigators and writers, and, in its elements at least, presents 
little difficulty. The first elementary conception to be formed 

is, that such a surface (if perfectly flexible), taken plane in 
the first place, may be bent about any straight line ruled on 

it, so that the two plane parts may make any angle with one 
another. 

Such a line is called a “generating line ” of the surface to be 
formed. 

Next, we may bend one of these plane parts about any other 
line which does not (within the limits of the sheet) intersect 
the former; and so on. If these lines are infinite in number, 
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and the angles of bending infinitely small, but such that their Flexure of 
sum may be finite, we have our plane surface bent into a developable, 
curved surface, which is of course “ developable ” (§ 139). 

145. Lift a square of paper, free from folds, creases, or 
ragged edges, gently by one corner, or otherwise, without 
crushing or forcing it, or very gently by two points. It will 
hang in a form which is very rigorously a developable surface; 
for although it is not absolutely inextensible, yet the forces 
which tend to stretch or tear it, when it is treated as above 
described, are small enough to produce no sensible stretching. 

Indeed the greatest stretching it can experience without tear¬ 
ing, in any direction, is not such as can affect the form of the 
surface much when sharp flexures, singular points, etc., are 
kept clear of. 

146. Prisms and cylinders (when the lines of bending, § 144, 
are parallel, and finite in number with finite angles, or infinite 
in number with infinitely small angles), and pyramids and 
cones (the lines of bending meeting in a point if produced), are 
clearly included. 

147. If the generating lines, or line-edges of the angles of 
bending, are not parallel, they must meet, since they are in a 
plane when the surface is plane. If they do not meet all in one 
point, they must meet in several points: in general, each one 
meets its predecessor and its successor in different points. 


148. There is still no difficulty in understanding the form of, 
say a square, or circle, of the plane surface when bent as explained 
above, provided it does not include any 
of these points of intersection. When the i, 
number is infinite, and the surface finitely 
curved, the developable lines will in gene- 
ral be tangents to a curve (the locus of the 
points of intersection when the number is 
infinite). This curve is called the edge of 
regression. The surface must clearly, when 
complete (according to mathematical ideas), 
consist of two sheets meeting in this edge 
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Edge of * of regression (just as a cone consists of two sheets meeting in 
regression. vertex ^ because each tangent may be produced beyond 
the point of contact, instead of stopping at it, as in the annexed 
diagram. 


Practical 149. To construct a complete developable surface in two 
Sofa sheets from its edge of regression— 

fro V m??s able Lay one piece of perfectly flat, unwrinkled, smooth-cut 
edge ' paper on the top of another. Trace any curve on the upper, 

and let it have no point of inflec¬ 
tion, but everywhere finite curvature. 
Cut the two papers along the curve 
and remove the convex portions., If 
the curve traced is closed, it must be 
cut open (see second diagram). 

Attach the two sheets together by very slight paper or 
muslin clamps gummed to them along the common curved 
edge. These must be so slight as not to interfere 
sensibly with the flexure of the two sheets. Take 
hold of one corner of one sheet and lift the whole. 
The two will open out into the two sheets of a 
developable surface, of which the curve, bending 
into a curve of double curvature, is the edge of 
regression. The tangent to the curve drawn in 
one direction from the point of contact, will 
always lie in one of the sheets, and its continuation on the 
other side in the other sheet. Of course a double-sheeted 
developable polyhedron can be constructed by this process, by 
starting from a polygon instead of a curve. 




General 150. A flexible but perfectly mcxtensiblc surface, altered 

property of . « ;* . . 

mextensibie m torm m any way possible for it, must keep any line traced 
on it unchanged in length; and hence any two intersecting 
lines unchanged in mutual inclination. Hence, also, geodetic 
lines must remain geodetic lines. Hence “ the change of 
direction” in a surface, of a point going round any portion of 
it, must be the same, however this portion is bent. Hence 
(§ 136) the integral curvature remains the same in any and 
every portion however the surface is bent. Hence (§ 138, 
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Gauss's Theorem) the product of the principal radii of curvature Qenerai 
at each point remains unchanged. nfexSibie 

surface. 

151. The general statement of a converse proposition, ex¬ 
pressing the condition that two given areas of curved surfaces 
may be bent one to fit the other, involves essentially some 
mode of specifying corresponding points on the two. A full 
investigation of the circumstances would be out of place here. 

152. In one case, however, a statement in the simplest Surface of 
possible terms is applicable. Any two surfaces, in each of specific 
which the specific curvature is the same at all points, and 
equal to that of the other, may be bent one to fit the other. 

Thus any surface of uniform positive specific curvature (i.e., 
wholly convex one side, and concave the other) may be bent 
to fit a sphere whose radius is a mean proportional between its 
principal radii of curvature at any point. A surface of uniform 
negative, or anticlastic, curvature would fit an imaginary sphere, 
but the interpretation of this is not understood in the present 
condition of science. But practically, of any two surfaces of uni¬ 
form anticlastic curvature, either may be bent to fit the other. 

153. It is to be remarked, that geodetic trigonometry on Geodetic 

any surface of uniform positive, or synclastic, curvature, is suchasu^" 
identical with spherical trigonometry. ftlce ’ 

If a- , b = L =, c = -j==y, where s } t , u are the lengths 
J PP J PP V PP 

of three geodetic lines joining three points on the surface, and 
if A, B } G denote the angles between the tangents to the geodetic 
lines at these points; we have six quantities which agree perfectly 
with the three sides and the three angles of a certain spherical 
triangle. A corresponding anticlastic trigonometry exists, al¬ 
though we are not aware that it has hitherto been noticed, for any 
surface of uniform anticlastic curvature. In a geodetic triangle 
on an anticlastic surface, the sum of the three angles is of course 
less than three right angles, and the difference, or “ anticlastic 
defect” (like the “spherical excess”), is equal to the area divided 
by p x — p'i where p and — p are positive. 

154. We have now to consider the very important kinema- strain, 
tical conditions presented by the changes of volume or figure 

8—2 
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experienced by a solid or liquid mass, or by a group of points 
whose positions with regard to each other are subject to known 
conditions. Any such definite alteration of form or dimensions 
is called a Strain . 

Thus a rod which becomes longer or shorter is strained. 
Water, when compressed, is strained. A stone, beam, or mass 
of metal, in a building or in a piece of framework, if condensed 
or dilated in any direction, or bent, twisted, or distorted in any 
way, is said to experience a strain. A ship is said to “ strain ” 
if, in launching, or when working in a heavy sea, the different 
parts of it experience relative motions. 

155. If, when the matter occupying any space is strained 
in any way, all pairs of points of its substance which are initially 
at equal distances from one another in parallel lines remain 
equidistant, it may be at an altered distance; and in parallel 
lines, altered, it may be, from their initial direction; the strain 
is said to be homogeneous. 

156. Hence if any straight line be drawn through the body 
in its initial state, the portion of the body cut by it will con¬ 
tinue to be a straight line when the body is homogeneously 
strained. For, if ABC be any such line, AB and BC y being 
parallel to one line in the initial, remain parallel to one line in 
the altered, state; and therefore remain in the same straight 
line with one another. Thus it follows that a plane remains 
a plane, a parallelogram a parallelogram, and a parallelepiped 
a parallelepiped. 

157. Hence, also, similar figures, whether constituted by 
actual portions of the substance, or mere geometrical surfaces, 
or straight or curved lines passing through or joining certain 
portions or points of the substance, similarly situated (i.e., 
having corresponding parameters parallel) when altered ac¬ 
cording to the altered condition of the body, remain similar 
and similarly situated among one another. 

158. The lengths of parallel lines of the body remain in 
the same proportion to one another, and hence all are altered 
in the same proportion. Hence, and from § 156, we infer that 
any plane figure becomes altered to another plane figure which 
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is a diminished or magnified orthographic projection of the first Property 
on some plane. For example, if an ellipse he altered into a geneous 
circle, its principal axes become radii at right angles to one Stmi11 * 
another. 

The elongation of the body along any line is the proportion 
which the addition to the distance between any two points in 
that line bears to their primitive distance. 

159. Every orthogonal projection of an ellipse is an ellipse 
(the case of a circle being included). Hence, and from § 158, 
we *see that an ellipse remains an ellipse; and an ellipsoid re¬ 
mains a surface of which every plane section is an ellipse; 
that is, remains an ellipsoid. 

A plane curve remains (§ 156) a plane curve. A system of 
two or of three straight lines of reference (Cartesian) remains 
a rectilineal system of lines of reference; but, in general, a 
rectangular system becomes oblique. 


Let 


£+£ = 1 
a 2 b 2 


be the equation of an ellipse referred to any rectilineal conjugate 
axes, in the substance, of the body in its initial state. Let a and 
13 be the proportions in which lines respectively parallel to OX 
and 0 Y are altered. Thus, if we call £ and rj the altered values 
of x and y } we have 

i = ox, rj = /3y. 

£ 2 rf 

Hence w; •+■ ■ ni \-2 = 1* 

(aa) 2 (/3b) 2 

which also is the equation of an ellipse, referred to oblique axes 
at, it may be, a different angle to one another from that of the 
given axes, in the initial condition of the body. 


Or again, let 


y 


z 

+ ?“ X 


be the equation of an ellipsoid referred to three conjugate dia¬ 
metral planes, as oblique or rectangular planes of reference, in the 
initial condition of the body. Let a, /3 , y be the proportion 
in which lines parallel to 0X } 0Y } OZ are altered; so that if 
f, rj, £ be the altered values of x } y, z, we have 

i = cuc, = £ = t«. 

>2 2 e *° 

i , V , 


(aaf (fib)* (ye)' 


; = 1 , 


Thus 
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winch is the equation of an ellipsoid, referred to conjugate dia¬ 
metral planes, altered it may be in mutual inclination from those 
of the given planes of reference in the initial condition of the 
body. 

160. The ellipsoid which any surface of the body initially 
spherical becomes in the altered condition, may, to avoid cir¬ 
cumlocutions, be called the strain ellipsoid. 

161. In any absolutely unrestricted homogeneous strain there 
are three directions £the three principal axes of the strain ellip¬ 
soid), at right angles to one another, which remain at right 
angles to one another in the altered condition of the body 
(§ 158). Along one of these the elongation is greater, and 
along another less, than along any other direction in the body. 
Along the remaining one, the elongation is less than in any 
other line in the plane of itself and the first mentioned, and 
greater than along any other line in the plane of itself and the 
second. 

Note .—Contraction is to be reckoned as a negative elongation: 
the maximum elongation of the preceding enunciation may be 
a minimum contraction: the minimum elongation may he a 
maximum contraction. 

162. The ellipsoid into which a sphere becomes altered may 
be an ellipsoid of revolution, or, as it is called, a spheroid, pro¬ 
late, or oblate. There is thus a maximum or minimum elonga¬ 
tion along the axis, and equal minimum or maximum elongation 
along all lines perpendicular to the axis. 

Or it may be a sphere; in which case the elongations are 
equal in all directions. The effect is, in this case, merely an 
alteration of dimensions without change of figure of any part. 

The original volume (sphere) is to the new (ellipsoid) evi¬ 
dently as 1 : a/3<y. 

163. The principal axes of a strain are the principal axes 
of the ellipsoid into which it converts a sphere. The principal 
elongations of a strain arc the elongations in the direction of its 
principal axes. 



KINEMATICS. 


119 


164] 

164 When the position of the principal axes, and the ma<mi- 'Elongation 

. . • * ° and change 

tudes of the principal elongations of a strain are given, the ^dnection 
elongation of any line of the body, and the alteration of angle of tkebody. 
between any two lines, may be obviously determined by a sim¬ 
ple geometrical construction, 

Analytically thus:—let a - 1, /? -1, y — 1 denote the principal 
elongations, so that a, ,6, y may be now the ratios of alteration 
along the three principal axes, as we used them formerly for the 
ratios for any three oblique or rectangular lines. Let l, m, n 
be the direction cosines of any line, with reference to the three 
principal axes. Thus, 

Ir, mr , nr 

being the three initial co-ordinates of a point P, at a distance 
OP-r, from the origin in the direction l, m, n; the co-ordinates 
of the same point of the body, with reference to the same rect¬ 
angular axes, become, in the altered state, 
air , fimr, ynr. • 

Hence the altered length of OP is 

(a^ + jSV + y-n"fr, 

and therefore the “elongation” of the body in that direction is 
• (a 2 Z» + /3W + yW)"-l. 

For brevity, let this be denoted by £— 1, i.e. 

let £=(a*P + /? i W , + yV) i - 

The direction cosines of OP in its altered position are 
al pm yn 

r T’ J ; 

and therefore the angles XOP , TOP , ZOP are altered to having 
their cosines of these values respectively, from having them of 
the values l , m , n. 

The cosine of the angle between any two lines OP and OP', 
specified in the initial condition of the body by the direction 
cosines l', m!, n', is 

IV + mm' + nn, 

in the initial condition of the body, and becomes 
cell' + (Pmm + y~nn 

(a~lr + p 2 m 2 + y 2 n 2 )* (a 2 V 2 + p 2 m' 2 4 - y 2 n 2 )* 
in the altered condition. 
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Change of 165. With the same data the alteration of angle between 

plane in the - , . ® 

body. any two planes of trie body may also be easily determined 
either geometrically or analytically. 

Let I , m, n be the cosines of the angles which a plane makes 
with the planes YOZ, ZOX, XU Y, respectively, in the initial 
condition of the body. The effects of the change being the same 
on all parallel planes, we may suppose the plane in question to 
pass through 0 ; anti therefore its equation will be 

lx + ?tiy + nz - 0 . 

In the altered condition of the body we shall have, as before, 
£=ax, = t- yx, 


for the altered co-ordinates of any point initially x 7 y 7 z. Hence 
the equation of the altered plane is 


- 4* — + = 

a fd y 


: 0 . 


But the planes of reference are still rectangular, according to our 
present supposition. lienee the cosines of the inclinations of 
the plane in question, to YOZ, ZOX, XO Y, in the altered con¬ 
dition of the body, are altered from /, m, n to 


l 7)1 71 

S’ (d * 7 yh 7 


res]>eetively, where for brevity 


5 = 


vi 9 w 3 \& 
(d* + y'J * 


If we have a second plane similarly specified by 1' 7 m', n' 7 in the 
initial condition of the body, the cosine of the angle between the 
two planes, which is 


IV 4* 7)1 Hi' 4- nn' 


in the initial condition, becomes altered to 

9Uif 


IV 7/Wb 

~ t + ~W 


/ 1" 7ti“ 7l*\A fP 7)(! 2 91 \ i 

v + i? + f) v + + 7/ 


Conical sur- 166. Returning to elongations, and considering that these are 
face of equal n • ..Jr . ° . -m 

elongation, generally dmerent in different directions, we perceive that all 

lines through any point, in which the elongations have any one 
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value intermediate between the greatest and least, must lie OH Conical sur- 
a determinate conical surface. This is easily proved to be in elongation, 
general a cone of the second degree. 

For, in a direction denoted by direction cosines l, m, n, we 

LaVe a*l 2 + /3W + yV=£ 2 , 

where £ denotes the ratio of elongation, intermediate between a 
the greatest and y the least. This is the equation of a cone of 
the second degree, l , m, n being the direction cosines of a gene¬ 
rating line. 

167. In one particular case this cone becomes two planes, Two planes 

the planes of the circular sections of the strain ellipsoid. torsion! 8 ’ 

Let £ = ft. The preceding equation becomes 
aT + yV — /?(l-m 2 ) = 0, 
or, since 1 — m 2 = l 2 + n s , 

(a 2 -/3 s ) l*-(/3 2 - y 2 ) n 2 = 0. 

The first member being the product of two factors, the equation 
is satisfied by putting either =. 0, and therefore the equation re¬ 
presents the two planes whose equations are 
^(a 2 - i S ! )i+)i(/3 a - 7 t ) 4 = 0, 
and l (a 2 — /3°)1 — n (/3 2 — y 2 )i = 0, 

respectively. 

This is the case in which the given elongation is equal being the 

. ° A circular 

to that along the mean principal axis of the strain ellipsoid. 

The two planes are planes through the mean principal axis of ellipsoid, 
the ellipsoid, equally inclined on the two sides of either of the 
other axes. The lines along which the elongation is equal to 
the mean principal elongation, all lie in, or parallel to, either 
of these two planes. This is easily proved as follows, without 
any analytical investigation. 

168. Let the ellipse of the annexed diagram represent the 
section of the strain ellipsoid through the greatest and least 
principal axes. Let S'OS, T OT be the 
two diameters of this ellipse, which are 
equal to the mean principal axis of the 
ellipsoid. Every plane through 0 , per¬ 
pendicular to the plane of the diagram, 
cuts the ellipsoid in an ellipse of which 
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one principal axis is the diameter in which it cuts the ellipse of 
the diagram, and the other, the mean principal diameter of the 
ellipsoid. Hence a plane through either SS', or TT, perpen¬ 
dicular to the plane of the diagram, cuts the ellipsoid in an 
ellipse of which the two principal axes are equal, that is to say, 
in a circle. Hence the elongations along all lines in either of 
these planes are equal to the elongation along the mean princi¬ 
pal axis of the strain ellipsoid. 


169. The consideration of the circular sections of the strain 
ellipsoid is highly instructive, and leads to important views 
with reference to the analysis of the most general character of 
a strain. • First, let us suppose there to be no alteration of 
volume on the whole, and neither elongation nor contraction 
along the mean principal axis. That is to say, let /3 = 1, 

and 7 = " (§ 162). 

Let OX and OZ he the directions of elongation a—I and 


contraction 1 — - respectively. Let A he any point of the 

% . body in its primitive condition, 

and A t the same point of the 
altered body, so that OA y = a OA. 

Now, if we take OC = OA p 
and if C / be the position of that 
point of the body which was in 
the position C initially, we shall 

have OC = - 0 G T , and therefore 
' a 

OC, — OA. Hence the two tri¬ 
angles GOA and G / OA / are equal and similar. 

Hence GA experiences no alteration of length, but takes 
the altered position GA / in the altered position of the body. 
Similarly, if we measure on XO produced, OA' and OA' equal 
respectively to OA and 0A jt we find that the line C A' experi¬ 
ences no alteration in length, but takes the altered position C t A' r 
Consider now a plane of the body initially through GA per¬ 
pendicular to the plane of the diagram, which will be altered 
into a plane through GA t) also perpendicular to the plane of 
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the diagram. All lines initially perpendicular to the plane of initial and 
the diagram remain so, and remain unaltered in length. A0 tionof fines 
has just been proved to remain unaltered in length. Hence gat?onf on " 
(§ 158) all lines in the plane we have just drawn remain un¬ 
altered in length and in mutual inclination. Similarly we see 
that all lines in a plane through CA perpendicular to the 
plane of the diagram, altering to a plane through GA[, per¬ 
pendicular to the plane of the diagram, remain unaltered in 
length and in mutual inclination. 

170. The precise character of the strain we have now under 
consideration will be elucidated by the following:—Produce 
GO , and take 00' and 0(7/ respectively equal to OC and 00 r 
Join CA, CA', C'A si and O/A/, by plain and dotted lines as 
in the diagram. Then we see that the rhombus CA O'A' (plain 
lines) of the body in its initial state becomes the rhombus 
0 ; A,(7/A/ (dotted) in the altered condition. Now imagine 
the body thus strained to be moved as a rigid body (i.e., 
with its state of strain kept unchanged) till A t coincides 
with A, and 0/ with O', keeping all the lines of the diagram 
still in the same plane. A'G J will take a 
position in CA ' produced, as shown in the 
new diagram, and the original and the 
altered parallelogram will be on the same 
base A O', and between the same parallels 
AG and CA', and their other sides will be 
equally inclined on the two sides of a per¬ 
pendicular to these parallels. Hence, irre¬ 
spectively of any rotation, or other absolute motion of the body 
not involving change of form or dimensions, the strain under con¬ 
sideration may be produced by holding fast and unaltered the 
plane of the body through A O' perpendicular to the plane of 
the diagram, and making every plane parallel to it slide, keep¬ 
ing the same distance, through a space proportional to this 
distance (i. e., different planes parallel to the fixed plane slide 
through spaces proportional to their distances). 

171. This kind of strain is called a simple shear . The simple 
plane of a shear is a plane perpendicular to the undistorted 
planes, and parallel to the lines of their relative motion. It 
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Shear, Sim- ratio 1 : m, without any other change, wo have a strain of 
tion^anf* which the principal ratios aie 

expansion, 1 

combined. ^ ^ „ 

; ’s' 

If, lastly, we elongate all lines in the ratio 1 : n, we have a 
strain m which the principal ratios are 

n 

ns, nm, - , 
s 


where it is clear that ns , nm, and ~ may have any values 

whatever. It is of course not necessary that nm be the mean 
principal ratio. Whatever they are, if we call them a, /3, 7 re¬ 
spectively, we have 


s — 


a 

7 


1 = V ojy ; 


and m 


Vd7 ’ 


Analysis of 
a strain. 


178. Hence any strain ( 7 , /3, 7 ) whatever may he viewed as 

compounded of a uniform dilatation in all directions, of linear 

— . £ 
ratio Va% superimposed on a simple elongation i 11 the 

direction of the principal axis to which /3 refers, superimposed 

on a simple shear, of ratio \J (° r aill0Ull t - — ^/-) 

in the plane of the two other principal axes. 


179. It is clear that these three elementary component 
strains may be applied in any other order as well as that 
stated. Thus, if the simple elongation is made first, the body 
thus altered must get just the same shear in planes perpen¬ 
dicular to the line of elongation, as the originally unaltered 
body gets when the order first stated is followed. Or the 
dilatation may be first, then the elongation, and finally the 
shear, and so on. 


Displace- 180. In the preceding sections on strains, we have con- 
body, rigid sidered the alterations of lengths of lines of the body, and of 

or not, one . . t ° . . 

point of angles between lines and planes of it; and we have, in parti- 

held fixed, cuiar cases, founded on particular suppositions (the principal 
axes of the strain remaining fixed in direction, § 1 (if), or one 
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of either set of undistorted planes in a simple shear remain- Displac¬ 
ing fixed, § 170), considered the actual displacements of parts body, rigid 
of the body from their original positions. But to complete pointer 6 
the kinematics of a non-rigid solid, it is necessary to take a fixed, 
more general view of the relation between displacements and 
strains. It will be sufficient for us to suppose one point of 
the body to remain fixed, as it is easy to see the effect of super¬ 
imposing upon any motion with one point fixed, a motion of 
translation without strain or rotation. 

181. Let us therefore suppose one point of a body to be 
held fixed, and any displacement whatever given to any point 
or points of it, subject to the condition that the whole substance 
if strained at all is homogeneously strained. 

Let OX , OY , OZ be any three rectangular axes, fixed with 
reference to the initial position and condition of the body. Let 
x, y, z be the initial co-ordinates of any point of the body, and 
x } , y v z l be the co-ordinates of the same point of the altered body, 
with reference to those axes unchanged. The condition that the 
strain is homogeneous throughout is expressed by the following 
equations :— 

*, = [■£»] * + [%] y + [-3T*] »; ] 

y=[Yx-\x + [Yy]y + [Yz-\z, i (1) 

*, = [ Zx ] x + [Zy] y + \z »]«, ) 

where [AV], [Xy], etc., are nine quantities, of absolutely arbi¬ 
trary values, the same for all values of xj y, z. 

[Xr], [Yx], [Zx\ denote the three final co-ordinates of a point 
originally at unit distance along OX ’ from 0. They are, of 
course, proportional to the' direction-cosines of the altered posi¬ 
tion of the line primitively coinciding with OX. Similarly for 
[Xy\[Yy\[Zy],ctc. 

Let it be required to find, if possible, a line of the body which 
remains unaltered in direction, duiing the change specified by 
[Xa*], .etc. Let x s y, z, and y x , z l} be the co-ordinates of the 
primitive and altered position of a point in such a line. We 

must have — 1 = '~ x - - 1 = 1 + e, where e is the elongation of the 
x y z ■ 

line in question. 
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Thus we have x l = (1 + e)x, etc., and therefore if rj = 1 + € 

{[Xx] - v }x + [Xy]y +[X«> = 0, > 

[7x]x + {[Yy]- v }y + [Yz]z = 0, (2) 

[Z®]a? + + {[^] - J 

Prom these equations, by eliminating the ratios x:y:z according 
to the well-known algebraic process, we find 

([**]-(I?*]-*) 

- [R][%]([Xr] - *) - [&] [X,] try] -rj)~ [Xy] [Tx]([&] - *) 

+ [Xs] [Fa] [£y] + [Xy] [Tz] [Xx] = 0. 

This cubic equation is necessarily satisfied by at least one real 
value of vj, and the two others are either both real or both ima¬ 
ginary. Each real value of rj gives a real solution of the problem, 
since any two of the preceding three equations with it, in place of 
rj, determine real values of the ratios x : y : z. If the body is 
rigid (i.e., if the displacements are subject to the condition of 
producing no strain), we know (ante, §95) that there is just one 
line common to the body in its two positions, the axis round 
which it must turn to pass from one to the other, except in the 
peculiar cases of no rotation, and of rotation through two right 
angles, which are treated below. Hence, in this case, the cubic 
equation has only one real root, and therefore it has two imagi¬ 
nary roots. The equations just formed solve the problem of finding 
the axis of rotation when the data are the actual displacements 
- of the points primitively lying in three given fixed axes of 
reference, OX, OF, OX; and it is worthy of remark, that the 
practical solution of this problem is founded on the one real root 
: of a cubic which has two imaginary roots. 

Again, on the other hand, let the given displacements be 
made so as to produce a strain of the body with no angular 
displacement of the principal axes of the strain. Thus three 
lines of the body remain unchanged. Hence there must be 
three real roots of the equation in rj, one for each such axis; and 
the three lines determined by them are necessarily at right angles 
to one another. 

But if neither of these conditions holds, we may have three 
real solutions and three oblique lines of directional identity; or 
we may have only one real root and only one line of directional 
identity. 
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An analytical proof of these conclusions may easily be given; Displace- 

thus we may write the cubic in the form— body, rigid 

or not, one 

m, [*»] _j m, o] + [&i [&j + \ sm 

[Yx],[Yy],[Yz] v l [Zy], [Zz] [Xz], [Xc] [ 7 *], [Yy]\ ) heldflxei 
[Zx] , [Zy], [Zz] + rf{[Xx] + [ 7 y] + [Zz]}-rf = 0 . (3) 

In the particular case of no strain, since [Xx], etc., are then 
equal, not merely proportional , to the direction cosines of three 
mutually perpendicular lines, we have by well-known geometrical 
theorems 

[Xx], [Xy] t [Xz] = 1, and [Ty], [ 7 z] = [Xx], etc. 

[ 7 x], [Yy], [Tz] [Zy], [Zz] 

[Zx], [Zy], [Zz] 

Hence the cubic becomes 

1 - (v-v) {[*«] + [Ty] + [Zz]}-rf = o, 

of which one root is evidently 77 = 1 . This leads to the above 
explained rotational solution, the line determined by the value 1 
of 77 being the axis of rotation. Dividing out the factor 1 - 77, 
we get for the two remaining roots the equation 

i + (1 — [Xx] - \Yy\ - [Xz]) 77 + 77* = 0, 

whose roots are imaginary if the coefficient of 77 lies between 
+ 2 and — 2. Now — 2 is evidently its least value, and for that 
case the roots are real, each being unity. Here there is no 
rotation. Also + 2 is its greatest value, and this gives us a pair *" 7 ) 

of values each = — 1, of which the interpretation is, that there is 'J. ' V 

rotation through two right angles. In this case, as in general, ^ ^ 

one line (the axis of rotation) is determined by the equations (2) - - 2 % 

with the value +1 for 77; but with 77 = —1 these equations are - ' ' ; J 

satisfied by any line perpendicular to the former. r „“;' 

The limiting case of two equal roots, when there is strain, is i. * . > 
an interesting subject which may he left as an exercise. It i:r ' 

separates the cases in which there is only one axis of directional . ‘ ~ 

identity from those in which there are three. -f> % 

Let it next be proposed to find those lines of the body whose l ~ >‘ v ' 
elongations are greatest or least. For this purpose we must find . / , 

the equations expressing that x* + y* + z* is a maximum, when 
x 2 + y 2 + z 2 — r 2 , a constant. First, we have 

x i + Vi + = Av? + By 2 +Cz 2 + 2 (ayz + bzx + cxy) .( 4 ), 
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where 

A=[XxY+[rxy + [ZxY 

JB = {Xyf+[YyY + [ZyY 
C = [X*r+ [*«]• + [&]* 

a = [Xy] [Xz] + [Yy\ [Tz] + [Zy][Zz] .W- 

b = [Xz] [Xx] + [7a] [Yx] + [Zz] [Zx] 
c = [Xx] [Xy J + [Fa] [Yy] + [Zx] [Zy] j 

The equation 

Ax 2 + ih / 2 + Czr + 2 (aya 4 bzx + cxy) =r * .. ( 6 ), 

where r 1 is any constant, represents clearly the ellipsoid which a 
spherical surface, radius r l9 of the altered body, would become if 
the body were restored to its primitive condition. The problem 
of making r 2 a maximum when r is a given constant, leads to the 
following equations:— 

x 2 + y 2 + z* = r 2 .(7), 

xcix + ydy + zdz = 0 , 

(Ax 4 -cy + bz)dx 4- (cx + By + az)dy 4- (bx 4* ay 4* Cz)dz ~ 0. 

On the other hand, the problem of making r a maximum or 
minimum when r 2 is given, that is to say, the problem of finding 
maximum and minimum diameters, or principal axes, of the 
ellipsoid (6), leads to these same two differential equations (8), 
and only differs in having equation (6) instead of (7) to complete 
the determination of the absolute values of x , y, and z. Hence 
the ratios x : y : z will be the same in one problem as in the 
other; and therefore the directions determined are those of the 
principal axes of the ellipsoid (G). We know, therefore, by the 
properties of the ellipsoid, that there are three real solutions, 
and that the directions of the three radii so determined are 
mutually rectangular. The ordinary method (Lagrange's) for 
dealing with the differential equations, being to multiply one of 
them by an arbitrary multiplier, then add, and equate the co¬ 
efficients of the separate differentials to zero, gives, if we take 
— vj as the arbitrary multiplier, and the first of the two equations 
the one multiplied by it, 

(A-t])x 4- cy + bz~0, ^ 

cx 4- (B — rj)y + az=0, > (9) 

bx 4- ay + (C - 7})z = 0 . > 

We may find what rj means if we multiply the first of these by a?, 
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the second by y, and the third by and add; because we thus Displace- 

i . • ment of a 

Obtain body, rigid 

Ax 2j rBy Zj r Cz 2 + 2 (ayz 4 bzx + cxy) — r](% 2 +y 2 + z 2 ) = 0* point of 

x 7 which is 

or r *- 7 jr 2 £= 0, held fixed. 

which gives rj = .( 10 ). 

Eliminating the ratios x:y:z from (9), by the usual method, we 
have the well-known determinant cubic 

(A -y)(B - r])(C -yj) -a 2 (A -rj)~-b 2 {B — vj)-c s (C-r)) 4 2ahc= 0...(11), 

of which the three roots are known to be all real. Any one of 
the three roots if used for 77 , in (9), harmonizes these three equa¬ 
tions for the true ratios x:y:z; and, making the coefficients of 
x, y, z in. them all known, allows us to determine the required 
ratios by any two of the equations, or symmetrically from the 
three, by the proper algebraic processes. Thus we have only to 
determine the absolute magnitudes of a?, y, and z, which (7) 
enables us to do when their ratios are known. 

It is to be remarked, that when [Yz\ = \_Zy\ \Zx\ = [X«], and 
[Xy\ = [Tir], equation (3) becomes a cubic, the squares of whose 
roots are the roots of ( 11 ), and that the three lines determined 
by (2) in this case are identical with those determined by (9). 

The reader will find it a good analytical exercise to prove this 
directly from the equations. It is a necessary consequence of 
§ 183, below. 

We have precisely the same problem to solve when the question 
proposed is, to find what radii of a sphere remain perpendicular 
to the surface of the altered figure. This is obvious when viewed 
geometrically. The tangent plane is perpendicular to the radius 
when the radius is a maximum or minimum. Therefore, every 
plane of the body parallel to such tangent plane is perpendicular 
to the radius in the altered, as it was in the initial condition. 

The analytical investigation of the problem, presented in the 
second way, is as follows :— 

Let l l x i 4 m 1 y 1 4 =0 . (12) 

be the equation of any plane of the altered substance, through 
the origin of co-ordinates, the axes of co-ordinates being the 
same fixed axes, OX, OY, OZ, which we have used of late. The 
direction cosines of a perpendicular to it are, of course, propor¬ 
tional to l v m 1? n r If, now, for x x ,y x ,z x , we substitute their 





132 


PRELIMINARY. 


Displace¬ 
ment of a 
body, rigid 
or not, one 
point of 
which is 
held fixed. 


Analysis of a 
strain into 
distortion 
and rota¬ 
tion. 


Pure strain. 


[181. 

values, as in (1), in terms of the co-ordinates which the same 
point of the substance had initially, we find the equation of the 
same plane of the body in its initial position, which, when the 
terms are grouped properly, is this— 

{J,[Xas] + m l [Yx] + n l [Zx'\}x + ft[Xy] + OT.fly] + «,[Xy]}y 
+ {^[Az] + m[Yz\ + n^Zz]) z = 0.(13). 

The direction cosines of the perpendicular to the plane are pro¬ 
portional to the co-efficients of x, y, z. Now these are to be the 
direction cosines of the same line of the substance as was altered 
into the line \ : m,: n x . Hence, if l : m : n are quantities propor¬ 
tional to the direction cosines of this line in its initial position, 
we must have 

l x [Xx] + m x [Yx] + n[Zx\ = rjl | 

Z,[Xy] + mjTy] + n^Zy] = rpn >.(14), 

l^Xz\ +m 1 [7«] +n[Zz\ = rjn J 

where rj is arbitrary. Suppose, to fix the ideas, that l x , m,, n } 
are the co-ordinates of a certain point of the substance in its 
altered state, and that l , m, n are proportional to the initial co¬ 
ordinates of the same point of the substance. Then we shall 
have, by the fundamental equations, the expressions for l x , m x , n l 
in terms of l , m, n. Using these in the first members of (14), 
and taking advantage of the abbreviated notation (5), we have 
precisely the same equations for l, m, n as (9) for x, y, z above. 

182. From the preceding analysis it follows that any homo¬ 
geneous strain whatever applied to a body generally changes a 
sphere of the body into an ellipsoid, and causes the latter to 
rotate about a definite axis through a definite angle. In par¬ 
ticular cases the sphere may remain a sphere. Also there 
may be no rotation. In the general case, when there is no 
rotation, there are three directions in the body (the axes of the 
ellipsoid) which remain fixed ; when there is rotation, there 
are generally three such directions, but not rectangular. Some¬ 
times, however, there is but one. 

183. When the axes of the ellipsoid are lines of the body 
whose directions do not change, the strain is said to be pure , 
or unaccompanied by rotation. The strains we have already 
considered were more general than this, being pure strains 
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accompanied by rotation. We proceed to find the analytical Pure strai 
conditions of the existence of a pure strain. 

Let 03, 03 ', 03V be the three principal axes of the strain, 
and let l, m, n, V, m!, n', l ", m", n", 

be their direction cosines. Let a, d, a" be the principal elonga¬ 
tions. Then, if f, £', £" be the position of a point of the un¬ 
altered body, with reference to 03, 03!, 03", its position in 
the body when altered will be a£, a'£', a"£". But if x, y, z be 
its initial, and x j9 y x , z x its final, positions with reference to 
OX, OY, OZ, we have 

£=lx + my + nz, £' = etc., f " = etc.(15), 

and x x = la£ + Z'a'£' + Z"a"£", y x = etc., z x ~ etc. 

For £ £', £" substitute their values (15), and we have x x ,y x ,z x in 
terms of x, y, z, expressed by the following equations :— • 

x 1 —{al 2 4- a'l' 2 + a" l" 2 ) x+ (aim +a7W +a"l"m" )y+(aln 4- dl'n' -f a"l"n") z\ 
y x = (ami -j- drn'V + dm"l")x 4- (am 2 4-a'm' 2 4- a" m" 2 )y+ (amn -f a'mV 4- <x"in"n') z >.(16] 
z 1 = [anl 4* aVZ' 4- a "n"l") x+ (anm 4- a'n'm! + a!'n ,/ m")y+ ( an 3 4- a,V 2 4- a"n" 2 ) z I 

Hence, comparing with (1) of § 181, we have 


[Xx] = aF+aT+a'T*, etc.; 

\Zy\ = [Yz\ = amn 4* a 'mV 4- a"m"n", etc. 


(17). 


In these equations, l, V, l ", m, m f , m", n, n', n", are deducible 
from three independent elements, the three angular co-ordinates 
(§ 100, above) of a rigid body, of which one point is held fixed; 
and therefore, along with a, a', a", constituting in all six in¬ 
dependent elements, may be determined so as to make the six 
members of these equations have any six prescribed values. 
Hence the conditions necessary and sufficient to insure no rotation 


are 

\Zy] = [Yz], [Xz] = [Zx], [Xy] = [r«].(18). 


184. If a body experience a succession of strains, each un- Composi- 
accompanied by rotation, its resulting condition will generally strains. P 
be producible by a strain and a rotation. From this follows 
the remarkable corollary that three pure strains produced one 
after another, in any piece of matter, each without rotation, 
may be so adjusted as to leave the body unstrained, but rotated 
through some angle about some axis. We shall have, later, 
most important and interesting applications to fluid motion, 






PRELIMINARY. 


134 


[184. 



composi- which (YoL il) will be proved to be instantaneously, or dif- 
8 tSSs f . pur ° ferentially, irrotational; but which may result in leaving a 
whole fluid mass merely turned round from its primitive posi¬ 
tion, as if it had been a rigid body. The following elementary 
geometrical investigation, though not bringing out a thoroughly 
comprehensive view ol the subject, affords a rigorous demon¬ 
stration of the proposition, by proving it for a particular case. 

Let us consider, as above (§ 171), a simple shearing motion. 
A point 0 being held fixed, suppose the matter of the body in 
a plane, cutting that of the diagram perpendicularly in CD, to 
move in this plane from right to left parallel to DC; and in 
other planes parallel to it let there be motions proportional to 
their distances from 0. Consider first a shear from P to P ; 
then from P x on to P 2 ; and let 0 be taken in a line through 
0 p a. -rx perpendicular to 
CD. During the shear 
from P to P x a point 
„pj Q moves of course to 
Qi through a distance 
QQ X = PP X . Choose Q midway between P and P v so that 
P X Q = QP = \P X P. Now, as we have seen above (§ 1/2), the 
line of the body, which is the principal axis of contraction in the 
shear from Q to Q x , is OA, bisecting the angle QOE at the be¬ 
ginning, and QA V bisecting QfiE at the end, of the whole 
motion considered. The angle between these two lines is half 
the angle Q x OQ, that is to say, is equal to 1\0Q. Hence, if the 
plane CD is rotated through an angle equal to PfiQ, in the 
plane of the diagram, in the same way as the hands of a watch, 
during the shear from Q to Q x , or, which is the same tiling, the 
shear from P to P x , this shear will be effected without final 
rotation of its principal axes. (Imagine the diagram turned 
round till 0A X lies along OA. The actual and the newly 
imagined position of CD will show how this plane of the body 
has moved during such non-rotational shear.) 

Now, let the second step, P x to P 2 , be made so as to complete 
the whole shear, P to P 2 , which we have proposed to consider. 
Such second partial shear may be made by the common shear¬ 
ing process parallel to the new position (imagined in the preccd- 
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ing parenthesis) of CD , and to make itself also non-rotational, Compow- 
as its predecessor has been made, we mnst turn further round, strains. P 
in the same direction, through an angle equal to QfiP v Thus 
in these two steps, each made non-rotational, we have turned 
the plane CD round through an angle equal to Q x OQ. But now, 
we have a whole shear PP 2 ; and to make this as one non-rota¬ 
tional shear, we must turn CD through an angle PfiP only, 
which is less than QfiQ by the excess of P t OQ above QOP. 

Hence the resultant of the two shears, PP 1? P X P 2 > each sepa¬ 
rately deprived of rotation, is a single shear Pi\, and a rota- - ' ? 
tion of its principal axes, in the direction of the hands of a watch, 
through an angle equal to QOP t — POQ . 

185. Make the two partial shears each non-rotationally. Re¬ 
turn from their resultant in a single non-rotational shear: we 
conclude with the body unstrained, but turned through the angle 
Q0P t -P0Q } in the same direction as the hands of a watch. 
x x = Ax 4- cy + bz 
y x = cx + By + az 
z x = bx + cty + Cz 

is (§ 183) the most general possible expression for the displace¬ 
ment of any point of a body of which one point is held fixed, 
strained according to any three lines at right angles to one 
another, as principal axes, which are kept fixed in direction, 
relatively to the lines of reference OX, 0 Y, OZ. 

Similarly, if the body thus strained be again non-rotationally 
strained, the most general possible expressions for x of y 3 , 
the co-ordinates of the position to which x v y v z x) will be brought, 
are 

x, = A l x > ±c l y i +1^ 

y* = c ,* 1 +A2 /i + V. 

* 3 = Vi + «.y I +C rv 

Substituting in these, for x x , y x , z l9 their preceding expressions, 
in terms of the primitive co-ordinates, x, y, z, we have the follow¬ 
ing expressions for the co-ordinates of the position to which the 
point in question is brought by the two strains ;— 
x 2 = (A x A + c x c 4- b x b) x f {A x c 4* c x B 4- b x a) y + (A x b-h c x a 4- b x C) z 
y 2 = (c x A + B x c 4- a x b) x 4- (c x c +B X B 4- a x a) y 4- (c x b 4- B x a 4- afl) z 
z 2 = (b x A 4- a x c + C x b) x 4- (b x c + a x B-h C x a) y 4- (bfi 4- a x a 4- Cfi) z. 
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The resultant displacement thus represented is not generally of 
the non-rotational character, the conditions (18) of § 183 not 
being fulfilled, as we see immediately. Thus, for instance, we 
see that the coefficient of y in the expression for is not 
necessarily equal to the coefficient of x in the expression for y 2 . 

Cor. —If both strains are infinitely small, the resultant displace¬ 
ment is a pure strain without rotation. For A, B y C, J l9 B v C l 
are each infinitely nearly unity, and a , b , etc., each infinitely 
small. Hence, neglecting the products of these infinitely small 
quantities among one another, and of any of them with the differ¬ 
ences between the former and unity, we have a resultant dis¬ 
placement 

A x Ax + (c + Cj) y + (b + b x )z 
y 2 = ( c i + c ) x ' h +(a+a 1 )z 

z a = (b x + b)c c + (a x + a) y-h Cfiz } 
which represents a pure strain unaccompanied by rotation. 


Displace- 186. The measurement of rotation in a strained elastic solid, 
curve.° f a or in a moving fluid, is much facilitated by considering sepa¬ 
rately the displacement of any line of the substance. We are 
therefore led now to a short digression on the displacement 
of a curve, which may either belong to a continuous solid or 
fluid mass, or may be an elastic cord, given in any position. 
The propositions at which we shall arrive are, of course, appli¬ 
cable to a flexible but inextensible cord (§ 14, above) as a 
particular- case. 

It must be remarked, that the displacements to be considered 
do not depend merely on the curves occupied by the given line 
in its successive positions, but on the corresponding points of 
these curves. 

Tangential What we shall call tangential displacement is to be thus 
ment. reckoned:—Divide the undisplaced curve into an infinite num¬ 

ber of infinitely small equal parts. The sum of the tangential 
components of the displacements from all the points of division, 
multiplied by the length of each of the infinitely small parts, 
is the entire tangential displacement of the carve reckoned along 
the undisplaced curve . The same reckoning carried out in the 
displaced curve is the entire tangential displacement reckoned 
on the displaced curve. 
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187. The whole tangential displacement of a curve reckoned Two reckon* 
along the displaced curve, exceeds the whole tangential dis- gentiaidls' 
placement reckoned along the undisplaced curve by half the SmpSSu 
rectangle under the sum and difference of the absolute terminal 
displacements, taken as positive when the displacement of the 
end towards which the tangential components are if positive * 

exceeds that at the other. This theorem may be proved 
by a geometrical demonstration which the reader may easily 
supply. 

Analytically thus :—Let x, y, z be the co-ordinates of any 
point, P , in the undisplaced curve; x xi y v z x , those of P x the 
point to which the same point of the curve is displaced. Let 
dx, dy, dz be the increments of the three co-ordinates corre¬ 
sponding to any infinitely small arc, ds, of the first; so that 

ds = (dx z + dif+ dz z )%, 


and let corresponding notation apply to the corresponding 
element of the displaced curve. Let 0 denote the angle between 
the line PP X and the tangent to the undisplaced curve through 
P ; so that we have 


^ x—xdx y — 


V_ dy z x -z dz 
ds B ds 9 


where for brevity 

D = {(aj, - x)*+ (y 1 - yj + (z s 
being the absolute space of displacement. Hence 

D cos Ods — (x x — x)dx+ (y x — y) dy + (z x — z) dz. 
Similarly we have 

B cos 6 l ds l = (x x - x) dx x + (y x - y) dy x + (z l - z) dz x , 
and therefore 


B cos 6 ] ds l — B cos Ods = {x x — x)d(x x — x) + {y x — y)d (; y x ~ y) 

+ (z 1 -z)d(z l -z), 

or B cos O x ds x — B cos Ods = d(B' 2 ). 

To find the difference of the tangential displacements reckoned 
the two ways, we have only to integrate this expression. Thus 
we obtain 

jB cos O x ds x - JD cos Ods = \{B ,,Z -B’ 2 ) = £(£" + B') (D" - B f ), 
where B" and B' denote the displacements of the two ends. 
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Tangential 188. The entire tangential displacement of a closed curve 
mffiTa is the same whether reckoned along the undisplaced or the 

closedcurve. ... ■, 

displaced curve. 


189. The entire tangential displacement from one to another 
of two conterminous arcs, is the same reckoned along either as 
along the other. 


"Rotation 190. The entire tangential displacement of a rigid closed 
ciosedcwve. cur ve when rotated through any angle about any axis, is equal 
^ to twice the area of its projection on a plane perpendicular to 
' : the axis, multiplied by the sine of the angle. 

(a) Prop .—The entire tangential displacement round a closed 
curve of a homogeneously strained solid, is equal to 
2(Pz sr + Qp 4- Per ), 

where P, Q, R denote, for its initial position, the areas of its 
projections on the planes YOZ, ZOX , XOY respectively, and 
w, p, or are as follows :— 

P = 1{[Xz] -[&:]} 

' = *{[*■*]-[Xy]}. 


Tangential 
displace¬ 
ment in a 
solid, in 
terms of 
components 
of strain. 


To prove this, let, farther, 

a = \{[Zy\ + [Yz]} 

c = £{[r*] + [Xy]}. 

Thus we have 

x l = Ax + cy + bz 4 cry ~ pz 
y l = cx 4 By 4- az 4 zuz - ax 
z l = bx + ay + Cz 4 px - 'ury. 

Hence, according to the previously investigated expression, we 
have, for the tangential displacement, reckoned along the undis¬ 
placed curve, 


/{(* 1 ~x)dx + (y l - y) dy 4 (s l - z) elz } 

- 1 )x 2 +(B- 1) y 2 + (C - 1) s 2 + 2 (ayz 4 bzx 4 cxy)) 
4 w (;ydz - zdy) 4 p (zclx - xdz) 4 cr {xdy — ydx)\ 

The first part, fid{ }, vanishes for a closed curve. 
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The remainder of the exjnession is 

wf(ydz — zdy) + p f(zdx — xdz) 4- erf (xdy - ydx ), 
which, according to the formulae for projection of areas, is 
4° 2Psr + 2Qp 4- 2 Ecr. 


Tangential 
displace¬ 
ment in a 
solid, in 


- terms of 
equal components 
of strain. 


For, as in § 36 (a), we have in the plane of xy 
j (xdy - ydx) = fr a dd, 

double the area of the orthogonal projection of the curve on that 
plane; and similarly for the other integrals. 

(b) From this and § 190, it follows that if the body is rigid, 
and therefore only rotationally displaced, if at all, [Zy] — [Yz] 
is equal to twice the sine of the angle of rotation multiplied by 
the cosine of the inclination of the axis of rotation to the line 
of reference OX. 

(c) And in general [Zy] - [Yz] measures the entire tangential 
displacement, divided by the area on ZO Y, of any closed curve 
given, if a plane curve, in the plane YOZ } or, if a tortuous curve, 
given so as to have zero area projections on ZOX and XOY. 
The entire tangential displacement of any closed curve given in 
a plane, A, perpendicular to a line whose direction cosines are 
proportional to zsr, p, or, is equal to twice its area multiplied by 
J(ns 2 + p 2 + cr 2 ). And the entire tangential displacement of any 
closed curve whatever is equal to twice the area of its projection 
on A , multiplied by J(m 2 4- p 2 4- or 2 ). 

In the transformation of co-ordinates, p, cr transform by the 
elementary cosine law, and of course w 2 + p 2 4- or is an invariant; 
that is to say, its value is unchanged by transformation from one 
set of rectangular axes to another. 

(d) In non-rotational homogeneous strain, the entire tangential 
displacement along any curve from the fixed point to (x } y, z) } 
reckoned along the undisplaced curve, is equal to 

1{(A - 1) x 2 + (B - 1) y 2 + (C - I) z 2 + 2 (ayz + bzx + cxy)). 
Reckoned along displaced curve, it is, from this and § 187, 

- 1) x 2 + (B - 1) ?/ + (0 - 1) z* + 2 (ayz + bzx + cxy)] 

+ £{[(-4 - 1) x + cy 4- bz\ 2 + [cx + (B— 1) y + az] 2 

+ \bx + ay+ (C'-IH 2 }. 

And the entire tangential displacement from one point along 
any curve to another point, is independent of the curve, i.e., 
is the same along any number of conterminous curves, this of 
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course whether reckoned in each case along the undisplaced or 
along the displaced curve. 

(e) Given the absolute displacement of every point, to find the 
strain. Let a, /3, y, be the components, relative to fixed axes, 
OX, OT, OZ, of the displacement of a particle, P, initially in 
the position x, y, z. That is to say, let x + a, y + z + y be the 
co-ordinates, in the strained body, of the point of it which was 
initially at x, y , 2 . 

Consider the matter all round this point in its first and second 
positions. Taking this point P as moveable origin, let f, tj, £ 
be the initial co-ordinates of any other point near it, and £ 1? £ i 
the final co-ordinates of the same. 

The initial and final co-ordinates of the last-mentioned point, 
with reference to the fixed axes OX, OT, OZ, will be 
a + & y + ih «+£ 

and aj + a+fj, + «+y + ^ l? 

respectively; that is to say, 

a + P + Th-y* y+£i-£ 

are the components of the displacement of the point which had 
initially the co-ordinates as+ £, y + rj, z + £, or, which is the same 
thing, are the values of a, ft, y, when x , y, z are changed into 

a + & y + y, « + £ 

Hence, by Taylor’s theorem, 


da . da da 9 


d/3 . d/3 d/3 , 




the higher powers and products of f, rj, £ being neglected. Com¬ 
paring these expressions with (1) of § 181, we see that they ex¬ 
press the changes in the co-ordinates of any displaced point of 
a body relatively to three rectangular axes in fixed directions 
through one point of it, when all other points of it are displaced 
relatively to this one, in any manner subject only to the con¬ 
dition of giving a homogeneous strain. Hence we perceive that 
at distances all round any point, so small that the first terms 
only of the expressions by Taylor’s theorem for the differences of 
displacement are sensible, the strain is sensibly homogeneous, 
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and we conclude that the directions of the principal axes of the Hetero- 
strain at any point (x, y, z), and the amounts of the elongations strain^ 
of the matter along them, and the tangential displacements in 
closed curves, are to he found according to the general methods 
described above, by taking 

+ [X»]=|, [*.]-£, 

m-g, m-%, ra-g+i- 

If each of these nine quantities is constant (i.e., the same for all Hom °- 
... v geneous 

values of x, y, z), the strain is homogeneous : not unless. strain. 

(/) The condition that the strain may be infinitely small is that smaTiatmm. 
da da da 
dx 9 dy 9 dz 1 

d/3 d/3 d/3 
dx ’ ~dy 9 dz 9 

dy dy dy 
dx * dy J dz 9 


must be each infinitely small. 

(g) These formulae apply to the most general possible motion Most 
of any substance, and they may be considered as the fundamental twrrof 1 
equations of kinematics. If we introduce time as independent matter * 
variable, we have for component velocities u, v, w, parallel to 
the fixed axes OX, OY, OZ, the following expressions; x, y, z, t 
being independent variables, and a, (3, y functions of them :— 


da 

''dt : 


dp dy 

= — w — — 


dt 


dt ‘ 


(h) If we introduce the condition that no line of the body ex¬ 
periences any elongation, we have the general equations for the 

kinematics of a rigid body, of which, however, we have had Change of 
° ^ \ ... position of a 

enough already. The equations of condition to express this rigid body. 


da 

will be six in number, among the nine quantities , etc., which 


( g ) are, in this case, each constant relatively to x, y, z. There 
are left three independent arbitrary elements to express any 
angular motion of a rigid body. 
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(i) If the disturbed condition is so related to the initial con¬ 
dition that every portion of the body can pass from its initial to 
its disturbed position and strain, by a translation and a strain 
without rotation; i.e., if the three principal axes of the strain at 
any point are lines of the substance which retain their parallelism, 
we must have, § 183 (18), 

d/3 dy dy _ da da _ d/3 _ 
dz ~ dy ’ dx dz 9 dy dx 9 

and if these equations are fulfilled, the strain is non-rotational, as 
specified. But these three equations express neither more nor 
less than that ac [ x + pfy + ydz 

is the differential of a function of three independent variables. 
Hence we have the remarkable proposition, and its converse, that 
if F (x, y, z) denote any function of the co-ordinates of any point 
of a body, and if every such point be displaced from its given 
position (Xj y, z) to the point whose co-ordinates are 


05 . = 35 + 


dF 
dx 9 


dF dF 

*‘=* + -a s - 


(i), 


the principal axes of the strain at every point are lines of the 
substance which have retained their parallelism. The displace¬ 
ment back from (x x , y l? z x ) to ([x , y, z) fulfils the same condition, 
and therefore we must have 


x 


-x, + 


dF\ 
dx , 


y=Vi + 




JI<\ 


( 2 ), 


where F x denotes a function of x v y 17 z x , and - etc., its 

c x i 

partial differential coefficients with reference to this system of 
variables. The relation between F and F x is clearly 


F+F x - - \D' 2 


( 3 ), 


where T) 2 = 


dF 2 dUF 
dx 2 dy 2 


dF 2 
dz 2 


dFJ dF; rU\* 
du 7 + c/y/ + «fc,* 


(4). 


This, of course, may be proved by ordinary analytical methods, 
applied to find x , y, z in terms of x , y x , z x , when the latter are 
given by (1) in terms of the former. 

(j) Bet a, /?, y be any three functions of x, y, 2 . Let dS be 
any element of a surface; l , m, n the direction cosines of its 
normal. 
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TU„ //«{((|-f) + „(|-|) + »(|-|)} 

= + fidy + ydz) .(5), 

the former integral being over any curvilinear area bounded by a 
closed curve ; and the latter, which may be written 


Hetero¬ 

geneous 

strain. 





being round the periphery of this curve line*. To demonstrate 
this, begin with the part of the first member of (5) depending on 
a; that is 



and to evaluate it divide S into bands by planes parallel to ZO 7, 
and each of these bands into rectangles. The breadth at x, y, z, 

1 1 dx 

of the band between the planes x-^dx and x + ^ dx is ——-r. if 0 

2 2 sin 6 

denote the inclination of the tangent plane of S to the plane x. 
Hence if ds denote an element of the curve in which the plane 
x cuts the surface S, we may take 

dS = —r—Tj dx ds . 
sin 6 


And we have l = cos 0 , and therefore may put 
m = sin 0 cos <f>, n = sin 0 sin <£. 

Hence 

JfdS (m d ~~ = fjdx ds (cos 6 sin <*> J) 

--ffdxds~ = fadx. 

The limits of the $ integration being properly attended to we see 
that the remaining integration, Jadx, must be performed round 
the periphery of the curve bounding S. By this, and correspond¬ 
ing evaluations of the parts of the first member of (5) depending 
on /3 and y, the equation is proved. 


* This theorem was given by Stokes in his Smith’s Prize paper for 1854 
(Cambridge University Calendar, 1854). The demonstration in the text is an 
expansion of that indicated in our first edition. A more synthetical proof is 
given in § 69 (q) of Sir W. Thomson’s paper on “ Yortex Motion,” Trans. R. S. E. 
1869. A thoroughly analytical proof is given by Prof. Clerk Maxwell in his 
Electricity and Magnetism (§ 24). 
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(Ij It is remarkable that 



is the same for all surfaces having common curvilinear boundary; 
and when a, /?, y are the components of a displacement from x, y, z, 
it is the entire tangential displacement round the said curvi¬ 
linear boundary, being a closed curve. It is therefore this that is 
nothing when the displacement of every part is non-rotational. 
And when it is not nothing, we see by the above propositions and 
corollaries precisely what the measure of the rotation is. 

• ( l ) Lastly , ¥e see what the meaning, for the case of no rota¬ 
tion, of / (adx + fidy + ydz), or, as it has been called, “ the dis¬ 
placement function,” is. It is, the entire tangential displacement 
along any curve from the fixed point 0, to the point P (cc, y, z). 
And the entire tangential displacement, being in this case the 
same along all different curves proceeding from one to another 
of any two points, is equal to the difference of the values of the 
displacement functions at those points. 

191. As there can be neither annihilation nor generation 
of matter in any natural motion or action, the whole quantity 
of a fluid within any space at any time must be equal to the 
quantity originally in that space, increased by the whole quan¬ 
tity that has entered it and diminished by the whole quantity 
that has left it. This idea when expressed in a perfectly com¬ 
prehensive manner for every portion of a fluid in motion con¬ 
stitutes what is called the “equation of continuity” an unhappily 
chosen expression. 

192. Two ways of proceeding to express this idea present 
themselves, each affording instructive views regarding the pro¬ 
perties of fluids. In one we consider a definite portion of the 
fluid; follow it in its motions ; and declare that the average 
density of the substance varies inversely as its volume. We 
thus obtain the equation of continuity in an integral form. 

Let a, b , c be the co- ordinates of any point of a moving fluid, 
at a particular era of reckoning, and let cc, y, z be the co-ordinates 
of the position it has reached at any time t from that era. To 
specify completely the motion, is to give each of these three vary¬ 
ing co-ordinates as a function of a, b, c, t. 
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Let 8a, 8b, 8c denote the edges, parallel to the axes of co-ordi- Integral 
nates, of a very small rectangular parallelepiped of the fluid, when conSnuityf 
t = 0. Any portion of the fluid, if only small enough in all its 
dimensions, must (§ 190, e), in the motion, approximately fulfil 
the condition of a body uniformly strained throughout its volume. 

Hence if 8a, 8b, 8c are taken infinitely small, the corresponding 
portion of fluid must (§ 1 56) remain a parallelepiped during the 
motion. 

If a, b, c be the initial co-ordinates of one angular point of this 
parallelepiped : and a+8a, b, c; a, b + 8b, c ; a, b, c + 8c ; those 
of the other extremities of the three edges that meet in it: the 
co-ordinates of the same points of the fluid at time t, will be 


x,y,z\ 

dx * d.y dz . 

x + -r- ha, y -f- ba, z+y-Sa; 
da da da 


dx w dy dz 

x+ M Sb ’ y+ db Sb ’ * + rd b '> 


dx dy dz . 

■ - 7 - 8c, y + — 8c, 34 -r 8 c. 

dc dc ’ dc 


Hence the lengths and direction cosines of the edges are re¬ 
spectively— 

dx 

fdscr_ A dy\ dz 2 \l s dxt + 

W da* + daV + C ‘ 

\dar da 2 day 


( dx 1 dy 2 dz 2 \i . 

W + + MV h > ’ 


/dx 2 dy* dz 2 \ l » 

w + 5?' + 


dx 

db 

dor " dy d^d ’‘ 
db 2 + db' 2 + dir) 


dx 

dc _ 

' dx 2 dy 2 dz 2 \ l ' 

M + 5? + dJ) 


The volume of this parallelepiped is therefore 

'dxdydz dxdy dz dxdydz dxdydz dxdydz dxdydz\~ 

jdadbdc da dc db + dhde da dbdadc dedadb drdbda) a ° 
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or, as it is now usually written, 


dx 

dy 

dz 

Id 7 

da 7 

da 

dx 

dy 

dz 

db 7 

db 7 

db 

dx 

dy 

dz 

Id 7 

dc 7 

dc 


SaSbBc. 


Now as there can be neither increase nor diminution of the 
quantity of matter in any portion of the fluid, the density, or the 
quantity of matter per unit of volume, in the infinitely small por¬ 
tion we have been considering, must vary inversely as its volume 
if this varies. Hence, if p denote the density of the fluid in the 
neighbourhood of (r, y, z) at time t, and p 0 the initial density, 
we have 


dx 

dy 

dz 

Id 7 

da ’ 

da 

dx 

dy 

dz 

db 7 

db ’ 

db 

dx 

dy 

dz 

Id 7 

dc ’ 

dc 


which is the integral “ equation of continuity.” 


193. The form under which the equation of continuity is 
most commonly given, or the differential equation of continuity, 
as we may call it, expresses that the rate of diminution of the 
density bears to the density, at any instant, the same ratio as 
the rate of increase of the volume of an infinitely small portion 
bears to the volume of this portion at the same instant. 

To find it, let a, b, c denote the co-ordinates, not when t = 0, 
but at any time t — dt , of the point of fluid whose co-ordinates 
are x, y, z at t; so that we have 


dx . _ dij _ 

- a= dt ,lt ’ v- h -dt dt ' 


dz 

dt 


dt , 


according to the ordinary notation for partial differential co¬ 
efficients ) or, if we denote by u , v, w, the components of the 
velocity of this point of the fluid, parallel to the axes of co¬ 
ordinates, 


x-a ~ ndt, y—b- vdt, z-c- wdt. 




KINEMATICS. 


147 


193.] 


Hence 


dw 

d^ lU > 

~ dw 

r= db dt > 

- dw _ 

= 1 + -y-<r&: 

dc, 

and, as we must reject all terms involving higher powers of dt 
than the first, the determinant becomes simply 


dx 

.1 + 

du 

—— dt. 

dy 

dv 

dt, 

dz 

da 

da ’ 

da 

da 

da 

o| 8 

du 
= db 

dt , 

ii 

^3 1^3 

: 1 + 

dv 7 
db dt ’ 

dz 

db 

dx 

du 

dt , 

dy_ 

dv 

dt, 

dz 

dc 

dc 


dc 

do 

dc 


fdu 

1 + 1 


dv dw 

"db + Tc 


dt . 


This therefore expresses the ratio in which the volume is aug¬ 


mented in 
density is 


time dt The corresponding ratio of variation of 


1 + 


Dp 


if Dp denote the differential of p, the density of one and the same 
portion of fluid as it moves from the position (a, b, c) to (x, y, z) 
in the interval of time from t - dt to t Hence 

dv dw 


1 Dp du 
p dt da 


*db + 


dc 


= 0 . 


,(i). 


Here p, u, v, w are regarded as functions of a , b, c, and t } and 


the variation of p implied in 


f- is the rate of the actual variation 
dt 

of the density of an indefinitely small portion of the fluid as it 
moves away from a fixed position (a, b,.c). If we alter the 
principle of the notation,- and consider p as the density of what¬ 
ever portion of the fluid is at time t in the neighbourhood of the 
fixed point (a, b , c), and u, v , w the component velocities of the 
fluid passing the same point at the same time, we shall have 

^ = ^ +u ^ +v d f r+w ^ .( 2 ). 

at dt da db do 

Omitting again the suffixes, according to the usual imperfect 
notation for partial differential co-efficients, which on our new 
understanding can cause no embarrassment, we thus have, in 
virtue of the preceding equation, 

1 f dp dp dp dp\ da dv dw 

— I —T- + U -J -1- V ~jr + to J ) + 7 " + ~fT + • 

p \dt da db doj 


da db dc 


= 0 : 


or. 


dp 

dt 


d (pn) ^ d ( pv) + d (pio) _ 


da 


db 


dc 


( 3 ), 
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which is the differential equation of continuity, in the form in 
which it is most commonly given. 


194. The other way referred to above (§ 192) leads im¬ 
mediately to the differential equation of continuity. 

Imagine a space fixed in the interior of a fluid, and consider 
the fluid which flows into this space, and the fluid which flows 
out of it, across different parts of its bounding surface, in any 
time. If the fluid is of the same density and incompressible, 
the whole quantity of matter in the space in question must re¬ 
main constant at all times, and therefore the quantity flowing 
in must be equal to the quantity flowing out in any time. If, 
on the contrary, during any period of motion, more fluid enters 
than leaves the fixed space, there will be condensation of 
matter in that space; or if more fluid leaves than enters, there 
will be dilatation. The rate of augmentation of the average 
density of the fluid, per unit of time, in the fixed space in 
question, bears to the actual density, at any instant, the same 
ratio that the rate of acquisition of matter into that space bears 
to the whole matter in that space. 

Let the space S be an infinitely small parallelepiped, of which 
the edges a, /?, y are parallel to the axes of co-ordinates, and let 
x , y, z be the co-ordinates of its centre; so that x ± i a , y =t I./?, 


yare the co-ordinates of its angular points. Let p be the 
density of the fluid at (x, y, z), or the mean density through the 
space S, at the time t. The density at the time t + dt will be 

p + Jr ^ > and kence the quantities of fluid contained in the 


space S, at the times t, and t + dt , are respectively pa/3y and 
(p + afiy. Hence the quantity of fluid lost (there will of 

course be an absolute gain if ^ be positive) in the time dt is 


-ft a ^ (U .(4 

Now let it, v , w be the three components of the velocity of the 
fluid (or of a fluid particle) at P. These quantities will be func- 
steady tions of tc, y, z (involving also t , except in the case of “ steadv 

defined. motion ), and will m general vary gradually from point to point 

of the fluid; although the analysis which follows is not restricted 
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by tlxis consideration, but holds even in cases where in certain 
places of the fluid there are abrupt transitions in the velocity, 
as may be seen by considering them as limiting cases of motions 
in which there are very sudden continuous transitions of velocity. 
If o> be a small plane area, perpendicular to the axis of x, and 
having its centre of gravity at P, the volume of fluid which 
flows across it in the time dt will be equal to uwdt, and the 
mass or quantity will be pumdt. If we substitute fiy for co, 
the quantity which flows across either of the faces /3 , y of the 
parallelepiped S, will differ from this only on account of the 
variation in the value of pu; and therefore the quantities which 
flow across the two sides j3y are respectively 


and 


< pu - £ a 


! pu -f J a 


d (pu)' 
dx 

d (pu) 
dx 


'}« 

] y y dt. 


jl(pu) p _ 7l d{pv) 


Hence a ^-~^-/3ydt, or ~^~a/3ydt, is the excess of the quantity 

of fluid which leaves the parallelepiped across one of the faces 
f3y above that which enters it across the other. By considering 
in addition the effect of the motion across the other faces of the 
parallelepiped, we find for the total quantity of fluid lost from the 
space S, in the time dt, 

j^ + d(pvl + d{pw)) . 

( dx dy dz ) 1 

Equating this to the expression (a), previously found, we have 

and we deduce 


•(4)j 


d (pu) + d jpv) + d(pw) + dp = 0 

dx dy dz dt 
which is the required equation. 

195. Several references have been made in preceding 
sections to the number of independent variables in a dis¬ 
placement, or to the degrees of freedom or constraint under 
which the displacement takes place. It may be well, there¬ 
fore, to take a general view of this part of the subject by 
itself. 


Freedom 
and con¬ 
straint. 





Df a point. 


>f a rigid 
>o<ly. 
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196. A free point has three degrees of freedom, inasmuch 
as the most general displacement which, it can take is re¬ 
solvable into three, parallel respectively to any three directions, 
and independent of each other. It is generally convenient to 
choose these three directions of resolution at right angles to 
one another. 

If the point he constrained to remain always on a given 
surface, one degree of constraint is introduced, or there are 
left but tiro degrees of freedom. For we may take the 
uorrnal to the surface as one of three read angular directions of 
resolution. No displacement can he effected parallel to it: 
and the other two displacements, at right angles to each other, 
in the tangent plane to the surface, are independent. 

If the point be constrained to remain on each of two sur¬ 
faces, it loses two degrees of freedom, and there is left but 
one. In fact, it is constrained to remain on the curve which 
is common to both surfaces, and along a curve there is at each 
point but one direction of displacement. 

197. Taking next the case of a free rigid body, wc have 
evidently six degrees of freedom to consider —three inde¬ 
pendent translations in rectangular directions as a point has, 
and throe independent rotations about three mutually rect¬ 
angular axes. 

If it have one point fixed, it loses three degrees of freedom; 
in fart, if. has now only flat rotations just, mentioned. 

If a second point be fixed, the body loses tiro more degrees 
of freedom, and keeps only one. freedom to rotate about the 
line joining the two fixed points. See § 1 02 above. 

If a. third point, not in a line with the other two, be fixed, 
the hody is fixed. 

198. If a rigid body is fbrood to touch a smooth surface, 
one degree of fYoodom is lost.; there remain five, two dis¬ 
placements parallel to the tangent plain 1 to the surface, and 
three rotations. As a degree ot treodom is lost by a constraint 
of the. body to touch a smooth surface, six such conditions 
completely determine the position of the body. Thus if six 
points on the barrel end slock of a rifle rest on six convex 
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portions of the surface of a fixed rigid body, the rifle may be 
placed, and replaced any number of times, in precisely the 
same position, and always left quite free to recoil when fired, 
for the purpose of testing its accuracy. 

A fixed Y under the barrel near the muzzle, and another 
under the swell of the stock close in front of the trigger-guard, 
give four of the contacts, bearing the weight of the rifle. A 
fifth (the one to be broken by the recoil) is supplied by a 
nearly vertical fixed plane close behind the second Y, to be 
touched by the trigger-guard, the rifle being pressed forward 
in its Y’s as far as this obstruction allows it to go. This 
contact may be dispensed with and nothing sensible of accuracy 
lost, by having a mark on the second V, and a corresponding 
mark on barrel or stock, and sliding the barrel backwards or 
forwards in the V’s till the two marks are, as nearly as can 
be judged by eye, in the same plane perpendicular to the 
barrel’s axis. The sixth contact may be dispensed with by 
adjusting two marks on the heel and toe of the butt to be 
as nearly as need be in one vertical plane judged by aid of 
a plummet. This method requires less of costty apparatus, 
and is no doubt more accurate and trustworthy, and more 
quickly and easily executed, than the ordinary method of 
clamping the rifle in a massive metal cradle set on a heavy 
mechanical slide. 

A geometrical clamp is a means of applying and main¬ 
taining six mutual pressures between two bodies touching 
one another at six points. 

A “geometrical slide” is any arrangement to apply five 
degrees of constraint, and leave one degree of freedom, to 
the relative motion of two rigid bodies by keeping them 
pressed together at j ust five points of their surfaces.. 

Ex. 1. The transit instrument would be an instance if 
one end of one pivot, made slightly convex, were pressed 
against a fixed vertical end-plate, by a spring pushing at 
the other end of the axis. The other four guiding points are 
the points, or small areas, of contact of the pivots on the Y’s. 

Ex. 2. Let two rounded ends of legs of a three-legged 
stool rest in a straight, smooth, Y-shaped canal, and the third 
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on a smooth horizontal plane*. Gravity maintains positive 
determinate pressures on the five bearing points; and there 
is a determinate distribution and amount of friction to be 
overcome, to produce the rectilineal translational motion thus 
accurately provided for. 

Cxjiinpir of Ex. 3. Let only one of the feet rest in a V canal, and let 
lamp. another rest in a trihedral hollo wf in line with the canal, the 
third still resting on a horizontal plane. There are thus six 
bearing points, one on the horizontal plane, two on the sides of 
the canal, and three on the sides of the trihedral hollow: and 
the stool is fixed in a determinate position as long as all these 
six contacts are unbroken. Substitute for gravity a spring, 
or a screw and nut (of not infinitely rigid material), binding 
the stool to the rigid body to which these six planes belong. 
Thus we have a “geometrical clamp,” which clamps two bodies 
together with perfect firmness in a perfectly definite position, 

* Thomson’s reprint of Electrostatics and Magnet ism , § IMG. 

f A conical hollow is more easily made (as it can he bored out at once by an 
ordinary drill), and fulfils nearly enough for most practical applications the 
geometrical principle. A conical, or otherwise rounded, hollow is touched at 
three points hy knobs or ribs projecting from a round foot resting in it, and 
thus again the geometrical principle is rigorously fulfilled. The virtue of the 
geometrical principle is well illustrated hy its possible violation in this very 
ease. Suppose the hollow to have been drilled out not quite “true,” and 
instead of being a circular cone to have slightly elliptic horizontal sections:— 
A hemispherical foot will not rest steadily in it, hut will ho liable to a slight 
horizontal displacement in the, direction parallel to the major axes of the 
elliptic sections, besides the legitimate rotation round any axis through the 
centre of the hemispherical surface: in fact, on this supposition there are just 
two points of contact of the foot in tin* hollow instead of three. When the foot 
and hollow are large enough in any particular case, to allow the possibility of 
this defect to he of moment, it is to he obviated, not hy any vain attempt to 
turn the hollow and the foot each perfectly “ true even if this could be done 
tbe desired result would be lost by the smallest particle of matter such as a 
chip of wood, or a fragment of paper, or a hair, getting into the hollow when, 
at any time in the use of tin* instrument, the foot is taken out and put in again. 
Outlie contrary, tin* true geometrical method, (of which the general principle 
was taught to one of us hy the late Professor Willis thirty years ago,) is to 
alter one or other of the, two surfaces so as to render it manifestly not a figure 
* of revolution, thus: - Roughly tile three round notches in the hollow so as to 

render it something between a trihedral pyramid and a circular cone, leaving 
the foot approximately round ; or else roughly file at three, places of the rounded 
foot so that horizontal sections through and a little above and below the points 
of contact may he (roughly) equilateral triangles with rounded corners. 
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without the aid of friction (except in the screw, if a screw Example of 
is used); and in various practical applications gives very cfamp. tncal 
readily and conveniently a more securely firm connexion by 
one screw slightly pressed, than a clamp such as those com¬ 
monly made hitherto by mechanicians can give with three 
strong screws forced to the utmost. 

Do away with the canal and let two feet (instead of only one') Example of 

j j geometrical 

rest on the plane, the other still resting in the conical hollow. slide - 
The number of contacts is thus reduced to five (three in the 
hollow and two on the plane), and instead of a “clamp” we 
have again a slide. This form of slide,—a three-legged stool 
with two feet resting on a plane and one in a hollow,—will 
be found very useful in a large variety of applications, in which 
motion about an axis is desired when a material axis is not 
conveniently attainable. Its first application was to the 
“ azimuth mirror,” an instrument placed on the glass cover of 
a mariner’s compass and used for taking azimuths of sun or 
stars to correct the compass, or of landmarks or other terrestrial 
objects to find the ship’s position. It has also been applied to 
the “ Deflector,” an adjustible magnet laid on the glass of the 
compass bowl and used, according to a principle first we believe 
given by Sir Edward Sabine, to discover the “semicircular” 
error produced by the ship’s iron. The movement may be 
made very frictionless when the plane is horizontal, by weight¬ 
ing the moveable body so that its centre of gravity is very nearly 
over the foot that rests in the hollow. One or two guard feet, 
not to touch the plane except in case of accident, ought to be 
added to give a broad enough base for safety. 

The geometrical slide and the geometrical clamp have both 
been found very useful in electrometers, in the “siphon re¬ 
corder,” and in an instrument recently brought into use for 
automatic signalling through submarine cables. An infinite 
variety of forms may be given to the geometrical slide to suit 
varieties of application of the general principle on which its 
definition is founded. 

An old form of the geometrical clamp, with the six pressures 
produced by gravity, is the three V grooves on a stone slab 
bearing the three legs of an astronomical or magnetic instru- 
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E*.mpieofment. It is not generally however so " well-conditioned 1 ” as 
cafsifde!" the trihedral hole, the V groove, and the horizontal plane 
contact, described above. 

Tor investigation of the pressures on the contact surfaces 
of a geometrical slide or a geometrical clamp, see § 551, below. 

There is much room for improvement by the introduction of 
geometrical slides and geometrical clamps, in the mechanism 
of mathematical, optical, geodetic, and astronomical instru¬ 
ments : which as made at present are remarkable for disregard 
of geometrical and dynamical principles in their slides, mi¬ 
crometer screws, and clamps. Good workmanship cannot com¬ 
pensate for bad design, whether in the safety-valve of an iron¬ 
clad, or the movements and adjustments of a theodolite. 

199. If one point be constrained to remain in a curve, there 
remain four degrees of freedom. 

If two points be constrained to remain in given curves, there 
are four degrees of constraint, and we have left two degrees of 
freedom. One of these may be regarded as being a simple 
rotation about the line joining the constrained points, a motion 
which, it is clear, the body is free to receive. It may be shown 
that the other possible motion is of the most general character 
for one degree of freedom; that is to say, translation and rota¬ 
tion in any fixed proportions as of the nut of a screw. 

If one line of a rigid system be constrained to remain parallel 
to itself, as, for instance, if the body be a three-legged stool 
standing on a perfectly smooth board fixed to a common window, 
sliding in its frame with perfect freedom, there remain three 
translations and one rotation. 

But we need not further pursue this subject, as the number 
of combinations that might be considered is endless; and 
those already given suffice to show how simple is the determi¬ 
nation of the degrees of freedom or constraint in any case that 
may present itself. 

One degree 200. One degree of constraint, of the most general character, 

of con- . _ . . ° 

straintof is not producible by constraining one point of the body to a 

the most x . . . . . c . A _ „ J , 

character curve sur * ace > but it consists m stopping one line of the body 
from longitudinal motion, except accompanied by rotation round 
this line, in fixed proportion to the longitudinal motion, and 
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leaving unimpeded every other motion : that is to say, free 
rotation about any axis perpendicular to this line (two degrees of 
freedom); and translation in any direction perpendicular to the 
same line (two degrees of freedom). These four, with the one 
degree of freedom to screw, constitute the five degrees of freedom, 
which, with one degree of constraint, make up the six elements. 

Kemark that it is only in case ( l) below (§ 201) that there is 
any point of the body which cannot move in every direction. 

201. Let a screw be cut on one shaft, A, of a Hooke’s joint, and Mechanics 
let the other shaft, L, be joined to a fixed shaft, B , by a second 
Hooke’s joint. A nut, N, turning on A, has the most general 
kind of motion admitted by one degree of constraint; or 
it is subjected to just one degree of constraint of the most 
general character. It has five degrees of freedom; for it may 
move, 1st, by screwing on A, the two Hooke’s joints being 
at rest; 2d, it may rotate about either axis of the first Hooke’s 
joint, or any axis in their plane (two more degrees of freedom: 
being freedom to rotate about two axes through one point); 

3 d, it may, by the two Hooke’s joints, each bending, have 
irrotational translation in any direction perpendicular to the 
link, L, which connects the joints (two more degrees of freedom). 

But it cannot have a translation parallel to the line of the 
shafts and link without a definite proportion of rotation round 
this line; nor can it have rotation round this line without a 
definite proportion of translation parallel to it. The same 
statements apply to the motion of B if N is held fixed; but it 
is now a fixed axis, not as before a moveable one round which 
the screwing takes place. 

No simpler mechanism can be easily imagined for producing 
one degree of constraint, of the most general kind. 

Particular case (a ).—Step of screw infinite (straight rifling), 
i.e the nut may slide freely, but cannot turn. Thus the 
one degree of constraint is, that there shall be no rotation about 
a certain axis, a fixed axis if we take the case of JSf fixed and B 
moveable. This is the kind and degree of freedom enjoyed 
by the outer ring of a gyroscope with its fly-wheel revolving 
infinitely fast. The outer ring, supposed taken off its stand, 
and held in the hand, cannot revolve about an axis perpen- 
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dicular to the plane of the inner ring* but it may revolve 
freely about either of two axes at right angles to this, namely, 
the axis of the fly-wheel, and the axis of the inner ring 
relative to the outer; and it is of course perfectly free to 
translation in any direction. 

Particular case (5).—Step of the screw =0. In this case 
the nut may run round freely, but cannot move along the axis 
of the shaft. Hence the constraint is simply that the body 
can have no translation parallel to the line of shafts, but may 
have every other motion. This is the same as if any point of the 
body in this line were held to a fixed surface. This constraint 
may be produced less frictionally by not using a guiding sur¬ 
face, but the link and second Hooke’s joint of the present 
arrangement, the first Hooke’s joint being removed, and by 
pivoting one point of the body in a cup on the end of the 
link. Otherwise, let the end of the link be a continuous 
surface, and let a continuous surface of the body press on it, 
rolling or spinning when required, but not permitted to slide. 


A single degree of constraint is expressed by a single equation 
among the six co-ordinates specifying the position of one rigid 
body, relatively to another considered fixed. The effect of this 
on the body in any particular position is to prevent it from getting 
out of this position, except by means of component velocities (or 
infinitely small motions) fulfilling a certain linear equation among 
themselves. 


Thus if -zu-j, cr 3 , 


ar (J , be the six co-ordinates, and 


F{zs x .) = 0 the condition; then 

dF , 


Sw, + . 


clm l 

is the linear equation which guides the motion through any par¬ 
ticular position, the special values of z oq, zer t> , zn v etc., for the 

particular position, being used in ~, —■-, &o. 

dzu^ 

Now, whatever may be the co-ordinate system adopted, we may, 
it we please, reduce this equation to one between three velocities 
of translation u, v, w, and three angular velocities zu, p, cr. 


* “ The plane of the inner ring” is the plane of the axis of the fly-wheel 
and of the axis of the inner ring by which it is pivoted on the outer ring. 
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Let this equation be 

Au + Bv + Cw + A!ts + B'p + C'o = 0. 
This is equivalent to the following :— 
q + ao) = 0 , 


One degree 
of con¬ 
straint 
expressed 
analyti¬ 
cally. 


if q denote the component velocity along or parallel to the line 
whose direction cosines are proportional to 
A, B, C, 

w the component angular velocity round an axis through the 
origin and in the direction whose direction cosines are propor¬ 
tional to A', B', C f , 


and lastly, 


/A' 2 -4- B' 2 + C' 2 

V A* + 1F + C* ' 


It might be supposed that by altering the origin of co-ordinates 
we could do away with the angular velocities, and leave only a 
linear equation among the components of translational velocity. 
It is not so; for let the origin be shifted to a point whose co¬ 
ordinates are £, rj, £. The angular velocities about the new axes, 
parallel to the old, will be unchanged; but the linear velocities 
which, in composition with these angular velocities about the 
new axes, give tar, p, cr, u, v, w, with reference to the old, are 
(§ 39 ) 

U — <T7) + p£ = u\ 

v — zzt, + < t £ = 
w - pi 4- mrj = w. 

Hence the equation of constraint becomes 

Au' + Bv + Cw + (A f + B£ - Crf) tzr + etc. = 0 . 

Now we cannot generally determine f, rj, £, so as to make cr, 
etc., disappear, because this would require three conditions, 
whereas their coefficients, as functions of f, rj, £, are not in¬ 
dependent, since there exists the relation 

A {Bt — Cr}) + B (C£ - At) + C f Ar) - JBQ = 0. 

The simplest form we can reduce to is 

Iv! + mv 4 nvrf + a (fe + nip + no) — 0, 

that is to say, every longitudinal motion of a certain axis must be 
accompanied by a definite proportion of rotation about it. 


202 . These principles constitute in reality part of the general 
theory of “ co-ordinates” in geometry. The three co-ordinates 
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of either of the ordinary systems, rectangular or polar, required 
to specify the position of a point, correspond to the three 
degrees of freedom enjoyed by an unconstrained point. The 
most general system of co-ordinates of a point consists of 
three sets of surfaces, on one of each of which it lies. When 
one of these surfaces only is given, the point may be any¬ 
where on it, or, in the language we have been using above, it 
enjoys two degrees of freedom. If a second and a third sur¬ 
face, on each of which also it must lie, it has, as we have seen, 
no freedom left: in other words, its position is completely 
specified, being the point in which the three surfaces meet. 
The analytical ambiguities, and their interpretation, in cases in 
which the specifying surfaces meet in more than one point, 
need not occupy us here. 

To express this analytically, let ^ = <£ = /?, 0 = y, where 

<£, 6 are functions of the position of the point, and a, j3, y 
constants, be the equations of the three sets of surfaces, different 
values of each constant giving the different surfaces of the cor¬ 
responding set. Any one value, for instance, of a, will determine 
one surface of the first set, and so for the others: and three 
particular values of the three constants specify a particular 
point, P, being the intersection of the three surfaces which 
they determine. Thus a, /3, y are the “co-ordinates” of P; 
which may be referred to as “ the point (a, /3, 7 ).” The form 
of the co-ordinate surfaces of the (yjr, <£, 9) system is defined 
in terms of co-ordinates (x, y , z) on any other system, plane 
rectangular co-ordinates for instance, if <£, 6 arc given each 
as a function of (x, y , z). 

203. Component velocities of a moving point, parallel to 
the three axes of co-ordinates of the ordinary plane rectangular 
system, are, as we have seen, the rates of augmentation of 
the corresponding co-ordinates. These, according to the 
Newtonian fluxional notation, are written x } y 7 z ; or, according 

to Leibnitz’s notation, which we have used above, ~ . 

dt at clt 

Lagrange has combined the two notations with admirable skill and 
taste in the first edition* of his M&aniqve Ancdytique, as we shall 

* In later editions the Newtonian notation is very unhappily altered by the 
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see in Chap. II. In specifying the motion of a point according to 
the generalized system of co-ordinates, <f>, 6 must he considered 

as varying with the time: ■f, cj>, 0, or ^^will 

then be the generalized components of velocity: and <£, 8, or 


d^r d<j) d6 d~ty d 2 <j) 

~dt’ dt’ ~dt’ ° r IF’ ~d?' 

components of acceleration. 


will be the generalized 


204. On precisely the same principles we may arrange sets co-ordi- 
of co-ordinates for specifying the position and motion of a system ! my 
material system consisting of any finite number of rigid bodies, 
or material points, connected together in any way. Thus if 
yjr, <f> , 0 , etc., denote any number of elements, independently 
variable, which, when all given, fully specify its position and 
configuration, being of course equal in number to the degrees 
of freedom to move enjoyed by the system, these elements are 
its co-ordinates . When it is actually moving, their rates of 
variation per unit of time, or a/t, <£, etc., express what we shall 
call its generalized component velocities; and the rates at which 
yir. 6, etc., augment per unit of time, or “vir, 6. etc., its component Generalized 

7 • mi e -I • r* 1 r components 

accelerations. Ihus, tor example, it the system consists ofof velocity, 
a single rigid body quite free, yjr, cj>, etc, in number six, may be Examples, 
three common co-ordinates of one point of the body, and three 
angular co-ordinates (§ 101, above) fixing its position relatively 
to axes in a given direction through this point. Then <£, etc., 
will be the three components of the velocity of this point, and 
the velocities of the three angular motions explained in § 101, 
as corresponding to variations in the angular co-ordinates. Or, 
again, the system may consist of one rigid body supported on 
a fixed axis; a second, on an axis fixed relatively to the first; 
a third, on an axis fixed relatively to the second, and so on. 

There will be in this case only as many co-ordinates as there 
are of rigid bodies. These co-ordinates might be, for instance, 
the angle between a plane of the first body and a fixed plane, 
through the first axis; the angle between planes through the 


substitution of accents, ' and ", for the * and ** signifying velocities and 
accelerations. 
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Generalized second axis, fixed relatively to the first and second bodies, and 
S?veSyl 18 so on; and the component velocities, ^ <£, etc. would then be 
Examples, the angular velocity of the first body relatively to directions 
fixed in space; the angular velocity of the second body re¬ 
latively to the first; of the third relatively to the second, and 
so on. Or if the system be a set, i in number, of material 
points perfectly free, one of its 3 i co-ordinates may be the sum 
of the squares of their distances from a certain point, either 
fixed or moving in any way relatively to the system, and the 
remaining 3f~l may be angles, or may be mere ratios of 
distances between individual points of the system. But it is 
needless to multiply examples here. We shall have illustrations 
enough of the principle of generalized co-ordinates, by actual 
use of it in Chap. II., and other parts of this book. 


APPENDIX TO CHAPTER I. 


A 0 .—Expression in Generalized Co-ordinates for 
Poisson’s extension of Laplace’s equation. 


(a) In § 491 ( c ) below is to be found Poisson’s extension 
of Laplace’s equation, expressed in rectilineal rectangular co-ordi¬ 
nates; and in § 492 an equivalent in a form quite independent 
of the particular kind of co-ordinates chosen : all with reference 
to the theory of attraction according to the Newtonian law. 
The same analysis is largely applicable through a great range of 
physical mathematics, including hydro-kinematics (the “equation 
of continuity” §192), the equilibrium of elastic solids (§734), 
the vibrations of elastic solids and fluids (Vol. xi.), Fourier’s 
theory of heat, &c. Hence detaching the analytical subject from 
particular physical applications, consider the equation 


d 2 U d*U d 2 U 

dx 2 + dy 1 + dzr ^ 


0 ) 


where p is a given function of x } y, s, (arbitrary and discontinuous 
it may be). Let it be required to express in terms of generalized 
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co-ordinates £, £', £", the property of U which this equation ex¬ 
presses in terms of rectangular rectilinear co-ordinates. This 
may be done of course directly [§ (m) below] by analytical trans¬ 
formation, finding the expression in terms of £, £', £", for the 
d* d 2 d 2 

operation ^. But it is done in the form most con¬ 

venient for physical applications much more easily as follows, by 
taking advantage of the formula of § 492 which expresses the 
same property of U independently of any particular system of 
co-ordinates. This expression is 

fJSUdS = -i*fffpd£ .( 2 ), 

where J JdJS denotes integration over the whole of a closed surface 
S, JJJ d-B integration throughout the volume B enclosed by it, 
and W the rate of variation of TJ at any point of S, per unit of 
length in the direction of the normal outwards. 

(5) For B take an infinitely small curvilineal parallelepiped 
having its centre at (£, £\ £"), and angular points at 

(*■4% £-48ft f"-4sn- 

Let RS£, R'$£', R"S£" be the lengths of the edges of the paral¬ 
lelepiped, and a, cc', a!’ the angles between them in order of 
symmetry, so that R’R ,f sin a 8£8£", &c., are the areas of its faces. 

Let DU, D'U , D n U denote the rates of variation of U, per 
unit of length, perpendicular to the three surfaces £ — const., 
I'= const., £" = const., intersecting in (£, £', £") the centre of the 
parallelepiped. The value of / J8UdJS for a section of the paral¬ 
lelepiped by the surface £ ~ const, through (£, £ f , £") will be 

R’R" shia8g§£” DU. 

Hence the values of fJSU dS for the two corresponding sides 
of the parallelepiped are 

R’R" sin a 8|' Si" 4 { KR " sin« 8 £' W DU). \ 8£ 
cl£ 

Hence the value of f JSUdS for the pair of sides is 

4 (D'R" sin a Si’ 8|" B V). Si, 
dg 

or ~ (R'R" sin a BU) Si Si'&i". 

Dealing similarly with the two other pairs of sides of the 
parallelepiped and adding we find the first member of (2). Its 


Laplace’s 
equation in 
generalized 
co-or¬ 
dinates. 
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second, member is — . Q . RR R j if Q denote tlie ratio 

of the bulk of the parallelepiped to a rectangular one of equal 
edges. Hence equating and dividing both sides by the bulk of 
the parallelepiped we find 

+ L (RR sin a" D" Z7) j = - 4jrp ... (3). 

(c) It remains to express D£7, D'U> D"U in terms of the co¬ 
ordinates £j £', £'• 

Denote by IC, L the two points (£, £\ £") and (£+8£, £"). 

From L (not shown in the diagram) draw LM perpendicular to 
the surface £ = const, through K. 
Taking an infinitely small portion 
of this surface for the plane of our 
diagram, let KB!, KB! f be the. lines 
in which it is cut respectively by the 
surfaces £" = const, and £' = const, 
through K. Draw MN parallel to 
B"K, and MG perpendicular to KB!. 



Let now p denote the angle LKM , 

A' „ „ „ LQM. 

We have 

ML = KL amp = R sin p S£, 

NM= GM cosec a = ML cosec a cot A 1 = R sin p cosec a cot A! 8$. 


Similarly KN =R ship cosec a cot A" 
if A" denotes an angle corresponding to A' ; so that A' and A” 
are respectively the angles at which the surfaces £" = const, and 
£' = const, cut the plane of the diagram in the lines KB! and KB". 

KN 

Now the difference of values of £' for K and N is -p-, 


and 


r > 3? ») 


» £ n ^ 


M 


MN 

IK 


Hence if U ( K ), TJ(M ), U (. L) denote the values of U respectively 
at the points K , M^ Z, we have 


U {M) = U (K) + 


dU KN 
d£ * Rf + 


cW_ NIL 
d£" • R" ’ 


dU c 


U(L) = U(K)+~8£. 


and 


a , m 
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generalized 

and so using the preceding expressions in the terms involved we d?nates. 


JL dU 1 dU 1 dU 

Asinp d£ A'sinatan A" d% A"sincfctanAd£" '* 
Using this and the symmetrical expressions for D'U and D"U, 
in (3), we have the required equation. 

( d) It is to be remarked that a, a\ a!' are the three sides of 
a spherical triangle of which A, A', A" are the angles, and p the 
perpendicular from the angle A to the opposite side. 

Hence by spherical trigonometry 


cos A = 


cos a — cos a cos a' 
sin a sin a' J 


j J( 1 - cos - a — cos" a — cos" a + 2 cos a cos & cos a ) 

A~~^ -;-:-;-- ....(5) : 

sm a sm a v 7 


sin <p — sin A' sin a” 

_ J(l — cos 2 a — cos 2 a - cos 2 a" + 2 cos a cos a cos o! ! ) 


To find Q remark that the volume of the parallelepiped is 
equal to f sin p . gh sin a if f 9 g, h be its edges : therefore 

Q - sin p sin a .(7), 

whence by (G) 

Q = /v /( l - cos 2 a — cos 2 a! — cos 2 a ” + 2 cos a cos a' cos a") .(8). 

Lastly by (5) and (8) we have 


cos a — cos a cos a 


(e) Using these in (4) we find 

rr 1 /sin 2 a dU cos a” — cos a cos a'dU 


cos a! — cos a cos a" dU' 

lr 


Q sin a \ Jl d£ 


Using this and the two symmetrical expressions in (3) and 
adopting a common notation [App. B (g), § 491 (c), &c. &c.], 
according to which Poisson’s equation is written 

V 2 U=- 4ttp.(11), 
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we find for the symbol y 2 ia terms of the generalized co-ordinates 

fc ft ft, 




i. 


7 1 




'RR" sin 2 a d 


+ R" (cos a cos a! — cos a") 


d 

d? 


+ R (cos a " cos a 



JL 


sin 2 a d n . , „ N c? 

-4- it (cos a cos ar - cos a) 

4- R" (cos a cos a! — cos ft") Jg j , 

7 1 FT?#'sin 2 ft" d n// „ A 7 

^r + (cosa cosa “ cosa) ^ 


4- 7J (cos cos ft" — cos ft) ^ 


...( 12 ), 


where for Q, its value by (8) in terms of ft, ft', ft" is to be used, 
and ft, ft', ft", 7?, 7", R" are all known functions of £, £" when 


the system of co-ordinates is completely defined. 


Case of 
rectangular 
co-ordi¬ 
nates, 
curved or 
plane. 


(/) Tor the case of rectangular co-ordinates whether plane 
or curved a — a! = ft" = A = A' = A” = 90° and Q = 1, and therefore 
we have 

,_ 1 f d fR'R’ d\ d (R"R d\ d (RR d \) 

V ' ~ RRR"\d£\ R dt) + d£\ K d?) + d£" V R" d£ } )j 


which is the formula originally given by Lam<§ for expressing 
in terms of his orthogonal curved co-ordinate system the Fourier 
equations of the conduction of heat. The proof of the more 
general formula (12) given above is an extension, in purely 
analytical form, of a demonstration of Lame’s formula (13) which 
was given in terms relating to thermal conduction in an article 
“ On the equations of Motion of Heat referred to curvilinear 
co-ordinates” in the Cambridge Mathematical Journal (1843). 

(g) For the particular case of polar co-ordinates, r, 0, <£, 
considering the rectangular parallelepiped corresponding to Sr, 
BO, 8<f> we see in a moment that the lengths of its edges are Sr, 
rSO, r sin 08<f>. Hence in the preceding notation R — 1, R = r, 
R" = r sin 0, and Lame’s formula (13) gives 


1 f , 
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(A) Again let the co-ordinates be of the kind which has Laplace’s # 
been called “ columnar ”; that is to say, distance from an columnar 11 
axis (r), angle from a plane of reference through this axis to dinates. 
a plane through the axis and the specified point (<£), and distance 
from a plane of reference perpendicular to the axis (z). The 
co-ordinate surfaces here are 


coaxal circular cylinders (r = const.), 
planes through the axis (cj> - const.), 
planes perpendicular to the axis (z = const.). 

The three edges of the infinitesimal rectangular parallelepiped 
are now dr } rdcj>, and dz . Hence J5 = l, ^"=1, and 

Lamp’s formula gives 

v 2 = F ^( r ^) + (^) 3+ (0 .< 15 )’ 


which is very useful for many physical problems, such as the 
conduction of heat in a solid circular column, the magnetization 
of a round bar or wire, the vibrations of air in a closed circular 
cylinder, the vibrations of a vortex column, &c. &c. 


( i ) For plane rectangular co-ordinates we have i?» R' = B"; 
so in this case (13) becomes (with x, y, z for £"), 


d*_ d? 
V ~dx* + dy a + dz? 


■( 16 ). 


Algebraic 
transfor¬ 
mation 
from piano 
rectangular 
to genera¬ 
lized co¬ 
ordinates 


which is Laplace’s and Fourier’s original form. 

(j) Suppose now it be desired to pass from plane rectangular 
co-ordinates to the generalized co-ordinates. 

Let x, y, z be expressed as functions of £, £', ; then putting 

for brevity 


dx _ r dy_ Y 


dz 

dk 




dx 

W 


X', <fcc.; |£ = X'',&c....(17); 


we have Sx = XS| + X'Si' + X" Si", ] 

Sy = YSi + Y'Si' + Y"Si", 1 .(18); 

Sz = ZSi + Z'Si' + Z"Si",\ 

wheace 


• R = J(X* + 7 2 + Z% R = J(X' a + 7' 3 + Z'% 

R” = J(X m + 7" 2 + Z" a ) .(19), 
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and the direction cosiiies of the three edges of the infinitesimal 
parallelepiped corresponding to Sf, W, U" are 


(X 7 Z\ (X' 7' Z'\ fX^_ 
\JV 7i’ R) ’ V#’ R” it')’ \R" ’ 



Hence 


cos a = - 


Z'X" + Y'Y" + 2'Z" 


RE" 


cos a 


cos a = 


y X"X+Y"M+Z"Z 


E"E 


XX'+YY' + ZZ' 
EE' 


.( 21 ). 


(k) It is important to remark tliat when tliese expressions 
for cos a, cos a!, cos a'\ E, R, E", in terms of X, &c. are used in 
(8), Q 2 becomes a complete square, so that QEE r E ,r is a rational 
homogeneous function of the 3rd degree of JL, Y, Z^ X\ he. 

For the ordinary process of finding from the direction cosines 
(20) of three lines, the sine of the angle between one of them and 
the plane of the other two gives 


ship = 


X, 7, 7 
x', r, x 
X", 7", X 


ERE" sin a 


( 21 ); 


from this and (7) we see tliat QEE'E" is equal to the deter¬ 
minant. From this and (8) we see that 


Square of a 
determi¬ 
nant. 


(Z 2 + r + Z 2 ) (Z' 2 + 7 n + Z' 3 ) (Z" 2 + 7 m + Z" 2 ) 
-(z 2 +r 2 +z 2 )(Z'Z"+rT"+z , z") 2 -(Z' 3 + r ,3 +z' 2 )(Z'hr+rT+z"Z) 2 


- (Z' /2 + F" 2 + Z"-)(XX‘ + 77' + zzy 


4 2 (IT+Ff" 4 Z'Z")(X"X+7"7+Z”Z)(XX'+ 77’+ZZ') 


X, 7, Z, 
x\ 7’, Z\ 
x ", 7",Z", 


•( 22 ), 


an algebraic identity which may be verified by expanding both 
members and comparing. 

(1) Denoting now by T the complete determinant, wc 
have 


T 

Q = Rinr 


.(23), 


and using this for Q in (12) we have a formula for yj 2 in which 
only rational functions of X } Y , Z, X\ he. a] ipear, and which 
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is readily verified by comparing with the following derived from Algebraic 
(16) by direct transformation. matUm r " 

(m) Go back to (18) and resolve for Si, Si', Si". We find reSniS 

_ togenera- 

c c L ~ M 0 N - , lized co- 

+ o£ = &C., Si" = <fcc., ordinates. 


where 

L = Y'Z"— Y'Z\ M = Z'X"— Z"X' } X=X'Y"-X /f Y' ) 
L'=Y"Z-YZ' f , M'=Z"X~ZX", X'=X"Y-XY", ? 
L”=YZ'-Y'Z, M"=ZX'-Z'X, X"=XY'-X'Y, 


(24). 


Hence 


d __ 

L d 

r d 

L" 

d 

d 

. . d 

dx 

: Tdi + 

T‘dt' 

+ T 

di" 

’’ dy 

= (fee. — 

5 dz 

and thus we have 






a (L d 

JJ cl 

L" 

d \ 2 

j 

'M d 

M' d 

* = {fdi 

+ T di' 

+ -7J! 

df f ) 

+ ( 

,Tdi 

+ T dg 



(X d 

N r 

d 

N" 

d\ 2 


4- i 

\Td£ 

+ 'T 

di’ 

+ -JT 

di") - 


= &c.. 


ir d 
+ t di 




(25). 


Expanding this and comparing the coefficients of 7 -^ , 


d" d“ 
W ’ dfdg 9 

&c. with those of the corresponding terms of (12) with (21) 
and (23) we find the two formulas, (12) and (25), identical. 


■/ 

A.— Extension of Green’s Theorem. 

Ifc is convenient that we should here give the demonstration 
of a few theorems of pure analysis, of which we shall have 
many and most important applications, not only in the subject 
of spherical harmonics, which follows immediately, hut in the 
general theories of attraction, of fluid motion, and of the con¬ 
duction of heat, and in the most practical investigations regard¬ 
ing electricity, and magnetic and electro-magnetic force. 

(a) Let U and U' denote two functions of three independent 
.variables, cc, y, z 7 which we may conveniently regard as rect¬ 
angular co-ordinates of a point P, and let a denote a quantity 
which may be either constant, or any arbitrary function of the 





a constant 
gives a 
theorem of 
Green’s. 
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peeliminaey. 


[A (a). 


variables. Let JJJdxdydz denote integration throughout a finite 
singly continuous space bounded by a close surface 8; let ffdS 
denote integration over the whole surface 8 ; and let 8, prefixed 
to any function, denote its rate of variation at any point of S, 
per unit of length in the direction perpendicular to 8 outwards. 

Then 


0 /dUdU' 

/J>‘ 


__ _ dUdir dUdir 

\dx dx r dy dy dz dz 


dxdydz 


^fSds\uvsu-jfju'Y^^-^ 

jdfa 2 ^Pj dfa! 
=fjds.Lvsu'-ff/m v + v 


K‘€)>-fD 4-f)] 


dy 
dU\ 

w * 


dz 


dx 


dy 


m 

dz 1 


dxdydz 

dxdydz 


.(i). 


For, taking one term of the first member alone, and integrating 
“ by parts,” we have 




i(a 


dU\ 

dx ) 


dx 


dxdydz , 


the first integral being between limits corresponding to the sur¬ 
face 8; that is to say, being from the negative to the positive 
end of the portion within S 9 or of each portion within 8, of the 
line x through the point (0, y, z). Now if and A x denote the 
inclination of the outward normal of the surface to this line, at 
points where it enters and emerges from 8 respectively, and if 
dS 2 and dS 1 denote the elements of the surface in which it is cut 
at these points by the rectangular prism standing on dydz, we 
have 

dydz - - cos AgdS 2 = cos A x dS v 

Thus the first integral, between the proper limits, involves the 

elements and - U'a cos A 2 dS 2 ; the latter 

of which, as corresponding to the lower limit, is subtracted. 
Hence, there being in the whole of 8 an element dS 2 for each 
element dS x , the first integral is simply 

jJU'a'^cosAdS, 
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for tlie whole surface. Adding the corresponding terms for 
and z, and remarking that 


dU A dU * dU „ „ 
— 7 - cos A + - 7 -cos B + — cos G^oU, 
dx dy dz 


y a constant 
gives a 
theorem of 
Green's. 


where B and 0 denote the inclinations of the outward normal 
through dS to lines drawn through dS in the positive directions 
parallel to y and z respectively, we perceive the truth of ( 1 ). 

(b) Again, let TJ and U' denote two functions of x, y, z, which 
have equal values at every point of S, and of which the first 
fulfils the equation 



for every point within S. 

Then if JT - U = u, we have 


+ -w{(‘£)’ + (■$) + (“S) {"s'*- 


Equation of 
/cf\ the conduc- 
\*h tionofheat. 


(3). 


For the first member is equal identically to the second member 
with the addition of 


nrrr s (dUdu dU du dU du\ 7 7 7 

U Tx + ITy W + Tz di) dxd v dz • 

But, by (1), this is equal to 

K‘‘s) 4 'f) <*’ 


2JfdS.ua:&U- 2JJJu 


dx 


dy 


dir 

J^ftxdydz, 


of which each term vanishes; the first, or the double integral, 
because, by hypothesis, u is equal to nothing at every point of S, 
and the second, or the triple integral, because of ( 2 ). 

(c) The second term of the second member of (3) is essentially property oJ 
positive, provided a has a real value, whether positive, zero, or 
negative, for every point ( x, y, z) within S. Hence the first g ven<ner 
member of ( 3 ) necessarily exceeds the first term of the second 
member. But the sole characteristic of U is that it satisfies (2). solution 
Hence U' cannot also satisfy (2). That is to say, U being any p 0 6 
U'7 ,y.\ V -• ; ’ 
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be determi¬ 
nate j 


iroved to 
>e possible. 


Ira?--''A •' ’ 




one solution of (2), there can be no other solution agreeing with 
it at every point of but differing from it for some part of the 
space within S. 

(d) One solution of (2) exists, satisfying the condition that U 
has an arbitrary value for every point of the surface S. For let 
U denote any function whatever which has the given arbitrary 
value at each point of S; let u be any function whatever which 
is equal to nothing at each point of S, and which is of any real 
Unite or infinitely small value, of the same sign as the value of 



at each internal point, and therefore, of course, equal to nothing 
at every internal point, if any, for which the value of this ex¬ 
pression is nothing; and let U f = U + 6u, where 6 denotes any 
constant. Then, using the formulae of (5). modified to suit the 
altered circumstances, and taking Q and Q f for brevity to denote 



and the corresponding integial for U', we have 



The coefficient of — 20 here is essentially positive, in consequence 
of the condition under which u is chosen, unless (2) is satisfied, 
in which case it is nothing; and the coefficient of 0 2 is essentially 
positive, if not zero, because all the quantities involved are real. 
Hence the equation may be written thus :— 

Q' = Q — mO (n- 0), 

where m and n are each positive. This shows that if any positive 
value less than n is assigned to 0, Q f is made smaller than Q ; 
that is to say, unless (2) is satisfied, a function, having the same 
value at S as U, may be found which shall make the Q integral 
smaller than for U. In other words, a function U , which, 
having any prescribed value over the surface S, makes the 
integral Q for the interior as small as possible, must satisfy 
equation (2). But the Q integral is essentially positive, and 
therefore there is a limit than which it cannot be made smaller. 
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Hence there is a solution of (2) subject to the prescribed surface Solution 

,. x . proved 

condition. possible. 

( e ) We have seen (c) that there is, if one, only one, solution 

of ( 2 ) subject to the prescribed surface condition, and now we 

see that there is one. To recapitulate,—we conclude that, if 

the value of U be given arbitrarily at every point of any closed * constant 

surface, the equation “Green’s 

theorem.” 

d ( 2 dU\ d ( 2 dU\ d ( 2 dW\ 
dx \ dx) + dy \ dy) + dz \ dz)~ 

determines its value without ambiguity for every point within 
that surface. That this important proposition holds also for the 
whole infinite space without the surface S, follows from the pre¬ 
ceding demonstration, with only the precaution, that the different 
functions dealt with must be so taken as to render all the triple ^ .' n * 

integrals convergent. S need not be merely a single closed 
surface, but it may be any number of surfaces enclosing isolated 
portions of space. The extreme case, too, of S, or any detached '%* *.. 

part of S, an open shell, that is a finite unclosed surface, is clearlyt ■ ;* /:• 

included. Or lastly, S, or any detached part of JS, maybe an 
infinitely extended surface, provided the value of U arbitrarily 
assigned over it be so assigned as to render the triple and double 
integrals involved all convergent. 

Tj; . • ~ ' • - ’■ U ~ * 


B.—Spherical Harmonic Analysis. 


The mathematical method which has been commonly referred object of 

J spherical 

to by English writers as that of “Laplace’s Coefficients,” but harmonic 
which is here called spherical harynonic analysis , has for its 
object the expression of an arbitrary periodic function of two 
independent variables in the proper form for a large class of 
physical problems involving arbitrary data over a spherical sur¬ 
face, and the deduction of solutions for every point of space. 


(a) A spherical harmonic fauction is defined as a homogeneous Definition 
, w . 1 J . ° of spheric* 

1 unction, V, of x, ?/, z, which satisfies the equation harmonic 

3 ' ’ J3 3 1 functions. 


crv drV d?V 

dx 2 + dy 2 + dz 2 




Its degree may he any positive or negative integer; or it may 
be fractional; or it may be imaginary- 
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Examples. The functions written below are spherical har¬ 
monics of the degrees noted; r representing (ar+^+z 2 )*:— 
Degree Zero . 


I. 


i; 


log 


r + z 
r — z* 


tan 


-iV. 


y, r + z rz(x s —y 2 ). 2 rzxy 

tan x l 08 ~z’’ {x*+ y y ’ (x 2 + y y 


n 


Generally, in virtue of (g) (15) and (13) below, 


A A r iL. 

dx ’ dy ’ dz ' 


if 7 0 denote any harmonic of degree- 0: for instance, group III. 
L below. 


r rx 


III 


zx 


( rx-. 


/V x 2 +y x x 2 +y 2 ° r-z 




yr 


lo£ 


r+z 


x*+y* x ' x 2 +y 2 & r-z * 


IV. 


x 2 +y 2} x 2 +y 2> r+z\ x 2 + y 

ry zy . 2/ . 

x 2 +y 23 r+z’ 

Generally, in virtue of (y) (15), (13), below, 

where 7, denotes any spherical harmonic of integral degree, j, 

,z ± . . d d d 

and S„, homogeneous mtegral functions ot ^^^ > 

of degrees n and n—j—1 respectively: for instance, some of 
group II. above, and groups Y. and YI. below. 

V 

7n—l / 2n — 1 \ ^ tan 

d 1 (r 2 ') X 


V. 


dz 11 ’' 


dx u 


_ . . 0 _ .. d n tan” 1 - 
d n ~ 1 (r 2n l ) x 


dz n ~ l 


Remark that 


dtf 


tan -1 - = 1 


and therefore 


i x+ yJ- 1 


d"tan -1 - • , 
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so the preceding yields 


Sill 


d n - ] (r* n ~ l ) cos 
dz n ~ 


n<j> 


i^ + yY 


where d> denotes tan -1 - . 

x 
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we find 


m 




log 




(x'+yY^nt, 

x ' Sill 


where denotes differentiation with reference to r on the sup¬ 
position of z constant, and ~ differentiation with reference to 
z on supposition of x and y constant. 


Degree - i — 1, or + i, and type H{z, ^/(x 2 4- y 2 )} ^ n<£. 

H denoting a homogeneous function; n any integer; and i 
any positive integer. 


Let U™ and V™ denote functions yielded by Y. and YI. pre¬ 
ceding. The following are the two* distinct functions of the 

O O 

degrees and types now sought, and found in virtue of (g) (15) 
below:— 


Ji+ 1 

IT"' =-_ U™ 

-•-I dz i+l 0 


yW _ 


*V, 


See § (?) below. 
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:ampl‘s of Of’ explicitly 
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rmonics. f 


I. 


C °S 

„w __d n+i {r zn - 1 ) Sin”* 


(rf + yT 


d 


n + i + l 


Mf d Yfiio^i^v 

W*7 V °r-«/ 


(x 2 + 2 /r C °'V 

7 sm 1 


In the particular case of w= 0 , these two are not distinct. Either 
of them yields 


II. 


cl' 


U w 


© 




The other harmonic of the same degree and type is 

/I 


$(- log—) 

\r r — z/ 


dz i 


/ To obtain the harmonics of the same types, but of degree i, 
III. < multiply each of the preceding groups I. and II. by r 2i+1 , in 
( virtue of (g) (13) below. 


Degree - 1 . 


r 


li 


Generally, in virtue of (g) (13) below, any of the preceding 
functions of degree zero divided by r; or, in virtue of (g) (15), 
the differential coefficient of any of them with reference to x, 
or y, or z. Eor instance, 


II. 


1 


* 1 , .y 
HI. ) - tan ^ ■ 


1 . r + 2 

- log-; 

r r — z 


1 , _ lt y , r + z 

- tan - log-. 

r x r — z 


IV 


X 


x~ + y~ 

y 


+ yr 


xz 

r (x 2 + y 2 ) 3 
V* 

r(x 2 + y 2 )’ 


x 

r(r 4- z) ’ 

__y_ _ 

r(r + z) ‘ 
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Degrees — 2 and + 1. 


(x y z 

I. | r 3 > ^ 5 r 3 J X > lVi Z - 


;tarT‘- 
II. J 83 


i tan' 


-i 2 / 


f % , r + s 

in. |p 



z log 


r + z 
r — z 


2 


r. 


IV. 


x 3 — y 2 2xy _ r z (x 2 — y 2 ) 2 r z xy 

(x 2 + yf’ W+ff 1 (x 3 VyY’ (x 2 ~~yy> 

cos 2<j> sin 2<£ r 3 cos 2<f> r z sin 2<£ 

01 a; 2 + if ’ x 2 + y 2; a; 2 + y 3 ’ ~oFTy 2 
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f 1 A r -f « 2r£ 

log-+ - 1 

r \ r — z x + y 

d 


\ A r +z 2rz \ 
;)x; log — + —- 8 

y \ °r-« x 2 + y 2 J 


(the former being -j- of III. 2 degree - 1, and the latter being 
- jdz of VI. degree 0 with n— 1). 


The Rational Integral Harmonics of Degree 2. 

I. Five distinct functions, for instance, 

2z 2 -x 2 -y 3 ; x 2 -y 2 ; yz; xz; xy. 

Or one function with five arbitrary constants. 

j ( ax 2 + hf + ex' + eyz + fix + gxy, 

’ 1 wh«re a + h + c = 0. 


Degrees - n - 1, and + n (n any integer). 

With same notation and same references for proof as above for 
Degree 0, group IV. 
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Examples of 

spherical 

harmonics. 


Partial 

Harmonics. 


[E (a). 


Degrees e + vf, and — e — 1 — t/f. 

(v denoting V- 1, and e and / any real quantities.) 

\ [(as + vy) e+v f + (x - vy) e+v f] ; ^[(x + vy) e+v f- (x - w/) e + v /]. 


q*+ v f cos [(6 + t/)<£]; q e+vf sin [(e 4- vf) <£], 


T. 


where 2 ' = N /(^ 2 + /) and </> = tan 




Or |^+v/[ € v(e+v/)<|. + 6 -^ + v/)^. __grtf+v/[ € v(«+v/)^_ € - V (fi + w /^J : 

or £ q 3 {e# [cos (/ log q-efy + v sin (/ log ? - <=:<£)] 

* + [cos (/ log q + ecj>) + v sin (/ log # + e<£)]}; 

{ 3tt 
the same with + ecj> instead of e<£. 

| [(as 4- vy) e + v f + (x — vy) e + v f\ . 

^•2(e+v/)+l * 

or i r - 2 e - 1 ^ [cos (f log ™ 2 - + v sin (flog ~ - e$J 

+ €-/* [cos (f log ? + + v sin (/log £ + 


III. 


(5) A spherical surface harmonic is the function of two 
angular co-ordinates, or spherical surface co-ordinates, which a 
spherical harmonic becomes at any spherical surface described 
from 0 , the origin of co-ordinates, as centre. Sometimes a func¬ 
tion which, according to the definition (a), is simply a spherical 
harmonic, will be called a spherical solid harmonic, when it 
is desired to call attention to its not being confined to a spherical 
surface. 


(c) A complete spherical harmonic is one which is finite and 
of single value for all finite values of the co-ordinates. 

A partial harmonic is a spherical harmonic which either does 
not continuously satisfy the fundamental equation (4) for space 
completely surrounding the centre, or does not return to the 
same value in going once round every closed curve. The 
“partial” harmonic is as it were a harmonic for a part of the 
spherical surface: but it may be for a part which is greater than 
the whole, or a part of which portions jointly and independently 
occupy the same space. 
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( d ) It will be shown, later, § (7^), that a complete spherical Algebraic 

harmonic is necessarily either a rational integral function of the complete 
co-ordinates, or reducible to one by a factor of the form harmonics. 

m 

(«’ + f + 2?) 2 , 

m being an integer. 

(e) The general problem of finding harmonic functions is Differential 

most concisely stated thus :— a\armonic 

of degree n. 


To find the most general integral of the equation 


d 2 u d~u d 2 u _ 

dx 3 dy 2 dz 2 

.w 

subject to the condition 


du du du 

X J r yJ rZ ~ nU . 

dx dy dz 

.(5), 


the second of these equations being merely the analytical expres¬ 
sion of the condition that u is a homogeneous function of x, y, z 
of the degree n, which may be any whole number positive or 
negative, any fraction, or any imaginary quantity. 


Let P + vQ be a harmonic of degree e + vf : P, Q , e, 
real. We have 

{ x m + y ij + z £) {F + vQ) = {e+vf) {F + vQ); 


f being Differential 
equation for 
real consti¬ 
tuents of a 
homogene¬ 
ous function 
of imagi¬ 
nary degree. 


and therefore 


dP 


x -(- y - 

dx dy 


dP dP 

+ Z-z 


dQ 

'dx 


dQ 

- y —y— + 

dy 


dz 

dQ 

’ dz 


= eP - fQ 
=fP + eQ 


•( 5 '); 


•whence 


and 


"/ d d d 

\ x Tx + y 7hj + z \lz 

~ f d d d 

(x -r- + y + z -r 
\ dx J dy dz 



P = 0, 

€ = o, 


j 


(5"). 


QQ Analytical expressions in various forms for an absolutely Value of 
general integration of these equations, may be found without symbolical 

^ o \ i expressions. 

much difficulty ; but with us the only value or interest winch 
any such investigation can have, depends on the availability of 
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Working 

formulae. 




its results for solutions fulfilling the conditions at bounding sur¬ 
faces presented by physical problems. In a very large and most 
important class of physical problems regarding space bounded by 
a complete spherical surface, or by two complete concentric 
spherical surfaces, or by closed surfaces differing very little from 
spherical surfaces, the case of n any positive or negative integer, 
integrated particularly under the restriction stated in (d), is of 
paramount importance. It will be worked out thoroughly below. 
Again, in similar problems regarding sections cut out of spherical 
spaces by two diametral planes making any angle with one 
another not a sub-multiple of two right angles , or regarding spaces 
bounded by two circular cones having a common vertex and 
axis, and by the included portion of two spherical surfaces 
described from their vertex as centre, solutions for cases of 
fractional and imaginary values of n are useful. Lastly, when 
the subject is a solid or fluid, shaped as a section cut from the 
last-mentioned spaces by two planes through the axis of the 
cones, inclined to one another at any angle, whether a sub¬ 
multiple of 7 r or not, we meet with the case of n either integral 
or not, but to be integrated under a restriction differing from 
that specified in (d). We shall accordingly, after investigating 
general expressions for complete spherical harmonics, give some 
indications as to the determination of the incomplete harmonics, 
whether of fractional, of imaginary, or of integral degrees, which 
are required for the solution of problems regarding such portions 
of spherical spaces as we have just described. 

A few formulae, which will be of constant use in what follows, 
are brought together in the first place. 


(g) Calling 0 the origin of co-ordinates, and P the point 
x, y, z, let OP = r, so that of + if + z 2 - r 2 . Let 8, prefixed to 
any function, denote its rate of variation per unit of space in 
the direction OP ; so that 


x d yd 
r dx r dy 


z d 
r dz 


( 6 ). 


If II n denote any homogeneous function of x , y, z of order n, we 
have clearly 


SIP =-// 


( 7 ); 


whence 


dff n dll dH TT ... /Q , 

as—— + y + « -f. = nTI , .( 5 ) or ( 8 )> 


dx 


dy 
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the well-known differential equation of a homogeneous function; Working 
in which, of course, n may have any value, positive, integral, forruulae * 
negative, fractional, or imaginary. Again, denoting, for brevity, 


jP_ d?_ 
doc 2 + dy 2 


+ ^—3 by \ 7 2 , we have, by differentiation, 


V 2 (r w ) = m(w + l)r’ 


(9). 


Also, if u, v! denote any two functions, 


V 2 {uv!) — u\? 2 u + 2 ^ 


'du du du du f 
dx dx dy dy 


du du\ 0 , 

+ &&J +MV ' W 


( 10 ); 


whence, if u and u f are both solutions of (4), 
a/ n fdudu' dudu' dudu\ 


■( 11)5 


or, by taking u= V n , a harmonic of degree n, and u = r m , 

vi’-r.) ■ 2 -'' , (4s + ■ + * d i )«■ Kvn 

or, by ( 8 ) and (9), 

v a (r m r n ) = m( 2 n + m + 1 )r ,n ~ 2 F n .( 12 ). 


From this last it follows that r ~ 2n ~ 1 V n is a harmonic; which, 
being of degree — w—1, may be denoted by V_ n _ : , so that we 
have 


or 

if 



n + n = - 1 


( 13 ), 


a formula showing a reciprocal relation between two solid har¬ 
monics which give the same form of surface harmonic at any 
spherical surface described from 0 as centre. Again, by taking 
m = - 1, in (9), we have 

V 2 ? - = 0.(H). 

Hence - is a harmonic of degree - 1. We shall see later 
r 

§ (h), that it is the only complete harmonic , of this degree. 

If u be any solution of the equation \ 7 2 ^ = 0 , we have also 
n du . 
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and so on for any number of differentiations. Hence if V is 

( -p+k+l y , ^ 

a harmonic of any degree i, * s a harmonic of degree 

i-j-k-l; or, as we may write it. 


cT w F t 

dxhly k dz l <■-5-^-1 


(15). 


Again, we have a most important theorem expressed by the 
following equation:— 

JJSiS<<fa= 0.(16), 

where dz? denotes an element of a spherical surface, described 
from 0 as centre with radius unity; fj an integration over the 
whole of this surface; and S i7 S^ two complete surface harmonics, 
of which the degrees, i and i', are neither equal to one another, 
nor such that i + = For, denoting the solid harmonics 
r i S i and r^S# by F. and F- for any point (x, y, z), we have, by 
the general theorem (1) of A (a), above, applied to the space 
between any two spherical surfaces having 0 for their common 
centre, and a and a x their radii;— 


///( : 


dVi<W± dVjdVi' + dVidVi 
dx dx dy dy dz d. 


dxdydz 


= JJ FiS Vi'do- = fj m Fidcr. 

But, according to (7), 8F*'= ^ Fs and SFi = ~ V* And for the 

portions of the bounding surface constituted by the two spherical 
surfaces respectively, dcr = a, 2 dvr, and dcr = a 2 dm. Hence the two 
last equal members of the preceding double equations become 


i(a i+i ' +l - a* H ' + l )ffSiSidvr = i'(a i+i ' +1 - ai +i ' +1 )JJS&dw, 

to satisfy which, when % differs from i', and a i+i>+l from a** 1 '*', 
(16) must hold. 


The corresponding theorem for partial harmonics is this :— 
Let Si, Sv denote any two different partial surface harmonics 
of degrees i, i, having their sum different from - 1 ; and further, 
fulfilling the condition that, at every point of the boundary of 
some one part of the spherical surface either each of them 
vanishes, or the rate of variation of each of them perpendicular 
to this boundary vanishes, and that each is finite and single in 
its value at every point of the enclosed portion of surface; then, 
with the integration Jf limited to the portion of surface in 
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question, equation (16) holds. The proof differs from the Extension 
preceding only in this, that instead of taking the whole space of Laplace 1 
between two concentric spherical surfaces, we must now take harm?nfcs. 
only the part of it enclosed by the cone having 0 for vertex, and 
containing the boundary of the spherical area considered. 

(lb) Proceeding now to the investigation of complete harmonics, Investiga- 
we shall first prove that every such function is either rational and complete 
integral in terms of the co-ordinates x , y, or is made so by 
a factor of the form r m . 

Let 7 be any function of x , y, z 9 satisfying the equation 


V 2 F = 0 .( 17 ) 

at every point within a spherical surface, 8, described from 0 as 
centre, with any radius a . Its value at tliis surface, if a known 
function of any arbitrary character, may be expanded according 
to the general,theorem of § 51, below, in the following series :— 

(r = a), F = £,,-f aS^ + #, +.+/Si + etc.( 18 ) 

where 8 l9 S 2 ,...S. denote the surface values of solid spherical 
harmonics of degrees 1, 2,...£, each a rational integral function 
for every point within 8. But 


S Q + 8 - + 8 2 ~2 + 4- S t + etc.(19) Harmonic 

CO a a solution of 

is a function fulfilling these conditions, and therefore as was biem for the 
. . Tr . . spacewithin 

proved above, A(c), V cannot differ from it. Now, as a parti- a spherical 

cular case, let V be a harmonic function of positive degree /, 
which may be denoted by 8 t — : we must have 


A-a m /ym* nd 

S l -=S 0 + S l - + 8 , -,4- etc. 

V 0 l a l a % 


This cannot be unless t = i, 8 l = S i , and all the other functions 
8 qJ 8 i9 8 2 , etc., vanish. Hence there can be no complete spheri¬ 


cal harmonic of positive decree, which is not, as 8. —. , of integral Complete 

1 ? J * a ° harmonics 

ofpositiye 

degree and an integral rational function of the co-ordinates. degrees, 

u ° # proved 

Again, let V be any function satisfying (17) for every point rational and 
without the spherical surface S, and vanishing at an infinite dis¬ 


tance in every direction; and let, as before, (18) express its surface 
value at 8. We similarly prove that it cannot differ from 


aS Q a 2 S l a*S a 

r r“ r 


+ 


+ etc. 


( 20 ). 


Harmonic 
solution of 
Green’s pro¬ 
blem for 
space ex¬ 
ternal to a 
spherical 
surface. 
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Harmonic 
solution of 
Green’s pro¬ 
blem for 
space ex¬ 
ternal to a 
spherical 
surface. 


Complete 
harmonics 
of negative 
degree. 


Orders and 
degrees of 
complete 
harmonics. 


General 
expressions 
for complete 
harmonics. 


By differ¬ 
entiation of 
harmonic of 
degree -l. 


Hence if, as a particular case, V be any complete harmonic 

K O' 

of negative degree k, we must have, for all points out- 
a K 

side S, 


r*S K 

a K 



a?S a 3 S 

_l -L. - 2 4- 

r 2 r 3 



+ etc., 


which requires that k =—(£+1), S K =S i} and that all the other func¬ 
tions S 0 ,S v S 2l etc., vanish. Hence a complete spherical harmonic 

gi+l 

of negative degree cannot be other than ~^+r , or S/, 

where Sp* is not only a rational integral function of the co¬ 
ordinates, as asserted in the enunciation, but is itself a spherical 
harmonic. 


( 1 ) Thus we have proved that a complete spherical harmonic, 
if of positive, is necessarily of integral, degree, and is, besides, a 
rational integral function of the co-ordinates, or if of negative 

V- 

degree, - (t + 1), is necessarily of the form -j i+ \, where Vi is 

a harmonic of positive degree, i. We shall therefore call the order 
of a complete spherical harmonic of negative degree, the degree 
or order of the complete harmonic of positive degree allied to it; 
and we shall call the order of a surface harmonic, the degree or 
order of the solid harmonic of positive degree, or the order of the 
solid harmonic of negative degree, which agrees with it at the 
spherical surface. 

(j) To obtain general expressions for complete spherical har¬ 
monics of all orders, we may first remark that, inasmuch as a 
constant is the only rational integral function of degree 0, a com¬ 
plete harmonic of degree 0 is necessarily constant. Hence, by 
what we have just seen, a complete harmonic of the degree - 1 

is necessarily of the form -. That this function is a harmonic 
we knew before, by (14). 

Hence, by (15), we see that 

y _ _d_ 3 ^ 1 1 

-‘- 1 ” dx s dy k dz l (of + tf + tf)* 
if j + Tc 4 -1 = % 

where denotes a harmonic, which is clearly a complete 

harmonic, of degree - {i + 1). The differential coefficient here in- 
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dicated, when worked out, is easily found to be a fraction, of which By differ- 
the numerator is a rational integral function of degree i, and the hatmonfcof 
denominator is r 2i+1 . By what we have just seen, the nume- degree “ L 
rator must be a harmonic; and, denoting it by V i9 we thus have 

= .( 22 ). 

doddydz 1 . r ' 1 

The number of independent harmonics of order i, which we Number of 

\ independent 

can thus derive by differentiation from is 2i +1. For, although J f a ™ onics 

r order. 

(i + 2 ) (i +1 ) . d J+k+t 

there are --~-- differential coefficients - T — ; T - . r - ■ . . for 

2 dx j dv k d 2 ?' 


there are 


differential coefficients . for 

2 dx J dy k dz l ' 


which j + Tc +1 = i, only 2 i +1 of these are independent when - 

' T 

is the subject of differentiation, inasmuch as 

/<P d* d*\ 1 „ .... 

\da? + dtf* d?) r °.^ 


... . d?" 1 . . ,Jd 2 <f\“l 

which gives ^- = (- 1 ) U 2+ ¥V r. 

n being any integer, and shows that 

d -' + * +I 1 . _.i d^ k ld * <^ 2 \! 1 .... 

dx*dtfdz l r~^ 1} dx 1 dy k \dx* + dy*J r ’ lf 11S 


.(23), Kelation 

between 
differential 
coefficients 
of har¬ 
monics. 


, . d>d k (d° d'\?d 1 .... 

>r “ ( da-Jdtf \daf + dtf) dz r ’ ll 


is odd. 


...(24). 


Hence, by taking 1=0, and j + Jc = i, in the first place, we have 

d M 

i + 1 differential coefficients and by taking next 1=1, and 

d J+k 

j+Jc = i- 1 , we have i varieties of that is to say, we have 

in all 2 i + 1 varieties, and no more, when ~ is the subject. It is 

easily seen that these 2 £ +1 varieties are in reality independent. 
We need not stop at present to show this, as it will be apparent 
in the actual expansions given below. 

Now if H. (x, y, z) denote any rational integral function of 
x, y, z of degree i, X/*H i (x, y, z) is of degree £ — 2. Hence since 


in ll i there are 


... (« + 2)(*+l) 


terms, in V 2 R i there are 
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Hence if V*ITi = 0, we have ■ > - 9 ~ / equations among the constant 
coefficients, and the number of independent constants remaining is 
(fr-f 2)(f+1 ) _ or 2i +1; that is to say, there are 2£ + l 

constants in the general rational integral harmonic of degree i 
But we have seen that there are 2i±l distinct varieties of dif¬ 
ferential coefficients of ~ of order i, and that the numerator 

of each is a harmonic of degree i. Hence every complete har¬ 
monic of order i is expressible in terms of differential coefficients 

of ~. It is impossible to form 2 i 4 - 1 functions symmetrically 

among three variables, except when 2i + 1 is divisible by 3; that 
is to say, when i = 3n+ 1, n being any integer. This class of 
cases does not seem particularly interesting or important, but 
here are two examples of it. 

Example 1. i = 1, 2i + 1 = 3. 

The harmonics are obviously 

£1 £ 1 £1 
dxr ’ dy r 9 dzr' 

Formula (25) involves £ singularly, and x and y symmetrically, 
for every value of i greater than unity, but for the case of i = 1 
it is essentially symmetrical in respect to x } y , and z, as in this 
case it becomes 




+4 


d £ d 
dj/ + J *°dz 



Example 2. % = 4, 2i + 1 = 9. 

Looking first for three differential coefficients of the 4th order, 
singular with respect to x , and symmetrical with respect to 
y and z ; and thence changing cyclically to yzx and zxy, we find 
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B (i)-] 


These nine differentiations of - are essentially distinct and harmonic of 

T any degree 

give us therefore nine distinct harmonics of the 4th order formed algebra?^ 

d 2 cally * 

symmetrically among x, y, z. By putting in them for —, 

wherever it occurs, its equivalent - , considering 

1 y? 

that it is - which is differentiated, and for , its equivalent 

— ~ f WQ ma y P ass f rom them to (25). 


But for every value of i the general harmonic may be exhibited 
as a function, with 2^+1 constants, involving two out of the 
three variables symmetrically. This may be done in a variety 
of ways, of which we choose the two following, as being the 
most useful:—First, 


Vi f , ( & V A ( cl \ f 1 d . f d V-V d \“ . f d Y) 1 

\ckc) +Ai \dx) d/ +A -\dx) \dy) + '" +A ‘vk/J)r 

( n /^Y” 1 r> f d\ { ~ 2 d 7) fdV^/dy 
+ PW +B, \dx) dy +h *\dx) \dy) + "‘ 

-.-(in 


.mi 

dz r 


(25). 


General ex¬ 
pression for 
complete 
harmonic of 
order i. 


Secondly, let x + yv = £ } x-yv =rj . (26), 

where, as formerly, v is taken to denote n/— 1 . 


This gives 


x = J (£ + v), y = ^ (^ -•>;)> 


•(27); 


’• {Z-n+zT 

I^Kf + I) R * I 1 *' A =’(lrl) K * 

( 

!»’]=Kl-I) [lirt l K ' *(a + ’ J 


Imaginary 
/oq\ linenrtrans- 
. ..(woj, formation 


where [x, y\ and [£, rj] denote the same quantity, expressed in 
terms of x , y, and of f, y respectively. From these we have, % 
further, 
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Imaginary 
lineartrans¬ 
formation. 


(d? d* d*\ r ,/.<** d*\ rt 
W + dtf + d ?) [a;> V ’ ^ “ Vdidr, + d?) K % *1 


df ' \ didr, 

or, according to our abbreviated notation, 

f . d* d* 

V ~~ 4 didr, dz ‘' 


[B (j). 

-(29). 


Hence, as y 2 7= 0, if F denote - or any other solid harmonic, 

d s 


— V =—4 " v 
dz 2 didr, • 


.(29'). 


Using (28) in (25) and taking & 0 , S,, 93 0 , 33,,.to denote 

another set of coefficients readily expressible in terms of 
A* B <,> £ i> - wefind 

y, r* w+*W l -+* ('--VY-Y+ +«/*YU 

f** “ [ a » \dt) + W *1 2 \di) W W J r 

nfd^d y.fd'f/dW „ /d\ M ) rfl (■-W 

+ pU +J3 ‘W c« 17 +33 V^) W +, " + ® < - l (* J ) Jcferj 


The differentiations here are performed with great ease, by the 
aid of Leibnitz’s theorem. Thus we have 


Expansion 
of element¬ 
ary term. 

I*"**' YYYr - = (~T +n h4 -f •..(m + n - \) 


di m dr, n r 


m *-n 

L ,c "i: 


(m+n-\) 


- etc.' 


1.2. (wi+w~4)(m+w-^-) 1 


and 


«+i 1 

r 2 ^^ 1-ttt - = (-) n,+n+1 i4.|...(wi+w+J).2« 


1 f£"- 


d^dyfdz r 
rmt 


w->f-y+ !)•»(»-1) v _ etc 

^ L2.(»i4-w+£)(m+ft-£)^ j j 


(31) 


formation. 


1.(m+71+J) ' 

Polar trans- This expression leads at once to a real development, in terms of 
polar co-ordinates, thus :—Let 

2 = r cos 0 , x = v sin 0 cos <jf>, y = r sin 0 sin <f> .(32); 

so that £ = r sin 0 cW», ^ = r sin 0 c~ v< £ .( 33 ). 

Then, since £9 = a ; 2 + ?/ 2 = r 2 sin 2 0, 

and 

= i&Yi* = (^) M (^sin^) 5 (cos< 3 f>+usin ^») 5 = (rsin 0 ) m+,l (coss<j!>-i-i;sin 5 ^>), 
where s = n- m; and if, further, we take 

«. + *«=A., («.-«> = A.', ) 

».+»„=a, (^- 33 „>=b; ; J 


(34) 
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we have 

d m+n 1 * d"‘ + * 1 

®’"dtdfr + ®' m d£"d v m r 

= (~) m+n l -. -§. f... (m + n - -*-) r' (m+,l+ 1 ) (A s cos s$ + AJ sin scj>) 


sm m+n 6 - 


1 .(m+7i--|) 


sm 


2 d + 


m(m- 1). n(n — 1) 

1 . 2 .(m+w—|) 


sin 


1 6 - etc 




7»t + rt + l 1 

#4 m rr-- + ». " 


" d£ m drj n dz T ' d^'drfdz r 

(_yn+n+ 1 ^.z ..(m+n+^)r~ (m+,,+2) (Ji s cosscl>+ B/sin s<£) 2cos 0 


wm 


1 .(m+w+ 


sin" l+,, - 2 0 + 


m(m — 1 ). n(n~ 1 ) 


1 . 2. (tfH-w+|-)(m+7 &—■£) 
sin m+n -*0 - etc. 


(35) 


Setting aside now constant factors, which have been retained 
hithert 6 to show the relations of the expressions we have investi¬ 
gated, to differential coefficients of - : taking 5 to denote sum- 

o y ty ' 

mation with respect to the arbitrary constants, A> A', B, B'i 
and putting sin 6 = v, cos $ = [x; we have the following perfectly 
general expression for a complete surface harmonic of order i :— 

m + w =i W+M+l-i 

S t = 2 (A s cos + A/ sin s<£) © (WJiw) + 2 (B,coss<^+B/sin scj>)fxZ U)i) ...(36) 

where s = m~ n, and 


0 


-+ 


ru(o)i— 1 ) .n(n — 1) 

1.2. (m 4- n —|) (m + w—-|) 


1 - etc. 


while Z {mv) differs from ® {m>n) only in having m + n-hi in place 
of m + n, in the denominators. 


The formula most commonly given for a spherical harmonic 
of order i (Laplace, Mecanique Celeste , livre m. chap, n., or 
Murphy’s Electricity , Preliminary Prop, xi.) is somewhat simpler, 
being as follows :— 


St = *2 (A, cos s<j> + B„ sin #)©!'’.(37). 

8—0 


@r=/ 


(i-s)(i-s- 1) (i-s)(i-s-l)(i-s-^)(i-s-3) ^ ■ 

' ~~Y7(2i-l) M + 2.4.(2t-l)(«-3) * 

.(38). 


Trigono¬ 

metrical 

expansions. 
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where it may he remarked that ©'”' means the same as 

j-j »-«-i 

(-1) 2 & on.m if m + n = i and m~n = s, or as (-1) “ if 

m + n + \ = i and m~n~$. Formula (38) may be derived 
algebraically from (36) by putting »J(l - //) for v in ® {m n) + v ' 
and in Z [m> n) -f- v*fi: or it may be obtained directly by the method 
of differentiation followed above, varied suitably. But it may 
also be obtained by assuming (with a a and b s as arbitrary 
constants) 

V i = Sj* = 2 + \rf)(z'~* +jprV”*“ 2 + grV~ s ~ 4 + etc.), 


which is obviously a proper form ; and determining p, q, etc., by 
the differential equation y 2 = 0, with (29). 

Another form may be obtained with even greater ease, thus : 
Assuming 

Vf = 2(aJ* + b s rj s ) (z l ~ 6 + p^-^r) +p 2 z i ~ s ~ i i 2 Y) 2 + etc.), 

and determining p l9 p^ etc., by the differential equation, we 
have 


(i-s)(i-s- 1) 
4. (s +1). 1 


>rfr^ 


4 2 . (s + 1) (s + 2). 1. 2 * 1 


— etc.^j 


(39) 


which might also have been found easily by the differentiation of 
i. Hence, eliminating imaginary symbols, and retaining the 
notation of (37) anil (38), we have 


©C = C 


. 4.(«+l).l ^ 


where 


4 2 . (s+ l)(s + 2).1.2 ^ 

(2s + l)(2s + 2)...(i + s) 
0 ~(2s + l)(2s+3)...(2f-T)’ 


etc. 


(40) 


This value of C is found by comparing with (35). Thus we see 
that G must be equal to the numerical coefficient of the last 
term of (35), irrespectively of sign. Or C is found by comparing 
(40) with (38): it is equal to the coefficient of the last term of 
(38) divided by the coefficient of the last term within the 
brackets of (40). Or it is found directly (that is to say, 
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(i)-l 


independently of other equivalent formulas) thus:—"We have, Trigono- 
by (29'), S323L 

d l 1 / vfV, & l . - 

Wi 2 lf 4 - s 1S even> 


df* drj* 

i-S-1 Ji 

or «(-) 2 2 —- 


j-, if is odd. 




(41) 


Expanding the first member in terms of £, £, 77 , by successive 
differentiation, with reference first to % s times, and then z, i-s 
times, we find 

(-)*M.. • (« - i) (2* + 1) (2« + 2) (2a + 3)... (i + *)^ f (42), 

for a term in its numerator: comparing this with (39) and (40), 
and the second number of (41) with (35), we find 0 . 


(k) It is very important to remark, first, that Important 

„ „ _ _, properties of 

JfUi U?da =0.(43), elementary 

v n terms and 


where U t and U/ denote any two of the elements of which V is fumctioiw. 
composed in one of the preceding expressions; and secondly, that 


/ 


©^©^ sin Odd = 0 


( 44 ), 


the case of i~i' being of course excluded. For, taking r-a, 
the radius of the spherical surface; and da = ardtu, as above; 
we have dzz = sin Odddfa etc., the limits of 6 and <j>, in the inte¬ 
gration for the whole spherical surface, being 0 to 7 r, and 0 to 27r, 

r27r 

respectively. Thus, since I cos s<£ cos s'<j> d<f> = 0, we see the 
J 0 

truth of the first remark; and from (16) and (36) we infer the 
second, which the reader may verify algebraically, as an exercise. 

(1) Each one of the preceding series may be taken by either Expansions 
end, and used with i or s, either or both of them negative hamontis 
or fractional or imaginary. Whether finite or infinite in its and wedges, 
number of terms, any series thus obtained expresses when 
multiplied by r 1 a harmonic of degree i ; since it is of degree i , 
and satisfies \ 7 2 V t = 0. I 11 any case in which one of the pre¬ 

ceding series is not finite, the formula taken by one end gives 
a converging series; taken by the other end a diverging series. 

Thus (40) taken in the order shown above, converges when 6 is 
between 0 and 45°, or between 135° and 180°: and taken with 
the last term of that order first it converges when $ > 45° and 
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Dismissal of 
series which 
diverge 
when. 0 is 
real. 


Finding of 
convergent 
expansions. 


K 






[B (l). 


<135°. Thus, again, © (nifW) and Z (mn) of (36), being each of 
a finite number of terms when either m or n is a positive 
integer, become when neither is so, infinite series, which diverge 
when v < 1 and converge when v> 1. These two series, whether 
both infinite or one finite and the other infinite, when convergent 
are so related that 

= V — 1 ®0», n) .(36'), 


as is easily verified for a few terms by multiplying n __ h) 

by the expansion of (l-^j in ascending powers of - 2 . But 

expansions in ascending powers of i are of comparatively little 


interest, as they are divergent for real values of 0, and therefore 
not available for the proposed physical applications. To find 
expansions which converge when v < 1 take the last terms 
of (36) first. Thus, if we put 

. m(in— l)...(m—w-f2)(/»-w+l),7i(9i-l)...2.1 

' ' 1.2....(w—l)»,(r»+w—|)...( wa+|-)(7>4+-J-).^ 


supposing m to be > n> and n to be a positive integer, we find 



(m-?i+l).l (m-n+\)(m-n+2) .2 


...(36'"). 


Writing down the corresponding expression for 
from (36), and using (36'), we find 


^)(»-| ).(w+l) (w+2) ' 

(m —ii+l).l (m-n+l)(m—n+2).l.2 v L 


,..(3G !v ). 


This expansion of © (m>n) is derivable algebraically from (36'") by 
multiplying the second member of (36'") by 

> x ( l+ ^ + l:i vUv ' tc ) 


(which is equal to unity). Both expansions converge when 
v 2 <l, or, for all real values of 6; just failing when 0 = 

In choosing between the two expansions (36'") and (36 lv ), prefer 
(36 1V ) when n differs by less than \ from zero or some positive 
integer, otherwise choose (36'"); but it is chiefly important to 
have them both, because (36 iv ) is finite, but (36"') infinite, when 
2/-1 

71 ~ — 2 —) anc ^ (36'") is finite, but (36 iv ) infinite, when n=j- 1; 
j being any positive integer. 
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b m 


i = %(i + s), n = %(i-s), l.(36 v ) 


Put now 


and denote by Ku t J 

what the second members of (36'") and (36 Iv ) become with these 
values for m and n. Again, put 


or m = — s), n-^(i + s), l . (36 vi ) 

and denote by Kv* J 

what the second members of (36'") and (36 iv ) become with these 
values for m and n. We thus have two equal convergent series 
for and two equal convergent series for v * ] , and u l * ] , v* ] are 
functions of v (or of 0) such that 

u® (A cos scj> + B sin scf>) | 


Complete 
expressions 
for spherical 
harmonics 
of any tes- 
seral type; 


and v* (A cos s<j> + B sin s<fi) ) 1 

are surface harmonics of order i. 

The first terms of and are v 8 and v~\ or /xv s and jiv~ s , 
according as they are taken from (36'") or (36 Iv ), and in general 
u® and v* ] are distinct from one another. 

Two distinct solutions are clearly needed for the physical 
problems. But in the particular case of s an integer, and v* ] 
are not distinct. For in this case each term of v s) after the first 

i 

s terms has the infinite factor -; thus if C 4 denote the coeffi- 

s-s’ 3 

M 

cient of the (/+l) fch term of v {s \ the first s terms of S- vanish 

when s is an integer, and those that follow constitute the same 
series as that expressing u { *\ whether we take (36'") or (36 Iv ). 
For the case of s an integer the wanting solution is to be found 
by putting 


in ascending 
powers of v 


when <T = 0 : 


u\ thus found is such that 


w* ] (.A cos s<j> 4 * B sin s<j>) 
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Complete 
expressions 
for spherical 
harmonics 
of any tes- 
seral type; 


in ascending 
powers of n. 


is a surface harmonic of order i distinct from u { *\ The first 
term of w*\ according to (36"'), is v 8 log v, or /avTog v according 
to (36 iv ), and subsequent terms are of the form (a + b log v) v 2J , or 
(a + b log v) fxv 2J , j being an integer. The circumstances belong 
to a well-known class of cases in the solution of linear dif¬ 
ferential equations of the second order (see § (/') below). 

Again, lastly, remark that (38), unless it is finite (which it is 
if and only if i - 5 is a positive integer), diverges when ^ < 1 
and converges when fi> 1, if taken in the order in which it is 
given above. To obtain series which converge when ^ < 1 
(that is to say, for real values of 6), reverse the order of (38) 
for the case of i-s a positive integer. Thus, according as i - $ 
is even or odd, we find 




, (i-s).(i+s+l) 2 (i-s)(i~s-2).(i+s+l)(i+$+Z) , 1 

1 -T72 ** + 1.2.371 ^" eta 


where, i-s being even, 

' 2.4...(i-8-2)(i-s)V(2i-l)(2i-3)...(i+s+3)(i+s+l) 


and 


....(33'), 

J 


©«= //V j/x - 

where, i-s being odd, 

(i-s)(i-s-l^s-2)(i-s-3)...r).4.3.2 


ir~ 


(38"). 


2.4... (i-s- 3) (^— 5 —1). (2i-l) (2^-3)... (i+s+ 4) (i+s+2) J 
Then, whatever be i — s, or i, or s, integral or fractional, positive 
or negative, real or imaginary, the formulas within the brackets 
{ } are convergent series when they are not finite integral func¬ 
tions of fi. Hence we see that if we put 




(i-s).(i+s+l) 2) (i-s)(i-s-2).(i+s+'l)(i + s + 3) 4 

— x t cr\ ™ - ~- 1 ■ — —jLL 


1.2 


and 


-~ix- 


(i-s-l).(i+s+2) 

_ 


(X + 


1.2.3.4 

(i-s- 1) (i-s-3).(u-s+2) (^+5+4) 

___ 


etc. 


fx 5 - etc. 


(38" 


or 

and 

where A o - 


Pi — + ^ 2 jx + A 4 [P 4- &c., 

q^A^ + A^ 3 + A 6 fx 5 + &c., 

1, 1, and A + = (?=1±«) (»±J+*±£) A 

1 ’ “ +s te+ni'r/, + 21 


(38 iv ), 
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©•] 


the functions p l *\ q M thus expressed, whether they he algebraic Complete 


or transcendental, are such that 


P, 


1 (A cos s<j> + JB sin s<£) v% | 


and 


g\ s) (A cos s<j> + B sin scj>) i% j 


expressio 
forapher: 
harmonic 
of any tej 
serai typ 
/oQ V \ in ascend 
V 00 ) powers o 


are the two surface harmonics of order i, and of the form 
f{6) ^ s<fi. For example, if i — s be an even integer, is the 

finite function with which we are familiar as giving a rational 
integral solution of the form (3S V ), and q { * ] gives the solution of 
the same form which is not integral or rational. And if i - s 
is odd, q* gives the familiar rational integral- solution, and p* ] 
the other solution of the same form but not integral or rational. 


The corresponding solid harmonics of degrees i and — i — 1 are 
obtained by multiplying (3S V ) by 7 * and r r l ~ x . Keducing the karmoni 
latter from polar to rectangular co-ordinates, we find them of the 
form 


r 


(i-s)(i + s+ 1) 

1.2 


f 4- etc. 




and 

[r~ i " 8 ~ 2 z - etc.] H s (x, y) 


(38*), 


where H s denotes a homogeneous function of degree s. ISTow (15) 
~ of any solid harmonic of degree - i is a solid harmonic of 
degree -i — l. Hence 


and 




sin 

cos 


sm 

cos 



Suceessi 
deri vatic 
from lov 
orders. 


are surface harmonics of order i, and they are clearly of the first 
and second forms of (38 v ). Hence, putting into the forms 
shown in (38*) and performing the indicated differentiation for 
the first term of the q function and the first and second terms of 
the p function, so as to find the numerical coefficients of 
and r~ i ~ s ~ 2 z in the immediate results of the differentiation, and 
then putting fxr for 2 , we find 
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. (8) (l r -i-o (*J n 

r-'~‘ p = -r 2 j 
7 7 i dz L 


and 




, («) 1 d p . (s) 

v-s'dz 1 i J 


[B (Z). 

..(38'*). 


To reduce back to polar co-ordinates put for a moment 
x 2 + y 2 = or. Then we have 

a _a 

r= 4W 2 ) _ v’ 

a/ji 


and 


z = 


dz 


cop 

vc 1 -^)~ v ’ 

adfjb __ cidp. 
(1 - fjdf ~~ ** 


Hence, instead of (38 V11 ), we liave 

2 d_ 

dp. 


M _r_j.ro d / . (s) > 

p,=* 1 —.Vv-.J’ 


and 




.... (38 viii ). 




[Compare § 782 (5) below.] 

Supposing now s and i to be real quantities, and going back 
to (38 iv ), to investigate the convergency of the series for p* and 
q { *\ we see that, when n is infinitely great, 

A n n 

Now if (1 - fd)~ K = 

we have, by the binomial theorem, 


£„ = !, B l = Q, and - 1 + 


2 (* " 1 ) 


Hence, when /x = ± (1 — c), where e is an infinitely small positive 
quantity, 

p* ] V 2K = 0 or = co , 

and ,/V = 0 or--,} . m 

according as k > s or /< < s. 

Hence if i > s, the quantities within the brackets under 
~ in (38 viU ) vanish when y. = ± 1; and as they vary con- 
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tinuously, and within finite limits, when /x is continuously Acqnisiti 

(,j . of roots vi 

increased from —1 to +1, it follows that p vanishes one time rise of or< 

more than does q &) , and q is) one time more than does p S) . 3$fow 
looking to (3 S'' 7 ), and supposing (as we clearly may without loss 
of generality) that s is positive, we see that every term of p*^ 
is positive if i<s+ 1. Hence if i is any quantity between Theroot 
s and 5+1, y i+a 1 vanishes when /x = ± 1, and is finite and order? 
positive for every intermediate value of /x. 

Hence and from the second formula of (38^), q* ] vanishes 
just once as /x is increased continuously from — 1 to + 1: thence 
and from the first of (38™). p® vanishes twice : hence and from 
the second again, q* ^vanishes thrice, and so on. Again, as the 
coefficient of every term of the series (38'") for q* is positive 
when i < s + 1, this is the case for , and therefore this func- order hai 
tion vanishes only for /x = 0, as /x is increased from — 1 to +1. zerof 00 ^ 
Hence p* vanishes twice; and, then, continuing alternate ap¬ 
plications of the second and first of (38"'), we see that 

vanishes thrice, p 1 ^ four times, and so on. Thus, putting all 

together, we see that q is) has j or j + 1 roots, and p s) has 

j+ 1 or j roots, according as j is odd or even: j being any 

integer and i, as defined above, any quantity between 5 and 

5 + 1. In other words, the number of roots of p { * ] is the even Census 01 

1 roots of t 

number next above i-s; and the number of roots of qf is the 
odd number next above i-s. Farther, from (38™) we see that any orde] 
the roots of p { * ] lie in order between those of q^, and the roots 
of q { * ] between those of p^. [Compare § (p) below.] These 
properties of the p and q functions are of paramount importance, 
not only in the theory of the development of arbitrary functions 
by aid of them, but in the physical applications of the 
fractional harmonic analysis. In each case of physical ap¬ 
plication they belong to the foundation of the theory of the 
simple and nodal modes of the action investigated. They 
afford the principles for the determination of values of i — s, 

which shall make ©^ or — vanish for each of two stated 
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Electric 
induction, 
motion of 
water, etc., 
in space be¬ 
tween two 
coaxal 
cones. 


Electric 
induction, 
motion of 
water, etc., 
in space 
between 
spherical 
surface and 
two planes 
meeting in 
a diameter. 


[B (/). 

values of 0. This is an analytical problem of high interest in con¬ 
nexion with these extensions of spherical harmonic analysis: it is 
essentially involved in the physical application referred to above 
where the spaces concerned are hounded partly by coaxal cones. 
When the boundary is completed by the intercepted portions of 
two concentric spherical surfaces, functions of the class described 
in (o) below also enter into the solution. When prepared to 
take advantage of physical applications we shall return to the 
subject; but it is necessary at present to restrict ourselves to 
these fe w observations. 

(m) If, in physical problems such as those already referred 
to, the space considered is bounded by two planes meeting, at 

any angle in a diameter, and the portion of spherical surface 

in the angle between them (the case of s < 1, that is to say, the 
case of angle exceeding two right angles, not being excluded) the 
harmonics required are all of fractional degrees, but each a finite 
algebraic function of the co-ordinates £, rj, z if s is any incom¬ 
mensurable number. Thus, for instance, if the problem be to 
find the internal temperature at any point of a solid of the shape 
in question, when each point of the curved portion of its surface 
is maintained permanently at any arbitrarily given temperature, 
and its plane sides at one constant temperature, the forms and 
the degrees of the harmonics referred to are as follows:— 


Degree. 

Harmonic. 

Degree. 

Harmonic. 

Degree. 

Harmonic. 

s, 

£* 

2 s , 

f 

35, 


5+1, 

dz r 2m 

25 + 1, 

dz r ,l+ ' 

35+ 1, 

C.s+l ^ £ * 

dz r 0VH 

s + 2, 

-Il¬ 

25 + 2, 

r 4. + 5^ ^ 



dar r" A ' +1 

| c&rV 6+I 



s + 3, 

rP P 

2S + 7 00 *=> , 

25 + 3, 

(P P s 

43 + 7 ^ £ 



dd 3 

dP 










These harmonics are expressed, by various formula) (3G)...(40), 
etc., in terms of real co-ordinates, in what precedes. 

(n) It is worthy of remark that these, and every other spherical 
harmonic, of whatever degree, integral, real but fractional, or 
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imaginary, are derivable by a general form of process, wliioh in- Harmonic 

g functions of 

eludes differentiation as a particular ease. Thus if () denotes derivlf ees 

\drjJ from that of 


an operation which, when s is an integer, constitutes taking the by^eneral- 

0 _ 


s th differential coefficient, we have clearly 


ized differ¬ 
entiation. 




'd V 




where P s denotes a function of s, which, when $ is a real integer, 
becomes ' •■!••• (« 

The investigation of this generalized differentiation presents 
difficulties which are confined to the evaluation of P s , and which 
have formed the subject of highly interesting mathematical in¬ 
vestigations by Liouville, Gregory, Kelland, and others. 

If we set aside the factor P s , and satisfy ourselves with deter- Expansions 
initiations of forms of spherical harmonics, we have only to apply harmonics 
Leibnitz’s and other obvious formulae for differentiation with any by common 
fractional or imaginary number as index, to see that the equiva- with gener- 
lent expressions above given for a complete spherical harmonic dices!’ in " 

of any degree, are derivable from ~ by the process of generalized 

differentiation now indicated, so as to include every possible 
partial harmonic, of whatever degree, whether integral, or 
fractional and real, or imaginary. But, as stated above, those 
expressions may be used, in the manner explained, for partial 
harmonics, whether finite algebraic functions of f, rj, z, or tran¬ 
scendents expressed by converging infinite series; quite irrespec¬ 
tively of the manner of derivation now remarked. 


(o) To illustrate the use of spherical harmonics of imaginary Imaginary 
x . degrees u.se- 

degrees, the problem regarding the conduction of heat specified fufwhen 

above may be varied thus:—Let the solid be bounded by two functions 

concentric spherical surfaces, of radii a and a!, and by two expressed? 6 

cones or planes, and let every point of each of these flat or 

conical sides be maintained with any arbitrarily given distribution 


of temperature, and the whole spherical portion of the boundary 
at one constant temperature. Harmonics will enter into the 
solution, of degree 


i, W-i 


lo« 
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[B (o). 

where j denotes any integer. [Compare § (d') below.] Converg¬ 
ing series for these and the others required for the solution 
are included in our general formulas (36)...(40), etc. 

(p) The method of finding complete spherical harmonics by the 

differentiation of p investigated above, has this great advantage, 

that it shows immediately very important properties which they 
possess with reference to the values of the variables for which 

they vanish. Thus, inasmuch as i and all its differential coeffi¬ 
cients vanish for x — co , and for ?/ = ±co, and for 2 = ± 00 , 
it follows that 

dx j dy 7c dz l r 

vanishes j times when x is increased from — co to + co 

v & 35 V v j? ■ j? ?? 

and ^ z ,, ,, ,, ,, 

[Compare with the investigation of tho roots of and q &) in 
§ (l) above.] * ‘ 

The reader who is not familiar with Fourier’s theory of equations 
will have no difficulty in verifying for himself the present appli¬ 
cation of the principles developed in that admirable work. Its 
interpretation for fractional or imaginary values of j, 7c> l is 
wonderfully interesting, and of obvious value for the physical 
applications of partial harmonics. 

Thus it appears that spherical harmonics of large real degrees, 
integral or fractional, or of imaginary degrees with large real 
parts (a + /? J— 1, with a large), belong to the general class, to 
which Sir William It. Hamilton has applied the designation 
“ Fluctuating Functions.” This property is essentially involved 
in their capacity for expressing arbitrary functions, to the 
demonstration of which for the case of complete harmonics we 
now proceed, in conclusion. 

(r) Let 0 be the centre, and a the radius of a spherical 
surface, which we shall denote by S. Let P be any external or 
internal point, and let / denote its distance from G. Let do- 
denote a .11 element of S, at a point E, and let EP = D. Tlien, // 
denoting an integration extended over S, it is easily proved that 
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UP 


and 


~fr-cv 

f f da 4tira 

jj£3=^ZJ* 


^ 17(1 o when P is external to JS ~| 


when P is within S 


(45). 


Preliminary 

proposition. 


This is merely a particular case of a very general theorem of 
Green’s, included in that of A ( a ), above, as will be shown when 
we shall be particularly occupied, later, with the general theory 
of Attraction: a geometrical proof of a special theorem, of which 
it is a case, (§ 474, fig. 2, with P infinitely distant,) will occur 
in connexion with elementary investigations regarding the dis¬ 
tribution of electricity on spherical conductors: and, in the 
meantime, the following direct evaluation of the integral itself 
is given, in order that no part of the important investigation 
with which we are now engaged may be even temporarily 
incomplete. 

Choosing polar co-ordinates, 6 = ECP , and <£ the angle be¬ 
tween the plane of POP and a fixed plane through CP, we have 


da = a 2 sin 0 dO d<j>. 

Hence, by integration from <jE> = 0 to = 2 tt, 

r sin Odd 


But 

and therefore 


ffda ^f^smOd 

Jj2F = W J # -2Jr 

D 2 = a 2 - 2a/cos 0 +/ 2 ; 
DdD 


sin Odd = : 




the limiting values of D in the integral being 
f— a, /+ a , when f> a , 
and a-f, a+f, when f < a. 

Hence we have 


ffda 2-rra /l 1 \ 2 ira 

JJ .D 3 ~ ~J~ \f~ “ 7+V ’ ° l ~ / V« -/ ® +f/ 

in the two cases respectively, which proves (45). 


(s) Let now F(E) denote any arbitrary function of the position Solution of 

of E on JS, and let problem 

for case of 

ff(/ 2 ~ a 2 ) E(E) da / n spherical 

JJ E s X ' pressed by 

definite 


When/is infinitely nearly equal to a, every element of this in- inte s ral - 
tegral will vanish except those for which J) is infinitely small. 
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PB (»). 

Hence tlie integral will have the same value as it would have if 
F(E) had everywhere the same value as it has at the part of S 
nearest to F; and, therefore, denoting this value of the arbitrary 
function by F(P), we have 

when / differs infinitely little from a; or, by (45), 

w = i7raF(P) ...(46 / ), 


How, if e denote any positive quantity less than unity, we 
have, by expansion in a convergent series, 


1 

(1 - 2 e cos 6 + e 2 )* 


1 + Q : e+ Q„e 2 + etc. 


...(47), 


Q, etc., denoting functions of 0, for which expressions will be 
investigated below. Each of them is equal to + 1, when 0 = 0, 
and they are alternately equal to - 1 and + 1, when 0~ir. It 
is easily proved that each is > — 1 and < + 1, for all values of 
0 between 0 and 7 r. Hence the series, which becomes the 
geometrical series 1 ± e + e 2 ± etc., in the extreme cases, con¬ 
verges more rapidly than the geometrical series, except in those 
extreme cases of 0 = 0 and 0 = tt. 


Hence = ~j ^1 + + Qj?- + etc.^ when /> a 

and i = -M + + ~ 2 't + etc.^j when/< a 

D a\ a ar ) J 


(48). 


How we have 


and therefore 


^ D a cos 6 —f 


D 3 ' 


7 1 

d l) 



Hence by (48), 

D 
I) 3 


and 


. ).W>» 

. 

a\ a w / J J 


(49). 
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Hence, lor u (46), we Lave the following expansions:— 

{fJF(F)d<r + jJfQ l F(tyda+^ffQ 2 F(F)dv+...}, when /><*,' 
and 

M =ij ffF(E)da-+^ffQ 1 F(F)da+^-ffQ 2 F(F)dcr+...^, when/<« 


Green's pro¬ 
blem for 
case of 
spherical 
surface, 
solved ex¬ 
plicitly in 
harmonic 
series. 


(51). 


These series being clearly convergent, except in the case of/= a, 
and, in this limiting case, the unexpanded value of u having been 
proved (46') to be finite and equal to iiraFiP), it follows that the 
sum of each series approaches more and more nearly to this value 
when f approaches to equality with a. Hence, in the limit, 

F{P) = -!-J ffMEMr + 3 JJQ l F(F)da- + 5 J$Q„F{E)d<r + etc., L. (52), 

±7rC0 t J harmonic 

expansion of 

which is the celebrated development of an arbitrary function in faction! 3 ' 17 
a series of “ Laplace’s coefficients,” or, as we now call them, 
spherical harmonics. 

(t) The preceding investigation shows that when there is one 
determinate value of the arbitrary function F for every point of 
S, the series (52) converges to the value of this function at F. 

The same reason shows that when there is an abrupt" transition Convergence 
in the value of F, across any line on S, the series cannot con- never lost 
verge when F is exactly on , but must still converge, however abrupt at 
near it may be to, this line. [Compare -with last two paragraphs ^fmfof 
of § 77 above.] The degree of non-convergence is so slight that, ^pressed 
as we see from (51), the introduction of factors e, e 2 , e 3 , &c. to 
the successive terms e being < 1 by a very small difference, pro¬ 
duces decided convergence for every position of P, and the value 
of the series differs very little from F (P), passing very rapidly 
through the finite difference when P is moved across the line of 
abrupt change in the value of P(P). 


(m) In the development (47) of 

1 

(1 - 2 e cos 6 + e 2 )^ ’ 

the coefficients of e, e 2 ,... e\ are clearly rational integral functions 
of cos 0, of degrees 1, 2...i } respectively. They are given ex¬ 
plicitly below in (60) and (61), with O' = 0. But, if x , y, z and 
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Expansion 



symmetrical 
harmonic 
functions 
of the co¬ 
ordinates 
of the two 
points. 


x ' y' } z ' denote rectangular co-ordinates of P and of P re¬ 
spectively, we have 

. xx' + yy f + zz' 

cos 6 - -- ? 

rr 


where t =: (& 2 -t y 2 + z ) and t — (x + £/ ^ z )^. Hence, de¬ 
noting, as above, by Q t the coefficient of £ in the development, 


we have 


n B t \(*> y , *), (of, ?/, £)} 

i'i y*y>' L 


(53), 


V 9 «), («'i y f 9 £)] denoting a symmetrical function of (sc, y 9 z) 
and (x f , y, #'), which is homogeneous with reference to either set 
alone. An explicit expression for this function is of course found 
from the expression for Q t in terms of cos 0. 

Biaxal liar- Viewed as a function of (x, y, z), <^rV v is symmetrical 

momc * round OP) and as a function of (sc', y, z) it is symmetrical 

round OP. "We shall therefore call it the biaxal harmonic of 
(x 9 y, z) (x\ y r , z) of degree i ; and Q t the biaxal surface har¬ 
monic of order i. 


Expansion 

ofiby 

Taylor’s 

theorem. 


(v) But it is important to remark, that the coefficient of any 
term, such as x /j y /k z l , in it may be obtained alone, by means of 
Taylor’s theorem, applied to a function of three variables, thus:— 

1 r r 

(1 - 2 e cos 6 + e 2 )^ (r 2 -2?r'cos 6 +r ,2 fi [(a; - x'f + (y~ y') 2 +(z~z) 2 y 


How if F(x, y, z) denote any function of x, y 9 and z 9 we have 


j— oo 7c=co Z ~ oo 

F(x +f,y+g,z + h) = ’Z 2 2 ■ T 

/=0 k—0 Z=0 J- • -a 


fYh _ 

j.l.2...k.l.2...l 


d J +* +l F(x,y 9 z)' 
dx j dy k dz l 3 


where it must be remarked that tlie interpretation of 1.2 ...j, 
wheny= 0, is unity, and so for k and l also. Hence, by taking 

F ( x, y, z) = - - x , wo liave 

(sc“ + y~ + z “) a 


1 


[(* - *T+ iv - yJ + ( z - -TT" 
= 222 


(- \y*™x'Yz' 1 


_ d J * M l 

'1.2 .../. 1.2 ... A. 1.2 ... Z IxUhfte ’ 

a development which, by comparing it with (48), above, we see 


to be convergent whenever 
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Hence 


(rrJQi- 


(j+k+l=i) 

r 2l+1 ^%X 


(-1 y+*+yy v* 


d J+M 


1 .2..J.1.2 ...k.1.2 ,..l dx^y^dz 1 (x*+ 


•■•(pi). 


the summation including all terms which fulfil the indicated con¬ 
dition + l=i). It is easy to verify that the second member 

is not only integral and homogeneous of the degree i, in x, y, z } 
as it is expressly in x', y', z ; but that it is symmetrical with 
reference to these two sets of variables. Arriving thus at the 
conclusion expressed above by (53), we have now, for the function 
there indicated, an explicit expression in terms of differential co¬ 
efficients, which, further, may be immediately expanded into an 
algebraic form with ease. 


( v') In the particular case of x= 0 and y'~ 0, (54) becomes 
reduced to a single term, a function of x, y, z symmetrical about 
the axis OZ ; and, dividing each member by r\ or its equal, z\ 
we have 


= (~ 1 )^ +1 1 
1 .2.3... i dz % (pf + y 2 4 . 


(55). 


By actual differentiation it is easy to find the law of successive 
derivation of the numerators; and thus we find, with about equal 
ease, either of the expansions (31), (40), or (41), above, for the 
case on = n, or the trigonometrical formulae, which are of course 
obtained by putting z-t cos 6 and x 2 + yr = r 2 sin 2 0 . 


(w) If now we put in these, cos 0 = —•—-> introducing 

again, as in (u) above, the notation (x, y, z), (x r , y\ z), we arrive 
at expansions of in the terms indicated in (53). 


(x) Some of the most useful expansions of Q t are very readily 
obtained by introducing, as before, the imaginary co-ordinates 
(£, 97 ) instead of (x, y), according to equations (26) of (j), and 
similarly, (£', r{) instead of (x f , y). Thus we have 

■D- = {$- £') (v- v) + (*~ 


Hence, as above, 

_ 1 _ 

[(£-£') ( i ?-V) + 

(-1 d Hk+l 1 


Expression 
for biaxal 
harmonic 
deduced. 


Axial har¬ 
monic of 
order i. 

Axial har¬ 
monic with 
its co-ordi¬ 
nates trans¬ 
formed 
becomes 
biaxal. 


Expansions 
of the biaxal 
harmonic, 
of order i. 
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Expansions 
of thebiaxal 
harmonic, 


Hence 


of order %. (rr)'Q t = r 2 2 2 1X3771X3X2^71 dg&fte ZT—^l-( 56 )- 


' (&)+zy 


Of course we have in this case 

r 2 = £y + s 2 , r ’ 2 = grj + z' 2 , 

a £rj' + £'77 + ZZ' 

and cos 6 = ~ -,- . 


And, just as above, we see that this expression, obviously a homo¬ 
geneous function of rj', z', of degree i, and also of 77 , f, z } 
involves these two systems of variables symmetrically. 

How, as we have seen above, all the i th differential coefficients 

of - are reducible to the 2i + 1 independent forms 

/rf \«£ 1 (d\‘ 2 /1 fdVl 

fd VI \dz) drj r 9 \dz) \drj) r 9 “* \drj) r ’ 

\Tz) r 5 1 A2Y~7-2Yi /^Vl 

W W \dU r 9 " m \d{) r' 


Hence v*Q i9 viewed as a function of z, £, rj , is expressed by 
these 2 i + l terms, each with a coefficient involving z r , £', 77 '. 
And because of the symmetry we see that this coefficient must 
be the same function of z\ 77 ', £', into some factor involving 
none of these variables (z, f, 77 ), (z' f 77 £'). Also, by the 
symmetry with reference to f, 77 ' and 77 , we see that the 
numerical factor must be the same for the terms similarly involv¬ 
ing i, 7]' on the one hand, and 77 , £' on the other. Hence, 


Biaxal har¬ 
monic ex¬ 
pressed in 
symmetrical 
series of 
differential 
coefficients. 


g*=K r 1 


■ fd\*l (£Yi 

0 \dz f ) r' \dz) r 


+ E l>) { _ ^ . 1 + -S- _2_ 

s=i i \dz >l s d£' s r r dz l s drf r dz' 1 s dr)' s r' d', 


d i 1 )- 
r s dt rj 


where 


■•(57). 


__ ___ 

* 1.2...5.1.2...(^-5^.|...(5-i).(25+l)(25 + 2)..T(?+5) J 

The value of E® is obtained thus :—Comparing the coefficient 
of the term {zz') l ~ 8 (J;r{) 8 in the numerator of the expression 
which (56) becomes when the differential coefficient is expanded, 
with the coefficient of the same term in ( 57 ), we have 


(-yjf 

1 . 2 ...(}-s). 1 .2... s 


E w M a 


(53), 
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where M denotes the coefficient of in r 2 *' 1 ' 1 —- -, or, moutcex^' 

dz l ~ & drf T pressed in 
symmetrical 

which is the same, the. coefficient of z n ~ 8 y}' s in r' 2i+1 ——,— . differential 

dz 1 s dg s t' coefficients. 

From this, with the value (42) for M, we find as above. 

(y) We are now ready to reduce the expansion of Q n to a real 
trigonometrical form. First, we have, by (33), 

(tn') s + (£'y) s = 2(?r' sin 6 sin 6 ')* cos 5 (<£ - <£').(59). 

Let now 


& *sin'0 


cos 


(i~s)(i-s- 1) 
4(5+1).! 

(i — 5 ) (i — s — 1) (i — s — 2) (i — s 


cos* 4-2 6 sin 2 0 


-3) 


cos* -4 i 0 sin 4 0 - etc. ...(60); 


4 2 ($+ 1) (s + 2). 1.2 

(that is to say, CS { * ] = © ( ’ s) , in accordance with the notation 

of 40,) and let the corresponding notation with accents apply 

to O'. Then, by the aid of (57), (58), and (59), we have 

_ ■§■.#.. -(s-i) (25 + l)(25+2)...(25 + £~5) /f _ (s) { 5 ) Trigono- 

Q = 22 ^ ^. J y, V x COSSU-4>') & & .. .(61), metrical 

a s=0 1.2...5 1. 2...(l- s) K } i i V Jy expansion 

v y of biaxal 

of which, however, the first term (that for which 5 = 0) must be harmonic 
halved. 


(z) As a supplement to the fundamental proposition/ fE i S/d'&=0, 

(16) of (g), and the corresponding propositions, (43) and (44), 
regarding elementary terms of harmonics, we are now prepared to 
evaluate fJS?dzu. 

First, using the general expression (37) investigated above for 

S iy and modifying the arbitrary constants to suit our present Funda- 

notation, we have definite in- 

. tegral m- 

S t = 2U,cos(s<jb + a s )^\, .(62). vesti * atud - 

Hence 

JJS- dvs = ttJaI f r (£rf f si n6d6 .(63). 

0 Jo 

To evaluate the definite integral in the second member, we have 

only to apply the general theorem (52) for expansion, in terms of 

surface harmonics, to the particular case in which the arbitrary 
A • [$) 

function F(E) is itself the harmonic, cos $<£■&*. Thus, remem¬ 
bering (16), we have 

cos s<f )^ f sin O'dO'j dfioos stf&f Q i . (64). 

** 7r Jo Jo 
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i: 


Spherical 

harmonic 

synthesis of 

arbitrary 

function 

concluded. 


[B(4 

Using here for Q* its trigonometrical expansion just investigated, 
and performing the integration for <£' between the stated limits, 
we find that cos £rf may be divided out, and (omitting the 
accents in the residual definite integral) we conclude, 


sin 0$)'de = 


2 1.2...8 1.2 ...(i-s) 

2 i +T ff.. .(s-i)' (2s+l)(2s+2)...(2s+i-s) 


...(65)., 


This holds without exception for the case 5 = 0, in which 

2 

the second member becomes * s convenient here to 

recal equation (44), which, when expressed in terms of ^ 
instead of © {m>w) , becomes 

f sin dsfi&fdO = 0 .(66), 

Jo 

where i and i f must be different. The properties expressed by 
these two equations, (65) and (66), may be verified by direct 
integration, from the explicit expression (60) for ; and to 
do so will be a good analytical exercise on the subject. 

(a') Denote for brevity the second member of (65) by (i, 5 ), 
so that 

[ sin 6 (%f) 2 dO ~ (i, s) .(67). 

Jo 

Suppose the co-ordinates 0, 4> to used in (52); so that a , 0, cj> 
are the three co-ordinates of jP, and we may take dv—a? sin Odddcj>. 
Working out by aid of (61), (65), the processes indicated 


symbolically in (52), we find 

F(6, 4>) = ‘2{A i &i , + *i(A , ?cosscl> + Ilf sin .(68), 

i =0 s=l 

where 

A. = ^±1 6ddJ“F(&, <f>)d<j> J 

.4^ = (7 s) 7 r J J cos s<j> F(8, <j>) d<j> i .(69), 


4' 1 = _L_ j* ^ S in 6c16 jf* sin s4> F(6, <j>) d<j> j 

which is the explicit form most convenient for general use, of the 
expansion of an arbitrary function of the co-ordinates 6, <jf> in 
spherical surface harmonics. It is most easily proved, [when 
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once the general theorem expressed by (66) and (65) has been in 
any way established,] by assuming the form of expansion (68), 
and then determining the coefficients by multiplying both mem¬ 
bers by £rf cos s<f> sin 6 d6d<j>, and again by Srf sin s<j> sin 6 d0d(}>, 
and integrating in each case over the whole spherical surface. 

(b r ) In what precedes the expansions of surface harmonics, 
whether complete or not, have been obtained solely by the differ¬ 
entiation of - with reference to rectilineal rectangular co- 
r a 

ordinates x, y, z. The expansions of the complete harmonics 
have been found simply as expressions for differential coeffi¬ 
cients, or for linear functions of differential coefficients of 


The expansions of harmonics of fractional and imaginary orders 
have been inferred from the expansions of the complete har¬ 
monics merely by generalizing their algebraic forms. The pro¬ 
perties of the harmonics have been investigated solely from the 
differential equation 


d?V drV dTV 
dx 2 + dy 2 + dz 2 


(70), 


in terms of the rectilineal rectangular co-ordinates. The original 
investigations of Laplace, on the other hand, were founded 
exclusively on the transformation of this equation into polar 
co-ordinates. In our first edition this transformation was not 
given—we now supply the omission, not only on account of the 
historical interest attached to “Laplace’s equation” in terms of 
polar co-ordinates, but also because in this form it leads directly by 
the ordinary methods of treating differential equations, to every 
possible expansion of surface harmonics in polar co-ordinates. 


(o') By App. Z(g)( 14) we find for Laplace’s equation (20) 
transformed to polar co-ordinates, 


d fr 2 dY\ , 1 d t 1 d J F__ 

dr \ dr ) + sin 6 dd V dd ) + sin 2 0 dtf 


In this put 
We find 


V = or V=S i r-‘ i ~ 1 


i (i-1 - 1) S i + 


1 


d t: 
0d0V m 


, ds ; 


1 dr^ i 
sin 2 0 d<p 2 


0 


(71). 


(72). 


(73), 


Spherical 
harmonic 
analysis of 
arbitrary 
function. 


Review of 
preceding 
expansions 
and investi¬ 
gations of 
properties. 






208 


PRELIMINARY. 


Laplace’s 
equation for 
surface har¬ 
monic in 
polar co¬ 
ordinates. 


[B (o'). 

which is the celebrated formula commonly known in England 
as “Laplace’s Equation” for determining S i9 the “Laplace’s 
coefficient” of order i; i being an integer, and the solutions 
admitted or sought for being restricted to rational integral 
functions of cos 0, sin 0 cos cj> and sin 0 sin <£. 


(d') Doing away now with all such restrictions, suppose i to ’ 
be any number, integral or fractional, real or imaginary, only if 
imaginary let it be such as to make i (i + 1) real [compare § (o)] 
above. On the supposition that is a rational integral func¬ 
tion of cos 0 , sin 0 cos <j> and sin 6 sin <£, it would be the sum of 

terms such as ©, (s) Sm sd>. Now, allowing s to have any value 
cos J 

integral or fractional, real or imaginary, assume 

S =®i si&m si> .(74). 

This will be a form of particular solution adapted for application 
to problems such as those referred to in §§ (l), (m) above; and 
(73) gives, for the determination of ®/' s) , 


1 d 
sin 0 cl6 


- d©. (s) 
cie 


) 


+ 


-r4 -, + i ( i+ 1) 

sm - 0 


©«- 0 


(75). 


Definition of 
“ Laplace’s 
functions.” 


(e') When i and s are both integers we know from §(A) 
above, and we shall verify presently, by regular treatment 
of it in its present form, that the differential equation (75) has 
for one solution a rational integral function of sin 0 and cos 0 . 
It is this solution that gives the “Laplace’s Function,” or the 

“complete surface harmonic” of the form ® fa)H1IL seb , But being a 
1 i cos ° 

differential equation of the second order, (75) must have another 
distinct solution, and from § (A) above it follows that this second 
solution cannot be a rational integral function of sin 0, cos 6. It 
may of course be found by quadratures from the rational integral 
solution according to the regular process for finding the second 
particular solution of a differential equation of the second order 
when one particular solution is known. Thus denoting by ®. ls) 
any solution, as for example the known rational integral solu¬ 
tion expressed by equation (58), or (30) or (40) above, or 
§ 782 (e) or (f) with (5) below, we have for the complete 
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solution, 


©' *) = © w f -_ 

1 Ui J (l- /x 2 ) [©.< 


(76). 


For a direct investigation o£ tlie complete solution in finite 
terms for the case i-s a positive integer, see below § (n'), 
Example 2; and for the case i an integer, and s either not an 
integer or not <7, see § (o') (111). 

The rational integral solution alone can enter, and it alone 
suffices, when the problem deals with the complete spherical 
surface. When there are boundaries, whether by two planes 
meeting in a diameter at an angle equal to a submultiple of 
four right angles, or by coaxal cones corresponding to certain 
j)articular values of <9, or by planes and cones, both the rational 
integral solution and the other are required. But when there 
are coaxal cones for boundaries, the values of i required by the 
boundary conditions [§ (Z)] are not generally integral, and it is 
only when i — s is integral that either solution is a rational and 
integral function of sin 0 and cos 6 . Hence, in general, for the 
class of problems referred to, two solutions are required and 
neither is a rational integral function of sin 6 and cos 0 . 


(f r ) The ordinary process for the solution of linear differential 
equations in series of powers of the independent variable when 
the multipliers of the differential coefficients are rational alge¬ 
braic functions of the independent variable leads easily from the 
equation (75) to any of the forms of rational integral solutions 
referred to above, as well as to the second solution in a form 
corresponding to each of them, when i and s are integers; and, 
quite generally, to the two particular solutions in every case, 
whether i and s be integral or fractional, real or imaginary. 
Thus, putting as above, § ( k ), 

cos 6 = p., sin 0 = v.(77), 

make /x the independent variable in the first place, in order to 
find expansions in powers of //.: thus (75) becomes 


_d_ 

d/x 


(! - 


d®} s) 

djx 


+ 


.1 


2 +i (i + 1) 


©p) 


(78). 


This is the form in which “Laplace’s equation ” has been most 
commonly presented. To avoid the appearance of supposing 


Definition 
of “ La¬ 
place’s 
functions. ” 


Differential 
equation 
with v inde¬ 
pendent 
variable 
omitted 
here for 
brevity. 
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mn 


ommonest 
orm of 
Laplace’s 
quation ” 


eneralized. 


)bvious 
olutlon in 
,scending 
>owersof m ; 


why di^» 
missed. 


i and s to be integers or even real, put 

©“ = «;, i(i+l) = a, s s =b, .^79). . 

Using this notation, and multiplying both members by (1 - /), 
we have, instead of (78), 




(i-m s 


did 

J 


+ [a (1 — fjd) — 5 ] io = 0 


.(80); 


To integrate this equation, assume 


w = SAja”, 


and in the series so found for its first member equate to zero the 
coefficient of ft 9 . Thus we find 

(n +1) (n + 2) /C +2 = [> 2 - « + &] K ~ [(« - 1) (n - 2) - a] /f _ 2 ... .(81). 

The first member of this vanishes for n = -1, and for n = — 2, if 
K l and K 0 be finite. Hence, we may put K n = 0 for all negative 
values'of n, give arbitrary values to K 0 and K v and then find 
A r OJ A r a , I( v &c., by applications of (81) with n = 0, n = 1, n = 2,... 
successively. Thus if we first put A r 0 =l, and 1^ = 0; then 
again Ii 0 - 0, A\ -1; we find two series of the forms 

i + Ay + Ay + k 

and A L + A .,/F + A a /F 4- Ac., 

each of which satisfies (80); and therefore the complete solu 
tion is 


iv = C (1 -f /f 2 + A 4 a*- 4 + Ac.) 4- (7 -i- A , s /x n + A 0 aF 4- Ac.)... (82). 

From the form of (81) we see that for very great values of n we 
have 



K ni ,-~-2A\ 

— K n _ z approximately, 

and the 

reforo 



K n 4 ., — K n 

K - A" 4 ,, approximately. 

Hence 

(*aeh of the scries 

; in (82) converges for every value of (i 


less Hum unity. 


(t/) ]>ut this is a very unsatisfactory form of solution. It 
gives in the form of an infinite series 1 4 4 4 Ac. or 

jj* -|- 4 A r fi ’ 4 Ac., the finite solution wliieh we know exists 

in tli ‘ fo an 
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(1 -i*-)* (A 0 +A 2 /j.- + ... A^/jJ-') 

or (1 -M-V(4 l f* + A 3 / J . 3 + 

when b is the square of an odd integer (s), and when a = i (i + 1). 
i being an odd integer or an even integer; and, a minor defect, 
but still a serious one, it does not show without elaborate veri¬ 
fication that one or other of its constituents 1 + A 2 /x 2 + <&c. or 
IX + K 3 lJ‘ + &C. consists of a finite number, J i or +1), of terms 
when b is the square of an even integer and a-i(i + 1), i being 
an even integer or an odd integer. 

(lb') A form of solution which turns out to be much simpler 
in every case is suggested by our primary knowledge [§ (j) above] 
of integral solutions. Put. 

W = (l-[X*)2 V .(83), 


Geometrical 
antecedents 
suggest 
modified 
form of 
solution f 


V6 

in (80) and divide the first member by (1 - /x 2 ) 2 . 
find 


(i - ^ f? - 2 Ub + v? % +[a ~ Jh + ■ = 0 

Assume now 

v = . 


Tlrus we 


(84). 


correspond¬ 

ingly 

modified 

differential 

equation: 


(85); 


equating to zero the coefficient of /x" in the first member of 
(84) gives 


(n+l)(w+2)4, +a -[(»-l)» + 2(V6 + l)w-a+^(^+l)]^=0...(86^ 
or (yi 4- 1) (ji 4* 2) A n+2 = (w + + s + a) (% + | + s - a] A n (8/), 


its solution 
in powers 
of /*: 


if we put a = J{a + J), s = Jb 


( 88 ), 


and with this notation (84) becomes 


(1 - M >) g - 2 (. + 1)* ^ + [a*- (. + i) 2 ]« = 0.(84'). 

The second member of (87) shows that if the series (85) is in 
descending powers of /x its first term must have either 

n = — | — s + a, or n — - 4 - s — a : 

the expansion thus obtained would, if not finite, be convergent ^s^ndmg 
when p > 1 and divergent when /x < 1, and they are there- ^ c s e s ^ ng 
fore not suited for the physical applications. On the other ctiosen. 
hand, the first member of (87) shows that if the series (85) is in 
ascending powers of ft, its first term must have either w=0 or 
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[B (Ji). 


n~l: the expansions thus obtained are necessarily convergent 
when n < 1, and it is therefore these that are suited for our pur¬ 
poses. Taking then A 0 ~ 1 and A x = 0, and denoting by p the 
series so found, and again A Q ~ 0 and A l - 1, and q the series; so 
that we have 

p =1 + i/ + V + e tC . \ /QQX ’ 

and q = /a + A 3 jh 3 + A 5 /jf + etc. /.' /’ 

A 3 , A 4 , etc. and A 3 , A s , etc. being found by two sets of suc¬ 
cessive applications of (87); then the complete solution of (84) is 
v = Gp + C'q .(90). 

This solution is identical with (38 1V ) of § (l) above, as we see by 
(88) and (79), which give 

* = i + i .(01). 


(if) The sign of either a or s may be changed, in virtue of 
(88). No variation however is made in the solution by changing 
the sign of a [which corresponds to changing i into -i- 1, and 
verifies (13) (g) above]: but a very remarkable variation is made 
by changing the sign of s, from which, looking to (88), (83), (87), 
we infer that if p and q denote what p and q become when - s 
is substituted for s in (89), we have 

p = ( l -n*)'p \ 

and ? = . 


.(92); 


and the prescribed modification of (89) gives 
p = 1 -i- & 2 p + % 4 fA + etc. \ 
q = /-i + 3 /F + ® 5 /a r> 4- etc. J 


(93), 


$t s , etc., and £l 3 , etc. being found by successive applica¬ 
tions of 


a = (n + h-S + a) ( n + l -S-a ) 

“ +2 (n +1) (n + 2) 


(94). 


(/) In the case of cc complete harmonics” s is zero or an 
integer, and the p or q solution expressing the result of multiply¬ 
ing the already finite and integral p or q solution by the integral 
polynomial (1 — /a 2 )*, is only interesting on account of the way of 
obtaining it from (87), etc. in virtue of (88). I3ut when either 
a - \ or s is not an integer, the possession of the alternative solu¬ 
tions, p or p, q or q may come to be of great intrinsic importance, 
in respect to obtaining results in finite form. For, supposing a 
and s to be both positive, it is impossible that both p and q can 
be finite polynomials, but one or both of p and q may be so; or 
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one of the p, q forms and the other of the p, q forms may be Cases 
finite. This we see from (87) and (94), which show as follows:— algebraic 

solution. 

1. If J +s — a is positive, p and q must each be an infinite 
series; but p or q will be finite if either J + s — a or J 4- s + a is 
a positive integer*; and both p and q will be finite if J + $-a 
and \ + 5 + a are positive integers differing by unity or any odd 
number. 

2. If a5$+ J, one of the two series p, q must be infinite; 
and if a — s — J is zero or a positive integer, one of the two 
series p, q is finite. If, lastly, a + $ — £ is zero or a positive 
integer, one of the two p, q is finite. It is p that is finite if 
a —s — ^ is zero or even, q if it is odd: and p that is finite if 
a + s — ^ is zero or even, q if it is odd. Hence it is p and p, or 
q and q that are finite if 2s be zero or even; but it is p and q, 
or q and p that are finite if 2s be odd. Hence in this latter case 
the complete solution is a finite algebraic function of //.. 


(Jc f ) Remembering that by a and s we denote the positive 
values of the square roots indicated in (88), we collect from (/) 
1 and 2, that, if I 1 denote a rational integral function of /x and 
(1 the character of the solution of (80) is as follows in 

the several cases indicated:— 

if s and a — J are integers. 

I. -i B; ajs + ^; if s + and a are integers. 

The complete solution is F- 

if s ± (a — -J-) is an integer, but a — £ not an 
integer. 


II. 


'A; 

CL < $ + 

ii 

B; 

CL S + 

i 3 

w 



rA; 

i 

a < S + 

1 . 
3 3 

B; 

a > s 4- 

1 . 

2 3 


integer. 

A particular solution is F ; but the complete solution is not F. 


(I') cl Complete Spherical Harmonics,’’ or “ Laplace’s Co¬ 
efficients,” are included in the particular solution F of Case II. B. 


(. m ') Differentiate (84') and put 


civ 

dfx 


(95). 


Unity being understood as included in the class of “ positive integers. 1 
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We find immediately 

( 1 -^$- 2(s+2)/i S +[a2 " (s+l)2]M=0 .w- 

Let u + ( ±a + « + J> .(97). 

We have, as will be prov.ed presently, 

( l -^l?- 2 ( S+2 ^% + t (a± 1)2 ‘ +0 -(98). 

civ 

Lastly, let u" = (1 - fx) ^ - (=*= a + s + pv .(99). 

We have, as will be proved presently, 

The operation — performed on a solid harmonic of degree 

sin 

— a- J, and type H{z J >J(x 2 + y 2 )} $<£, and transformed to polar 

cos 

co-ordinates r } //,, <jf>, with attention to (83), gives the transition 
from v to u”> as expressed in (99), and thus (100) is proved by 
( 9 ) ( 15 )- 

Similarly the operation 

(a5 +v 4) zr k v / ( a;2 +y 8 )](*+^) , + (i /)]{x-vyy, 

transformed to co-ordinates r, jjl, <£, gives (97), and thuj (98) is 
proved by (g) (15). 

Thus it was that (97) (98), and (99) (100) were found. But, 
assuming (97) and (99) arbitrarily as it were, we prove (98) and 
(100) most easily as follows. Let 


u = 2£> n , and u" = 2£'> n 
Then, by (97) and (99), with (85), we find 

■ s '. +2 =(«+ 2± “ + s+1 m„ +2 

1 jjrr , 1 v?l+l+l- + 5= s =a.. 

and £ „ +2 = (, a + « - i)-- + +1 


.( 101 ). 


. (102). 


Lastly, applying (87), we find that the corresponding equa¬ 
tion-is satisfied by i>' jH2 4- B' n , with a±l and 5+1 instead of 
a and s ; and by B f/ n+2 ~B f ' H) with a ± 1 instead of a, but with 5 
unchanged. 
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As to (95) and (96), tliey merely express for the generalized Example of 
surface harmonics the transition from s to 5 + 1 without change 
of i shown for complete harmonics by Murphy’s formula, 

§ 782 (6) below. 

(n) Examples of (95) (96), and (99) (100). 

Example 1. Let a = $ + J. 

(84/) becomes 

of which the complete solution is > .(103). 

dp 


(W^-sC+D-g-o. 


’-°fp= 


r*7 


n + a. 


By (95) (9G) we find 


gtf-’Kwr- 1 ] 

' d^- 1 


Tesserals 
from sec¬ 
torial by in¬ 
crease of s , 
with order i 
unchanged. 


( 104 ). 


as a solution of 

/7^rtf r7<\ » 

(l-p 2 )^-2(ri + s + l)p^- n (n + 2s+ l )v = ° 

This is the particular finite solution indicated in § (k') II. A# 

The liberty we now have to let a be negative as well as positive 
allows us now to include in our formula for u the cases repre¬ 
sented by the double sign in II. A of (&'). 

Example 2. By m successive applications of (99) (100), with 
the upper sign, to v of (103), we find for the complete integral of 


(1 - ■ ^ f?- 2i ( s+ % ++2s+! ) “ ,=0 

«'= c{fb) + + 


Tesserals 
from sec- 

_( 105 ), torial by in- 

x * crease of i, 
with s un¬ 
changed. 


where f(p), E(p), F(p) denote rational integral algebraic func¬ 
tions Of fJL. 

Of this solution the part C'F (p) is the particular finite solution 
indicated in § (&') II. B- We now see that the complete solution 

f dp 

Awr’ 

integer, this is reducible to the form 


involves no other transcendent than 


When s is an 
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Algebraic 
case of 
last exam¬ 
ple. 


Zonal of 
order zero: 


growing 
into one 
sectorial by 
augmenta¬ 
tion of s, 
with order 


[B («'). 


a being a constant and f (p) a rational integral algebraic function 
of ft. In this case, remembering that (105) is what (84') 
becomes when m + s + \ is put for a, we may recur to our 
notation of §§ (g) (j), by putting i for m + s, which is now an 
integer : and going back, by (83) to (80) or (78), put 


w = (l-p 2 ) 2 u'. 
thus (105) is equivalent to 


.(83'); 


£ 

dp 


(W) 


dm 


dp 


f -s 2 

+ j-5^(t-fl) W = 


0. 


(78'). 


The process of Example 2, § (n') } gives the complete integral of 
this equation when i-s is a positive integer. When also $, and 
therefore also i, is an integer, the transcendent involved be- 

. 1+ /*. ir 


comes logf— r : in this case the algebraic part of the solution 

i — /I 


[or C'^ip) (l -^ 2 )2 according to the notation of (105) and (78')] 
is the- ordinary “Laplace’s Function 7 ’ of order and type (i 9 s); 
the 0^, &c. of our previous notations of §§ (j), (y). It is 

interesting to know that the other particular solution which we 
now have, completing the solution of the differential equation 
for these functions, involves nothing of transcendent but 

1 4- p 


log 


1 -P 


(o') Examples of i 99) (100), and (95) (96) continued . 
Example 3. Returning to (n'), Example 2, let s f £ be an 

integer: the integral f— —is algebraic. Thus we have the 
J (l — p ) 

case of (k r ) I. in which the complete solution is algebraic. 


(p) Returning to in'), Example 1 : let a = \ and s= 0, 
(103) becomes 


d 2 v 




dv 


dp 


o. 


of which the complete integral is 


v^lCloxl^ + C' 


‘1 - P 


(103'). 


As before, apply (95) (96) n times successively : we find 

1 )'-(—)'] .(106) 






KINEMATICS. 


217 




as one solution of the other 

derived 

d 2 u clu from this by 

a - n d^- 2 ( n+ 1 >i- < n + = 0 .( 96 '>- saw-i. 

a P equivalent 

to zero. 

To find tlie other; treat (106) by (99) (100) with the lower 
sign; the effect is to diminish a from \ to — and therefore to 
make no change in the differential equation, but to derive from 
(106) another particular solution, which is as follows : 


w a = £.1.2... (?& — l).w.(7 



( 106 '). 


Giving any different values to C in (106) and (106'), and, using Complete 
K, K r to denote two arbitrary constants, adding we have the com- tesserais of 
plete solution of (96'), which we may write as follows : or er zer °* 


K K' 

M -(i-/*r + (i +/ *)“ 


( 107 ). 


(q) That (107) is the solution of (96') we verify in a moment 
by trial, and in so doing we see farther that it is the complete 
solution, whether n be integral or not. 


(/) Example 4. Apply (99) (100) with upper sign i times to derivation 
(107) and successive results. We get thus the complete solution both tes- 
of (84') for a-% = i any integer, if n is not an integer. But if n every inte- 
is an integer we get the complete solution only provided %<n \ gralorder * 
this is case I. A of §(&'). If we take i = n— 1, the result, 
algebraic as it is, may be proved to be expressible in the form 


c+cmi-^r 1 • i 

(i-fV ’ j 

which is therefore for n an integer the complete ^ 
integral of 


(108): 


o d 2 u cm i v clu n 



except case 
of s an inte¬ 
ger and 
i>s, when 


being tlie case of (84') for which a = s -§, and s = n an integer : 
applying to this (99) (100) with upper sign, the constant O dis- 53 


appears, and we find u'= C' as a solution of 




( 109 ). 


Hence, for i^n one solution is lost. The other, found by 
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continued applications of (99) (100) with upper sign, is the 

regular “Laplace’s function”growing from C' sin" 6 Sm nd>, which 

is the case, represented by u'~ O' in (109). But in this con¬ 
tinuation we are only doing for the case of n an integer, part 
of what was done in § (n*), Example 2, where the other part, 
from the other part of the solution of (109) now lost, gives the 
other part of the complete solution of Laplace's equation subject 
to the limitation i-n (or i-s) a positive integer, but not to the 
limitation of i an integer or n an integer. 


(s’) Returning to the commencement of § (r), with s put 
for n, we find a complete solution growing in the form 


y *%(-/* ) 

(!-/*)■ > ' a+M) 4 * 


,( 110 ); 


(110')j 


which may be immediately reduced to 

K/MQ ++(-)*&/,(- 
(W)' 

f. denoting an integral algebraic function of the i th degree, readily 
found by the proper successive applications of (99) (100). 
Hence, by (83) (79), we have 


w — s 

(Wf 

as the complete solution of Laplace’s equation 


(in), 


d_ 

dp 


a-& 


dw 

dfM 


2 + i(i + 1) 


to = 0 . 


.( 112 ), 


L1-m 2 

for the case of i an integer without any restriction as to the 
value of s , which may be integral or fractional, real or imaginary, 
with no failure except the case of s au integer and i > s, of which 
the complete treatment is included in § (ni’) 9 Example 2, above. 







CHAPTER II. 


DYNAMICAL LAWS AND PRINCIPLES. 

205. In the preceding chapter we considered as a subject of ideas of 

. ° A J matter and 

pure geometry the motion of points, lines, surfaces, and volumes, force^ntro- 
whether taking place with or without change of dimensions and 
form; and the results we there arrived at are of course altogether 
independent of the idea of matter , and of the forces which matter 
exerts. We have heretofore assumed the existence merely of 
motion, distortion, etc.; we now come to the consideration, not 
of how we might consider such motions, etc., to be produced, but 
of the actual causes which in the material world do produce 
them. The axioms of the present chapter must therefore be 
considered to be due to actual experience, in the shape either 
of observation or experiment. How this experience is to be 
obtained will form the subject of a subsequent chapter. 

206. We cannot do better, at all events in commencing, than 
follow Newton somewhat closely. Indeed the introduction to 
the Principia contains in a most lucid form the general founda¬ 
tions of Dynamics. The Definitiones and Axiomata sive Leges 
Molds, there laid down, require only a few amplifications and 
additional illustrations, suggested by subsequent developments, 
to suit them to the present state of science, and to make a much 
better introduction to.dynamics than we find in even some of 
the best modern treatises. 

207. We cannot, of course, give a definition of Matter which Mattor. 
will satisfy the metaphysician, but the naturalist may be con¬ 
tent to know matter as that which can be perceived by the senses , 

or as that which can be acted upon by , or can exert, force. The 
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latter, and indeed the former also, of these definitions involves 
Force. the idea of Force , which, in point of fact, is a direct object of 
sense; probably of all our senses, and certainly of the “ mus¬ 
cular sense.” To our chapter bn Properties of Matter we must 
refer for further discussion of the question. What is matter ? 
And we shall then be in a position to discuss the question 
of the subjectivity of Force. 

208. The Quantity of Matter in a body, or, as we now call 
nass. it, the Mass of a body, is proportional, according to Newton, to 

)ensity. the Volume and the Density conjointly. In reality, the defini¬ 

tion gives us the meaning of density rather than of mass; for 
it shows us that if twice the original quantity of matter, air for 
example, be forced into a vessel of given capacity, the density 
will be doubled, and so on. But it also shows us that, of matter 
of uniform density, the mass or quantity is proportional to the 
volume or space it occupies. 

Let M he the mass, p the density, and Fthe volume, of a homo¬ 
geneous body. Then 

M=V P] 

if we so take our units that unit of mass is that of unit volume of 
a body of unit density. 

If the density yary from point to point of the body, we have 
evidently, by the above formula and the elementary notation of 
the integral calculus, 

M= fffpdxdydz , 

where p is supposed to be a known function of x, ?/, z, and the 
integration extends to the whole space occupied by the matter of 
the body whether this be continuous or not. 

It is worthy of particular notice that, in this definition, 
Newton says, if there be anything which freely pervades the 
interstices of all bodies, this is not taken account of in estimat¬ 
ing their Mass or Density. 

nentS?" ^09. Newton further states, that a practical measure of the 
uass. mass of a body is its Weight. His experiments on pendulums, 
by which he establishes this most important result, will be de- 
SCr bed later, in onr fdirmf.Pr rm T-Vr^-norf ino nf MAffor 
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As will be presently explained, the unit mass most convenient 
for British measurements is an imperial pound of matter. 

210. The Quantity of Motion , or the Momentum , of a rigid 
body moving without rotation is proportional to its mass and 
velocity conjointly. The whole motion is the sum of the motions 
of its several parts. Thus a doubled mass, or a doubled velocity, 
would correspond to a double quantity of motion; and so on. 

Hence, if we take as unit of momentum the momentum of 
a unit of matter moving with unit velocity, the momentum of a 
mass M moving with velocity v is Mv. 

211. Change of Quantity of Motion, or Change of Momen¬ 
tum, is proportional to the mass moving and the change of its 
velocity conjointly. 

Change of velocity is to be understood in the general sense 
of § 27. Thus, in the figure of that section, if a velocity re¬ 
presented by OA be changed to another represented by 0C } the 
change of velocity is represented in magnitude and direction 
by AC. 

212. Rate of Change of Momentum is proportional to the 
mass moving and the acceleration of its velocity conjointly. 
Thus (§ 35, b) the rate of change of momentum of a falling 
body is constant, and in the vertical direction. Again (§ 35, a) 
the rate of change of momentum of a mass M, describing a 

MV 2 

circle of radius R, with uniform velocity F, is —, and is 

directed to the centre of the circle; that is to say, it is a 
change of direction, not a change of speed, of the motion. 
Hence if the mass be compelled to keep in the circle by a 
cord attached to it and held fixed at the centre of the circle, the 

MV 2 

force with which the cord is stretched is equal to -: this is 

called the centrifugal force of the mass M moving with velocity 
Fin a circle of radius R . 


Generally (§ 29), for a body of mass M moving anyhow in 
space there is change of momentum, at the rate, hi the direc- 

CiU 


Momentum. 


Change of 
momentum. 


Rate of 
change of 
momentum. 
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>of 

$eof 

Lentum. 


tion of motion, and M°— towards tlie centre of curvature of the 
path, j and, if we choose, we may exhibit the whole acceleration 
of momentum by its three rectangular components M^ % , , 


M Jr, or, according to the 
atr 


Newtonian notation, Mx, My , Mz. 


tic 213. The Vis Viva , or Kinetic Energy , of a moving body is 
proportional to the mass and the square of the velocity, con¬ 
jointly. If we adopt the same units of mass and velocity as 
before, there is particular advantage in defining kinetic energy 
as half the product of the mass and the square of its velocity. 


214. Rate of Change of Kinetic Energy (when defined as 
above) is the product of the velocity into the component of 
rate of change of momentum in the direction of motion. 

^ d/Mv\ d(Mv) 

For -ttI-h- )=w- A 7t- z . 


215. It is to be observed that, in what precedes, with the 
exception of the definition of mass, we have taken no account 
of the dimensions of the moving body. This is of no conse¬ 
quence so long as it does not rotate, and so long as its parts 
preserve the same relative positions amongst one another. In 
this case we may suppose the whole of the matter in it to be 
condensed in one point or particle. We thus speak of a material 
particle, as distinguished from a geometrical point If the body 
rotate, or if its parts change their relative positions, then we 
cannot choose any one point by whose motions alone we may 
determine those of the other points. In such cases the momen¬ 
tum and change of momentum of the whole body in any direc¬ 
tion are, the sums of the momenta, and of the changes of 
momentum, of its parts, in these directions; while the kinetic 
energy of the whole, being non-directional, is simply the sum 
of the kinetic energies of the several parts or particles. 


s 216. Matter has an innate power of resisting external in- 
C^^fiuences, so that every body, as far as it can, remains at rest, or 
moves uniformly in a straight line. 
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matter in tlie body. And it follows that some cause is requisite inertia, 
to disturb a body’s uniformity of motion, or to change its direc¬ 
tion from the natural rectilinear path. 

217. Force is any cause which tends to alter a body’s natural Force, 
state of resh or of uniform motion in a straight line. 

Force is wholly expended in the Action it produces; and the 
body, after the force ceases to act, retains by its inertia the 
direction of motion and the velocity which were given to it 
Force may be of divers kinds, as pressure, or gravity, or friction, 
or any of the attractive or repulsive actions of electricity, mag¬ 
netism, etc. 

218. The three elements specifying a force, or the three Spectfioa- 
elements which must be known, before a clear notion of the force, 
force under consideration can be formed, are, its place of appli¬ 
cation, its direction, and its magnitude. 

(a) The place of application of a force. The first case to be Place of 
considered is that in which the place of application is a point appllcatlon * 
It has been shown already in what sense the term “point” 
is to be taken, and, therefore, in what way a force maybe 
imagined as acting at a point. In reality, however, the place of 
application of a force is always either a surface or a space of 
three dimensions occupied by matter. The point of the finest 
needle, or the edge of the sharpest knife, is still a surface, and 
acts by pressing over a finite area on bodies to which it may 
be applied. Even the most rigid substances, when brought 
together, do not touch at a point merely, but mould each other 
so as to produce a surface of application. On the other hand, 
gravity is a force of which the place of application is the whole 
matter of the body whose weight is considered; and the smallest 
particle of matter that has weight occupies some finite portion 
of space. Thus it is to be remarked, that there are two kinds 
of force, distinguishable by. their place of application—force, 
whose place of application is a surface, and force, whose place 
of application is a solid. When a heavy body rests on the 
ground, or on a table, force of the second character, acting 
downwards, is balanced by force of the first character acting 
upwards. • 
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(J) The second element in the specification of a force is its 
direction. The direction of a force is the line in which it acts. 
If the place of application of a force he regarded as a point, a 
line through that point, in the direction in which the force 
tends to move the body, is the direction of the force. In the 
case of a force distributed over a surface, it is frequently pos¬ 
sible and convenient to assume a single point and a single line, 
such that a certain force acting at that point in that line would 
produce sensibly the same effect as is really produced. 

dtude. (c) ‘ The third element in the specification of a force is its 
magnitude. This involves a consideration of the method fol¬ 
lowed in dynamics for measuring forces. Before measuring 
anything, it is necessary to have a unit of measurement, or a 
standard to which to refer, and a principle of numerical specifi¬ 
cation, or a mode of referring to the standard. These will be 
supplied presently. See also § 258, below. 

erative 219. The Accelerative Effect of a Force is proportional to 
the velocity which it produces in a given time, and is measured 
by that which is, or would be, produced in unit of time; in 
other words, the rate of change of velocity which it produces. 
This is simply what we have already defined as acceleration, § 28. 

ure of 220. The Measure of a Force is the quantity of motion which 
it produces per unit of time. 

The reader, who has been accustomed to speak of a force of 
so many pounds, or so many tons, may be startled when he finds 
that such expressions are not definite unless it be specified at 
what part of the earth’s surface the pound, or other definite 
quantity of matter named, is to be weighed ; for the heaviness or 
gravity of a given quantity of matter differs in different latitudes. 
But the force required to produce a stated quantity of motion in 
a given time is perfectly definite, and independent of locality. 
Thus, let W be the mass of a body, g the velocity it would 
acquire in falling freely for a second, and P the force of gravity 
upon it, measured in kinetic or absolute units. We have 
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221. According to the system commonly followed in mathe¬ 
matical treatises on dynamics till fourteen years ago, when a small 
instalment of the first edition of the present work was issued 
for the use of our students, the unit of mass was g times the 
mass of the standard or unit weight. This definition, giving a 
varying and a very unnatural unit of mass, was exceedingly 
inconvenient. By taking the gravity of a constant mass for 
the unit of force it makes the unit of force greater in high than 
in low latitudes. In reality, standards of weight are masses, 
not forces. They are employed primarily in commerce for the 
purpose of measuring out a definite quantity of matter; not an 
amount of matter which shall be attracted by the earth with a 
given force. 

A merchant, with a balance and a set of standard weights, 
would give his customers the same quantity of the same kind of 
matter however the earth's attraction might vary, depending as 
he does upon weights for his measurement; another, using a 
spring-balance, would defraud his customers in high latitudes, 
and himself in low, if his instrument (which depends on constant 
forces and not on the gravity of constant masses) were correctly 
adjusted in London. 

It is a secondary application of our standards of weight to 
employ them for the measurement of forces , such as steam pres¬ 
sures, muscular power, etc. In all cases where great accuracy 
is required, the results obtained by such a method have to be- 
reduced to what they would have been if the measurements of 
force had been made by means of a perfect spring-balance, 
graduated so as to indicate the forces of gravity on the standard 
weights in some conventional locality. 

It is therefore very much simpler and better to take the 
imperial pound, or other national or international standard 
weight, as, for instance, the gramme (see the chapter on 
Measures and Instruments), as the unit of mass, and to derive 
from it, according to Newton’s definition above, the unit of 
force. This is the method which Gauss has adopted in his 
great improvement (§ 223 below) of the system of measurement 
of forces. 


Inconveni¬ 
ent system 
of modern 
treatises. 


Standards 
of weight 
are masses, 
and not 
primarily 
intended for 
measure¬ 
ment of 
force. 
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Clairauit's 222. The formula, deduced by Clairault from observation, 
the^momit and a certain theory regarding the figure and density of the 
of gravity. eart j^ ma y employed to calculate the most probable value 
of the apparent force of gravity, being the resultant of true 
gravitation and centrifugal force, in any locality where no 
pendulum observation of sufficient accuracy has been made. 
This formula, with the two coefficients which it involves, 
corrected according to the best modern pendulum observations 
(Airy, Encyc . Metropolitan a, Figure of the Earth), is as fol¬ 
lows:— 

Let G be the apparent force of gravity on a unit mass at the 
equator, and g that in any latitude X; then 

0=0(1 + *005133 sin 2 X). 

The value of G } in terms of the British absolute unit, to be 
explained immediately, is 

32*088. 

According to this formula, therefore, polar gravity will be 
g = 32-088 x 1-005133 = 32*2527. 

223, Gravity having failed to furnish a definite standard, 
independent of locality, recourse must be had to something else. 
The principle of measurement indicated as above by Newton, 
Gauss's but first introduced practically by Gauss, furnishes us with 

absolute _ . r _. J J . . 1 . . „ 

porce° f we want. According to this principle, the unit force is 

that force which, acting on a national standard unit of matter 
during the unit of time, generates the unity of velocity. 

This is known as Gauss’s absolute unit; absolute, because 
it furnishes a standard force independent of the differing 
amounts of gravity at different localities. It is however ter¬ 
restrial and inconstant if the unit of time depends on the earth’s 
rotation, as it does in our present system of chronometry. The 
period of vibration of a piece of quartz crystal of specified shape 
and size and at a stated temperature (a tuning-fork, or bar, as 
one of the bars of glass used in the “musical glasses”) gives us 
a unit of time which is constant through all space and all time, 
and independent of the earth. A unit of force founded on such 
a unit of time would be better entitled to the designation abso- 
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Lute than is the “absolute unit” now generally adopted, which is Maxwell’s 
founded on the mean solar second . But this depends essentially tX£ s S fo? eJ 
on one particular piece of matter, and is ’therefore liable to all unit of 
the accidents, etc. which affect so-called National Standards 
however carefully they may be preserved, as well as to the 
almost insuperable practical difficulties which are experienced 
when we attempt to make exact copies of them. Still, in the 
present state of science, we are really confined to such approxi¬ 
mations. The recent discoveries due to the Kinetic theory of 
gases and to Spectrum analysis (especially when it is applied to 
the light of the heavenly bodies) indicate to us natural standard 
pieces of matter such as atoms of hydrogen, or sodium, ready made 
in infinite numbers, all absolutely alike in every physical pro¬ 
perty. The time of vibration of a sodium particle corresponding 
to any one of its modes of vibration, is known to be absolutely 
independent of its position in the universe, and it will probably 
remain the same so long as the particle itself exists. The wave¬ 
length for that particular ray, i. e. the space through which 
light is propagated in vacuo during the time of one complete 
vibration of this period, gives a perfectly invariable unit of 
length; and it is possible that at some not very distant day the 
mass of such a sodium particle may be employed as a natural 
standard for the remaining fundamental unit. This, the latest 
improvement made upon our original suggestion of a Perennial 
Spring (First edition, § 406), is due to Clerk Maxwell*; who 
has also communicated to us another very important and in¬ 
teresting suggestion for founding the unit of time upon physical 
properties of a substance without the necessity of specifying any 
particular quantity of it. It is this, water being chosen as the 
substance of all others known to us which is most easily obtained 
in perfect purity and in perfectly definite physical condition.— 

Call the standard density of water the maximum density of 
the liquid when under the pressure of its own vapour alone. 

The time of revolution of an infinitesimal satellite close to the 
surface of a globe of water at standard density (or of any kind 
of matter at the same density) may be taken as the unit of 
time; for it is independent of the size of the globe. This has 

* Electricity and Magnetism, 1S72. 


15—2 
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Time. 


suggested to us still another unit, founded, however, still upon 
the same physical principle. The time of the gravest simple 
harmonic infinitesimal vibration of a globe of liquid, water at 
standard density, or of other perfect liquids at the same density, 
may be taken as the unit of time; for the time of the simple 
harmonic vibration of any one of the fundamental modes of a 
liquid sphere is independent of the size of the sphere. 

Let f be the force of gravitational attraction between two 
units of matter at unit distance. The force of gravity at the 

. 4t7T 

surface of a globe of radius r, and density p, is -g- fpr. Hence 

if a) be the angular velocity of an infinitesimal satellite, we 
have, by the equilibrium of centrifugal force and gravity 
(§§ 212 , 477 ), 

2 ^TT - 

w r = -g-fpr- 


Hence w = 

and therefore if T be the satellite’s period, 

T=2ir /JL 

V ^Jp 

(which is equal to the period of a simple pendulum whose length 
is the globe’s radius, and weighted end infinitely near the surface 
of the globe). And it has been proved* that if a globe of liquid 
be distorted infinitesimally according to a spherical harmonic of 
order 7, and left at rest, it will perform simple harmonic oscilla¬ 
tions in a period equal to 



Vi 


3 27+1 \ 

U rfp 27(7-1)] 


Hence if T' denote the period of the gravest, that, namely, 
for which 7 = 2, we have 

'• 

The semi-period of an infinitesimal satellite round the earth is 
equal, reckoned in seconds, to the square root of the number of 
metres in the earth’s radius, the metre being very approximately 


* “Dynamical Problems regarding Elastic Spheroidal Shells and Spheroids 
of Incompressible Liquid” (W. Thomson), Phil Trans. Nov. 27, 1SG2. 
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the length of the seconds pendulum, whose period is two Suggestions 
seconds. Hence taking the earth’s radius as 6,370,000 metres, Unitor 
and its density as 5^ times that of our standard globe, 

T = 3 h. 17 m. 

T = 3 h. 40 m. 

224. The absolute unit depends on the unit of matter, the 
unit of time, and the unit of velocity; and as the unit of velo¬ 
city depends on the unit of space and the unit of time, there is, 
in the definition, a single reference to mass and space, but a 
double reference to time; and this is a point that must be par¬ 
ticularly attended to. 

223. The unit of mass may be the British imperial pound; 
the unit of space the British standard foot; and, accurately 
enough for practical purposes for a few thousand years, the unit 
of time may be the mean solar second. 

We accordingly define the British absolute unit force as “the British ab- 
force which, acting on one pound of matter for one second, 
generates a velocity of one foot per second.” Prof. James 
Thomson has suggested the name “Poundal” for this unit of 
force. 

226. To illustrate the reckoning of force in “absolute measure,” comparison 
find how many absolute units will produce, in any particular gravity, 
locality, the same effect as the force of gravity on a given mass. 

To do this, measure the effect of gravity in producing accelera¬ 
tion on a body unresisted in any way. The most accurate method 
is indirect, by means of the pendulum. The result of pendulum 
experiments made at Leith Fort, by Captain Kater, is, that the 
velocity which would be acquired by a body falling unresisted 
for one second.is at that place 32*207 feet per second. The 
preceding formula gives exactly 32*2, for the latitude 55° 33', 
which is approximately that of Edinburgh. The variation in 
the force of gravity for one degree of difference of latitude about 
the latitude of Edinburgh is only *OOOOS32 of its own amount. 

It is nearly the same, though somewhat more, for every degree 
of latitude southwards, as far as the southern limits of the 
British Isles. On the other hand, the variation per degree is sen¬ 
sibly less, as far north as the Orkney and Shetland Isles. Hence 
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Gravity of the augmentation of gravity per degree from south to north 
SrmaSsm ht throughout the British Isles is at most about X¥ ^<y °fit s whole 
Sic amount in any locality. The average for the whole of Great 

Umt Britain and Ireland differs certainly but little from 32*2. Our 

present application is, that the force of gravity at Edinburgh is 
32*2 times the force which, acting on a pound for a second, 
would generate a velocity of one foot per second; in other 
words, 32*2 is the number of absolute units which measures the 
weight of a pound in this latitude. Thus, approximately, the 
poundal is equal to the gravity of about half an ounce. 

227. Forces (since they involve only direction and magni¬ 
tude) may be represented, as velocities are, by straight lines in 
their directions, and of lengths proportional to their magnitudes, 
respectively. 

Also the laws of composition and resolution of any number 
of forces acting at the same point, are, as we shall show later 
(§ 255), the same as those which we have already proved to 
hold for velocities; so that with the substitution of force for 
velocity, §§ 26, 27, are still true. 

Effective 228. In rectangular resolution the Component of a force in 
of a force nfc any direction, (sometimes called the Effective Component in that 
direction,) is therefore found by multiplying the magnitude of 
the force by the cosine of the angle between the directions of 
the force and the component. The remaining component in this 
case is perpendicular to the other. 

It is very generally convenient to resolve forces into com¬ 
ponents parallel to three lines at right angles to each other; 
each such resolution being effected by multiplying by the 
cosine of the angle concerned. 

Geometrical 229. The point whose distances from three planes at right 
preliminary angles to one another are respectively equal to the mean dis- 
of centre of tances of any group of points from these planes, is at a distance 
from any plane whatever, equal to the mean distance of the 
group from the same plane. Hence of course, if it is in motion, 
its velocity perpendicular to that plane is the mean of the velo¬ 
cities of the several points, in the same direction. 
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Let (x lt y x , etc., be the points of tbe group in number i; 
and x, y, z be tbe co-ordinates of a point at distances respectively 
equal to tbeir mean distances from tbe planes of reference; that 
is to say, let 

x, + x 0 + etc. y, +?/_+ etc. 2 , + 2 4- etc. 

—• 

Thus, if etc., and p, denote tbe distances of tbe points in 
question from any plane at a distance a from tbe origin of co¬ 
ordinates, perpendicular to tbe direction (l, m, n), tbe sum of a 
and p x will make up tbe projection of tbe broken line x l9 y v z x 
011 (l, m, n) y and therefore 

p i = lx x + my x + nz x - a, etc.; 
and similaiiy, p = lx + my + nz-a. 

Substituting in this last tbe expressions for x, y, z, we find 

p, + p 0 + etc. 

P=Ll^ - 


which is tbe theorem to be proved. Hence, of course, 


dp 

dt 


= i 


i\dt + dt + e ^°‘ 


230. The Centre of Inertia of a system of equal material 
points (whether connected with one another or not) is the point 
whose distance is equal to tbeir average distance from any plane 
whatever (§ 229). 

A group of material points of unequal masses may always be 
imagined as composed of a greater number of equal material 
points, because we may imagine the given material points 
divided into different numbers of very small parts. In any 
case in which the magnitudes of the given masses are incom¬ 
mensurable, we may approach as near as we please to a rigorous 
fulfilment of the preceding statement, by making the parts into 
which we divide them sufficiently small. 

On this understanding the preceding definition may be ap¬ 
plied to define tbe centre of inertia of a system of material 
points, whether given equal or not. The result is equivalent to 
this:— 


Geometrical 
Theorem 
preliminary 
to definition 
of centre of 
inertia. 


Centre of 
inertia. 
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The centre of inertia of any system of material points what¬ 
ever (whether rigidly connected with one another, or connected 
in any way, or quite detached), is a point whose distance from 
any plane is equal to the sum of the products of each mass into 
its distance from the same plane divided by the sum of the 
masses. 

We also see, from the proposition stated above, that a point 
whose distance from three rectangular planes fulfils this con¬ 
dition, must fulfil this condition also for every other plane. 

The co-ordinates of the centre of inertia, of masses w v w 2 , 
etc., at points (x v y x) zj, (x a , y 2 , z 2 ), etc., are given by the follow¬ 
ing formulas:— 

w,x % + iv o x 0 +e tc. %wx _ Sioy _ %wz 

X= - 1 — -~ ~ r- =, y = -— 3 = -=—• 

w x + w 2 +ete. aw u aw 

These formulae are perfectly general, and can easily be put 
into the particular shape required for any given case. Thus, 
suppose that, instead of a set of detached material points, we 
have a continuous distribution of matter through certain definite 
portions of space; the density at x, y } z being p, the elementary 
principles of the integral calculus give us at once 

T - JJ Jpxdxdy dz 

f jfpdxihjdz ’ ’ 

where the integrals extend through all the space occupied by the 
mass in question, in which p has a value different from zero. 

The Centre of Inertia or Mass is thus a perfectly definite 
point in every body, or group of bodies. The term Centre of 
Gravity is often very inconveniently used for it. The theory 
of the resultant action of gravity which will be given under 
Abstract- Dynamics shows that, except in a definite class of 
distributions of matter, there is no one fixed point which can 
properly be called the Centre of Gravity of a rigid body. In 
ordinary cases of terrestrial gravitation, however, an approxi¬ 
mate solution is available, according to which, in common 
parlance, the term u Centre of Gravity” may be used as equi¬ 
valent to Centre of Inertia; but it must be carefully re¬ 
membered that the fundamental ideas involved in the two 
definitions are essentially different. 



DYNAMICAL LAWS AND PRINCIPLES. 


233 


230.] 

The second proposition in § 229 may now evidently be Centre of 
stated thus:—The sum of the momenta of the parts of the Inertm- 
system in any direction is equal to the momentum in the same 
direction of a mass equal to the sum of the masses moving with 
a velocity equal to the velocity of the centre of inertia. 

231. The Moment of any physical agency is the numerical Moment, 
measure of its importance. Thus, the moment of a force round 

a point or round a line, signifies the measure of its importance 
as regards producing or balancing rotation round that point or 
round that line. 

232. The Moment of a force about a point is defined as the Moment of 

a force 

product of the force into its perpendicular distance from the^?^ fc ta 
point. It is numerically double the area of the triangle whose 
vertex is the point, and whose base is a line representing the 
force in magnitude and direction. It is often convenient to 
represent it by a line numerically equal to it, drawn through 
the vertex of the triangle perpendicular to its plane, through 
the front of a watch held in the plane with its centre at the 
point, and facing so that the force tends to turn round this m oment °f 
point in a direction opposite to the hands. The moment of a about an 
force round any axis is the moment of its component in any 
plane perpendicular to the axis, round the point in which the 
plane is cut by the axis. Here we imagine the force resolved 
into two components, one parallel to the axis, which is ineffective 
so far as rotation round the axis is concerned; the other perpen¬ 
dicular to the axis (that is to say, having its line in any plane 
perpendicular to the axis). This latter component may be called 
tiie effective component of the force, with reference to rotation 
round the axis. And its moment round the axis may be defined 
as its moment round the nearest point of the axis, which is 
equivalent to the preceding definition. It is clear that the 
moment of a force round any axis, is equal to the area of the 
projection on any piano perpendicular to the axis, of the figure 
representing its moment round any point of the axis. 

233. The projection of an area, plane or curved, on any Digression 
plane, is the area included in the projection of its bounding tion of^ 
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Digression If we imagine an area divided into any number of parts, the 
tionof jec projections of these parts on any plane make up the projection 
of the whole. But in this statement it must be understood that 
the areas of partial projections are to be reckoned as positive if 
particular sides, which, for brevity, we may call the outside of 
the projected area and the front of the plane of projection, face 
the same way, and negative if they face oppositely. 

Of course if the projected surface, or any part of it, be a plane 
area at right angles to the plane of projection, the projection 
vanishes. The projections of any two shells having a common 
edge, on any plane, are equal, but with the same, or opposite, 
signs as the case may be. Hence, by taking two such shells 
facing opposite ways, we see that the projection of a closed 
surface (or a shell with evanescent edge), on any plane, is 
nothing. 

Equal areas in one plane, or in parallel planes, have equal 
projections on any plane, whatever may be their figures. 

Hence the projection of any plane figure, or of any shell, 
edged by a plane figure, on another plane, is equal to its area, 
multiplied by the cosine of the angle at which its plane is in¬ 
clined to the plane of projection. This angle is acute or obtuse, 
according as the outside of the projected area, and the front of 
plane of projection, face on the whole towards the same parts, 
or oppositely. Hence lines representing, as above described, 
moments about a point in different planes, are to be com¬ 
pounded as forces are.—See an analogous theorem in § 96. 

Couple. 234. A Couple is a pair of equal forces acting in dissimilar 
directions in parallel lines. The Moment of a couple is the 
sum of the moments of its forces about any point in their plane, 
and is therefore equal to the product of either force into the 
shortest distance between their directions. This distance is called 
the Arm of the couple. 

The Axis of a Couple is a lino drawn from any chosen point 
of reference perpendicular to the plane of the couple, of such 
magnitude and in such direction as to represent the magnitude 
of the moment, and to indicate the direction in which the couple 
tends to turn. The most convenient rule for fulfilling the 
latter condition is this:—Hold a watch with its centre at the 
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point of reference, and with its plane parallel to the plane of couple, 
the couple. Then, according as the motion of the hands is 
contrary to or along with the direction in which the couple 
tends to turn, draw the axis of the couple through the face 
or through the hack of the watch, from its centre. Thus a 
couple is completely represented by its axis ; and couples are to 
be resolved and compounded by the same geometrical construc¬ 
tions performed with reference to their axes as forces or velo¬ 
cities, with reference to the lines directly representing them. 


235. If we substitute, for the force in § 232, a velocity, we 
have the moment of a velocity about a point; and by intro¬ 
ducing the mass of the moving body as a factor, we have an 
important element of dynamical science, the Moment of Momen¬ 
tum. The laws of composition and resolution are the same 
as those already explained; but for the sake of some simple 
applications we give an elementary investigation. 

The moment of a rectilineal motion is the product of its 
length into the distance of its line from the point. 

The moment of the resultant velocity of a particle about any 
point in the plane of the components is equal to the algebraic 
sum of the moments of the components, the proper sign of each 
moment being determined as above, § 233. The same is of 
course true of moments of displacements, of moments of forces 
and of moments of momentum. 

First, consider two component motions, AB and AC, and let 
AD be their resultant (§ 27). Their half moments round the 
point 0 are respectively the areas OAB, OCA. Now OCA, 
together with half the area of the parallelogram GABD, is 
equal to OBD. Hence the sum of the two half moments 
together with half the area of the parallelogram, is equal to 
AOB together with BOD, that is to say, to the area of the 
whole figure OABD. But ABD, a part 
of this figure, is equal to half the area of 
the parallelogram; and therefore the re¬ 
mainder, OAD, is equal to the sum of 
the two half moments. But OAD is half 
the moment of the resultant velocityround 
the point 0. Hence the moment of the A 
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resultant is equal to tlie sum of the moments of the two com- 
ponents. 

If there are any number of component rectilineal motions in 
one plane, we may compound them in order, any two taken 
together first, then a third, and so on; and it follows that the 
sum of their moments is equal to the moment of their resultant. 
It follows, of course, that the sum of the moments of any number 
of component velocities, all in one plane, into which the velo¬ 
city of any point may be resolved, is equal to the moment of 
their resultant, round any point in their plane. It follows also, 
that if velocities, in different directions all in one plane, he 
successively given to a moving point, so that at any time its 
velocity is their resultant, the moment of its velocity at any 
time is the sum of the moments of all the velocities which have 
been successively given to it. 

Cor .—If one of the components always passes through the 
point, its moment vanishes. This is the case of a motion in 
which the acceleration is directed to a fixed point, and we thus 
reproduce the theorem of § 36, a , that in this case the areas 
described by the radius-vector are proportional to the times; 
for, as we have seen, the moment of velocity is double the area 
traced out by the radius-vector in unit of time. 

236. The moment of the velocity of a point round any axis 
is the moment of the velocity of its projection on a plane per¬ 
pendicular to the axis, round the point in which the plane is cut 
by the axis. 

The moment of the whole motion of a point during any 
time, round any axis, is twice the area described in that time 
by the radius-vector of its projection on a plane perpendicular to 
that axis. 

If we consider the conical area traced by the radius-vector 
drawn from any fixed point to a moving point whose motion is 
not confined to one plane, we see that the projection of this area 
on any plane through the fixed point is half of what wc have 
just defined as the moment of the whole motion round an axis 
perpendicular to it through the fixed point. Of all these 
planes, there is one on which the projection of the area is greater 
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than on any other; and the projection of the conical area on Moment.of 
any plane perpendicular to this plane, is equal to nothing, the motion, 

J • 4 . + +• e ... i ® . round an 

proper interpretation oi positive and negative projections being mm. 
used. 

If any number of moving points are given, we may similarly 
consider the conical surface described by the radius-vector of 
each drawn from one fixed point. The same statement applies 
xo the projection of the many-sheeted conical surface, thus pre¬ 
sented. The resultant axis of the whole motion in any finite Exultant 
time, round the fixed point of the motions of all the moving axit> * 
points, is a line through the fixed point perpendicular to the 
plane on which the area of the whole projection is greater than 
on any other plane ; and the moment of the whole motion round 
the resultant axis, is twice the area of this projection. 

The resultant axis and moment of velocity, of any number of 
moving points, relatively to any fixed point, are respectively the 
resultant axis of the whole motion during an infinitely short 
time, and its moment, divided by the time. 

The moment of the whole motion round any axis, of the 
motion of any number of points during any time, is equal 
to the moment of the whole motion round the resultant axis 
through any point of the former axis, multiplied into the cosine 
of the angle between the two axes. 

The resultant axis, relatively to any fixed point, of the whole 
motion of any number of moving points, and the moment of 
the whole motion round it, are deduced by the same elemen¬ 
tary constructions from the resultant axes and moments of the 
individual points, or partial groups of points of the system, as 
the direction and magnitude of a resultant displacement are 
deduced from any given lines and magnitudes of component Moment of 
displacements. 

Corresponding statements apply, of course, to the moments of 
velocity and of momentum. 

237. If the point of application of a force be displaced virtu^ 
through a small space, the resolved part of the displacement in 
the direction of the force has been called its Virtual Velocity . 
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This is positive or negative according us the virtual velocity is 
in the same, or in the opposite, direction to that of the force. 

The product of the force, into the virtual velocity of its point 
of application, has been called the Virtual Moment of the force. 
These terms we have introduced since they stand in the history 
and developments of the science; but, as we shall show further 
on, they are inferior substitutes for a far more useful set of ideas 
clearly laid down by Newton. 

238 . A force is said to do worJc if its place of application 
has a positive component motion in its direction; and the work 
done by it is measured by the product of its amount into this 
component motion. 

Thus, in lifting coals from a pit, the amount of work done is 
proportional to the weight of the coals lifted; that is, to the 
force overcome in raising them; and also to the height through 
which they are raised. The unit for the measurement of work 
adopted in practice by British engineers, is that required to 
overcome a force equal to the gravity of a pound through the 
space of a foot; and is called a Foot-Pound. 

In purely scientific measurements, the unit of work is not 
the foot-pound, but the kinetic unit force (§ 225) acting through 
unit of space. Thus, for example, as we shall show further on, 
this unit is adopted in measuring the work done by an electric 
current, the units for electric and magnetic measurements being 
founded upon the kinetic unit force. 

If the weight be raised obliquely, as, for instance, along a 
smooth inclined plane, the space through which the force has 
to be overcome is increased in the ratio of the length to the 
height of .the plane; but the force to be overcome is not the 
whole gravity of the weight, but only the component of the 
gravity parallel to the plane; and this is less than the gravity 
in the ratio of the height of the plane to its length. By 
multiplying these two expressions together, we find, as we 
might expect, that the amount of work required is unchanged 
by the substitution of the oblique for the vertical path. 

239 . Generally, for any force, the work done during an 
infinitely small displacement of the point of application is the 
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virtual moment of the force (§ 237), or is the product of the Work at a 
resolved part of the force in the direction of the displacement ° rce ’ 
into the displacement. 

From this it appears, that if the motion of the point of 
application be always perpendicular to the direction in which 
a force acts, such a force does no work. Thus the mutual 
normal pressure between a fixed and moving body, as the 
tension of the cord to which a pendulum bob is attached, or 
the attraction of the sun on a planet if the planet describe a 
circle with the sun in the centre, is a case in which no work is 
done by the force. 

240. The work done by a force, or by a couple, upon a body Wjr^of a 
turning about an axis, is the product of the moment of the 

force or couple into the angle (in radians, or fraction of a radian) 
through which the body acted on turns, if the moment remains 
the same in all positions of the body. If the moment be varia¬ 
ble, the statement is only valid for infinitely small displace¬ 
ments, but may be made accurate by employing the proper 
average moment of the force or of the couple. The proof is 
obvious. 

If Q be the moment of the force or couple for a position of 
the body given by the angle 0 , Q (9 1 — 6 Q )i£Q is constant, or 
rdi 

I QdB = q{6 l — 6^) where q is the proper average value of Q 

when variable, is the work done by the couple during the rotation 
from 0 o to 0 V 

241. Work done on a body by a force is always shown by a Tmnsform- 

J J J J ation of 

corresponding increase of vis viva, or kinetic energy, if no other work, 
forces act on the body which can do work or have work done 
against them. If work be done against any forces, the increase 
of kinetic energy is less than in the former case by the amount 
of work so done. In virtue of this, however, the body possesses 
an equivalent in the form of Potential Energy (§ 273), if its 
physical conditions are such that these forces will act equally, 
and in the same directions, if the motion of the system is 
reversed. Thus there may be no change of kinetic energy pro- 
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duced, and the work done may be wholly stored up as potential 
energy. 

Thus a weight requires work to raise it to a height, a spring 
requires work to bend it, air requires work to compress it, etc.; 
but a raised weight, a bent spring, compressed air, etc., are 
stores of energy which can be made use of at pleasure. 


242. In what precedes we have given some of Newtons 
Dejinitiones nearly in his own words; others have been enun¬ 
ciated in a form more suitable to modern methods; and some 
terms have been introduced which were invented subsequent 
to the publication of the Principia. But the Axiomata, sive 
Leges Motus, to which we now proceed, are given in Newton’s 
own words; the two centuries which have nearly elapsed since 
he first gave them have not shown a necessity for any addition 
or modification. The first two, indeed, were discovered by 
Galileo, and the third, in some of its many forms, was known 
to Hooke, Huyghens, Wallis, Wren, and others; before the 
publication of the Principia. Of late there has been a tendency 
to split the second law into two, called respectively the second 
and third, and to ignore the third entirely, though using it 
directly in every dynamical problem ; but all who have done so 
have been forced indirectly to acknowledge the completeness of 
Newton’s system, by introducing as an axiom what is called 
D’Alembert’s principle, which is really Newton’s rejected third 
law in another form. Newton’s own interpretation of his third 
law directly points out not only D’Alembert’s principle, but also 
the modern principles of Work and Energy. 

243. An Axiom is a proposition, the truth of which must 
be admitted as soon as the terms in which it is expressed are 
clearly understood. But, as we shall show in our chapter on 
“ Experience,” physical axioms are axiomatic to those only who 
have sufficient knowledge of the action of physical causes to 
enable them to see their truth. Without further remark we 
shall give Newton’s Three Laws; it being remembered that, as 
the properties of matter might have been such as to render a 
totally different set of laws axiomatic, these laws must be con- 
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sidered as resting on convictions drawn from observation and 
experiment, not on intuitive perception. 

244. Lex I. Corpus omne perseverare in statu suo quiescendi Newton’s 
vel movendi uniformiter in directum , nisi quatenus illud d viribus Stlaw * 
impressis cogitur statum sunm mutare . 

Every body continues in its state of rest or of uniform motion 
in a straight line , except in so far as it may be compelled by 
force to change that state. 

245. The meaning of the term Rest> in physical science Best, 
is essentially relative. Absolute rest is undefinable. If the 
universe of matter were finite, its centre of inertia might fairly 

be considered as absolutely at rest; or it might be imagined to 
be moving with any uniform velocity in any direction whatever 
through infinite space. But it is remarkable that the first law 
of motion enables us (§ 249, below) to explain what may be 
called directional rest. As will soon be shown, § 267, the plane 
in which the moment of momentum of the universe (if finite) 
round its centre of inertia is the greatest, which is clearly de¬ 
terminable from the actual motions at any instant, is fixed in 
direction in space. 

246. We may logically convert the assertion of the first law 
of motion as to velocity into the following statements:— 

The times during which any particular body, not compelled 
by force to alter the speed of its motion, passes through equal 
spaces, are equal. And, again—Every other body in the uni¬ 
verse, not compelled by force to alter the speed of its motion, 
moves over equal spaces in successive intervals, during which 
the particular chosen body moves over equal spaces. 

247. The first part merely expresses the convention uni- Time, 
versally adopted for the measurement of Time. The earth, in 

its rotation about its axis, presents us with a case of motion in 
which the condition, of not being compelled by force to alter 
its speed, is more nearly fulfilled than in any other which 
we can easily or accurately observe. And the numerical 
measurement of time practically rests on defining equal inter¬ 
vals of time , as times during which the earth turns through equal 
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angles. This is, of course, a mere convention, and not a law of 
nature; and, as we now see it, is a part of Newton’s first law. 


248. The remainder of the law is not a convention, but a 
great truth of nature, which we may illustrate by referring to 
small and trivial cases as well as to the grandest phenomena we 
can conceive. 

A curling-stone, projected along a horizontal surface of ice, 
travels equal distances, except in so far as it is retarded by 
friction and by the resistance of the air, in successive intervals 
of time during which the earth turns through equal angles. 
The sun moves through equal portions of interstellar space in 
times during which the earth turns through equal angles, except 
in so far as the resistance of interstellar matter, and the attrac¬ 
tion of other bodies in the universe, alter his speed and that of 
the earth’s rotation. 


249. If two material points be projected from one position, 
A, at the same instant with any velocities in any directions, 
and each left to move uninfluenced by force, the line joining 
them will be always parallel to’ a fixed direction. For the law 
asserts, as we have seen, that AP : AP ':: AQ : AQ\ if P } Q, and 
again P', Q’ are simultaneous positions; and therefore PQ is 
parallel to P'Q'. Hence if four material points 0, P 3 Q, R are 
all projected at one instant from one position, OP, OQ , OR 
are fixed directions of reference ever after. But, practically, 
the determination of fixed directions in space, § 2G7, is made to 
depend upon the rotation of groups of particles exerting forces 
on each other, and thus involves the Third Law of Motion. 

250. The whole law is singularly at variance with the tenets 
of the ancient philosophers who maintained that circular motion 
is perfect. 

The last clause, “nisi quatenus” etc., admirably prepares for 
the introduction of the second law, by conveying the idea that 
it is force alone which can produce a change of motion. Flow, 
we naturally inquire, does the change of motion produced 
depend on the magnitude and direction of the force which 
produces it ? And the answer is— 
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251. Lex II. Mutationem motus proportionalem esse vi Newton’s 
motrici impresses, et fieri secundum lineam rectum qua vis ilia sec0Ild ^ 
imprimitur. 

Change of motion is proportional to force applied, and tahes 
place in the direction of the straight line in which the force acts. 

252. If any force generates motion, a double force will 
generate double motion, and so on, whether simultaneously or 
successively, instantaneously, or gradually applied. And this 
motion, if the body was moving beforehand, is either added 
to the previous motion if directly conspiring with it; or is 
subtracted if directly opposed ; or is geometrically compounded 
with it, according to the kinematical principles already ex¬ 
plained, if the line of previous motion and the direction of the 
force are inclined to each other at an angle. (This is a para¬ 
phrase of Newton’s own comments on the second law.) 

253. In Chapter I. we have considered change of velocity, 
or acceleration, as a purely geometrical element, and have seen 
how it may be at once inferred from the given initial and final 
velocities of a body. By the definition of quantity of motion 
(§ 210), we see that, if we multiply the change of velocity, 
thus geometrically determined, by the mass of the body, we 
have the change of motion referred to in Newton’s law as the 
measure of the force which produces it. 

It is to be particularly noticed, that in this statement there 
is nothing said about the actual motion of the body before it 
was acted on by the force : it is only the change of motion that 
concerns us. Thus the same force will produce precisely the 
same change of motion in a body, whether the body be at rest, 
or in motion with any velocity whatever. 

254. Again, it is to be noticed that nothing is said as to the 
body being under the action of one force only; so that we 
may logically put a part of the second law in the following 
(apparently) amplified form :— 

When any forces whatever act on a body , then, whether the 
body be originally at rest or moving with any velocity and in any 
direction , each force produces in the body the exact change of 
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motion which it would have produced if it had acted singly on 
the body originally at rest. 


255. A remarkable consequence follows immediately from 
this view of the second law. Since forces are measured by the 
changes of motion they produce, and tlieir directions assigned 
by the directions in which these changes are produced; and 
since the changes of motion of one and the same body are in 
the directions of, and proportional to, the changes of velocity— 
a single force, measured by the resultant change of velocity, 
and in its direction, will be the equivalent of any number of 
simultaneously acting forces. Hence 

The resultant of any number of forces (applied at one point) is 
to be found by the same geometrical process as the resultant of any 
number of simultaneous velocities. 


256. From this follows at once (§ 27) the construction of 
the Parallelogram of Forces for finding the resultant of two 
forces, and the Polygon of Forces for the resultant of any num¬ 
ber of forces, in lines all through one point. 

The case of the equilibrium of a number of forces acting at 
one point, is evidently deducible at once from this; for if we 
introduce one other force equal and opposite to their resultant, 
this will produce a change of motion equal and opposite to the 
resultant change of motion produced by the given forces; that 
is to say, will produce a condition in which the point expe¬ 
riences no change of motion, which, as we have already seen, is 
the only kind of rest of which we can ever be conscious. 


257. Though Newton perceived that the Parallelogram of 
Forces, or the fundamental principle of Statics, is essentially 
involved in the second law of motion, and gave a proof which 
is virtually the same as the preceding, subsequent writers on 
Statics (esjDecially in this country) have very generally ignored 
the fact; and the consequence has been the introduction of 
various unnecessary Dynamical Axioms, more or less obvious, 
but in reality included in or dependent upon Newton’s laws 
of motion. We have retained Newton’s method, not only on 
account of its admirable simplicity, but because we believe it 
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contains the most philosophical foundation for the static as well 
as for the kinetic branch of the dynamic science. 

258. But the second law gives us the means of measuring Measure- 
force, and also of measuring the mass of a body. 3Sa£d 

For, if we consider the actions of various forces upon the mass ‘ 
same body for equal times, we evidently have changes of 
velocity produced which are proportional to the forces. The 
changes of velocity, then, give us in this case the means of 
comparing the magnitudes of different forces. Thus the velo¬ 
cities acquired in one second by the same mass (falling freely) 
at different parts of the earth’s surface, give us the relative 
amounts of the earth’s attraction at these places. 

Again, if equal forces be exerted on different bodies, the 
changes of velocity produced in equal times must be inversely 
as the masses of the various bodies. This is approximately the 
case, for instance, with trains of various lengths started by the 
same locomotive: it is exactly realized in such cases as 
the action of an electrified body on a number of solid or hollow 
spheres of the same external diameter, and of different metals 
or of different thicknesses. 

Again, if we find a case in which different bodies, each acted 
on by a force, acquire in the same time the same changes of 
velocity, the forces must be proportional to the masses of the 
bodies. This, when the resistance of the air is removed, is the 
case of falling bodies; and from it we conclude that the weight 
of a body in any given locality, or the force with which the 
earth attracts it, is proportional to its mass; a most important 
physical truth, which will be treated of more carefully in the 
chapter devoted to “ Properties of Matter.” 


259. It appears, lastly, from this law, that every theorem of Trausia- 
Kinematics connected with acceleration has its counterpart in the kin*? 1 

-ry ~. maticsofa 
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For instance, suppose X } 7, Z to be the components, parallel 
to fixed axes of x , y, z respectively, of the whole force acting on 
a particle of mass M. We see by § 212 that 
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Also, from these, we may evidently write, 


dx vdy 7 dz , v y 


as as as 


x? + r* + ^-, 
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0 = X + Y ~ f* + Z ^ 


p~'s 3 


p-'s s 


p- l f ' 


Ms 2 ~ sx-xs v sy - ys „ sz - zs 

—a. ^ir 3 + i: -1.3 + _ ] .3 • 

p p s p s p s 


The second members of these equations are respectively the com¬ 
ponents of the impressed force, along the tangent (§ 9), perpen¬ 
dicular to the osculating plane (§ 9), and towards the centre of 
curvature, of the path described. 


260. We have, by means of the first two laws, arrived at a 
definition and a measure of force; and have also found how to 
compound, and therefore also how to resolve, forces; and also 
how to investigate the motion of a single particle subjected to 
given forces. But more is required before we can completely 
understand the more complex cases of motion, especially those 
in which we have mutual actions between or amongst two or 
more bodies; such as, for instance, attractions, or pressures, or 
transference of energy in any form. This is perfectly supplied 

261. Lex III. Actioni contrarian semper et cequalem esse 
reactionem: sire corporum duorum actiones in se mutub semper 
esse cequales et in partes contrarias dirigi. 

To every action there is always an equal and contrary re¬ 
action: or , the mutual actions of any two bodies are always equal 
and oppositely directed. 

262. If one body presses or draws another, it is pressed or 
drawn by this other with an equal force in the opposite direc¬ 
tion. If any one presses a stone with his finger, his finger is 
pressed with the same force in the opposite direction by the 
stone. A horse towing a boat on a canal is dragged back¬ 
wards by a force equal to that which he impresses on the 
towing-rope forwards. By whatever amount, and in whatever 
direction, one body has its motion changed by impact upon 
another, this other body has its motion changed by the same 



262.] DYNAMICAL LAWS AND PRINCIPLES. 247 

amount in the opposite direction; for at each instant during 
the impact the force between them was equal and opposite on 
the two. When neither of the two bodies has any rotation, 
whether before or after impact, the changes of velocity which 
they experience are inversely as their masses. 

When one body attracts another from a distance, this other 
attracts it with an equal and opposite force. This law holds 
not only for the attraction of gravitation, but also, as Newton 
himself remarked and verified by experiment, for magnetic 
attractions: also for electric forces, as tested by Otto-Guericke. 

263. What precedes is founded upon Newton's own com¬ 
ments on the third law, and the actions and reactions con¬ 
templated are simple forces. In the scholium appended, he 
makes the following remarkable statement, introducing another 
description of actions and reactions subject to his third law, 
the full meaning of which seems to have escaped the notice of 
commentators :— 

Si cestimetur agentis actio ex ejus vi et velocitate conjunction; 
et similiter resistentis reactio cestimetur conjunction ex ejus partium 
singularum velocitatibus et viribus resistendi ab earum attritione, 
cohcesione , pondere, et acceleratione oriundis; erunt actio et reactio , 
in omni instrumentorum usu, sibi invicem semper cequales . 

In a previous discussion Newton has shown what is to be 
understood by the velocity of a force or resistance ; i. e. } that it 
is the velocity of the point of application of the force resolved 
in the direction of the force. Bearing this in mind, we may 
read the above statement as follows 

If the Activity* of an agent be measured by its amount and its 
velocity conjointly; and if similarly, the Counter-activity of the 
resistance be measured by the velocities of its several parts and 
their several amounts conjointly, whether these arise from friction, 
cohesion, weight, or acceleration;—Activity and Counter-activity , 
in all combinations of machines, will be equal and opposite. 

Farther on (§§ 264, 293) we shall give an account of the 

* We translate Newton’s word “ Actio" here by “Activity”to avoid confusion 
with the word “Action” so universally used in modern dynamical treatises, ac¬ 
cording to the definition of § 826 below, in relation to Maupertui^’ principle of 
“Least Action.” 
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splendid dynamical theory founded by D’Alembert and La¬ 
grange on this most important remark. 

264. Newton, in the passage just quoted, points out that 
forces of resistance against acceleration are to be reckoned as 
reactions equal and opposite to the actions by which the ac¬ 
celeration is produced. Thus, if we consider any one material 
point of a system, its reaction against acceleration must be 
equal and opposite to the resultant of the forces which that 
point experiences, whether by the actions of other parts of the 
system upon it, or by the influence of matter not belonging to 
the system. In other words, it must be in equilibrium with 
these forces. Hence Newton’s view amounts to this, that all the 
forces of the system, with the reactions against acceleration of 
the material points composing it, form groups of equilibrating 
systems for these points considered individually. Hence, by 
the principle of superposition of forces in equilibrium, all the 
forces acting on points of the system form, with the reactions 
against acceleration, an equilibrating set of forces on the whole 
system. This is the celebrated principle first explicitly stated, 
and very usefully applied, by D’Alembert in 1742, and still 
known by his name. We have seen, however, that it is very 
distinctly implied in Newton’s own interpretation of his third 
law of motion. As it is usual to investigate the general equa¬ 
tions or conditions of equilibrium, in dynamical treatises, before 
entering in detail on the kinetic branch of the subject, this 
principle is found practically most useful in showing how we 
may write down at once the equations of motion for any 
system for which the equations of equilibrium have been in¬ 
vestigated. 

265. Every rigid body may be imagined to be divided into 
indefinitely small parts. Now, in whatever form we may 
eventually find a 'physical explanation of the origin of the forces 
which act between these parts, it is certain that each such 
small part may be considered to be held in its position 
relatively to the others by mutual forces in lines joining them. 

266. From this we have, as immediate consequences of the 
second and third laws, and of the preceding theorems relating 
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to Centre of Inertia and Moment of Momentum, a number of 
important propositions such as the following:— 


(a) The centre of inertia of a rigid body moving in any Motion of 
tanner, but 
straight line. 


manner, but free from external forces, moves uniformly in a ?n?rtiaofa 

rigid body. 


(6) When any forces whatever act on the body, the motion of 
the centre of inertia is the same as it would have been had 
these forces been applied with their proper magnitudes and 
directions at that point itself. 


(6) Since the moment of a force acting on a particle is the Moment of 
same as the moment of momentum it produces in unit of time, Sarigid m 
the changes of moment of momentum in any two parts of a b ° dy ‘ 
rigid body due to their mutual action are equal and opposite. 

Hence the moment of momentum of a rigid body, about any axis 
which is fixed in direction, and passes through a point which 
is either fixed in space or moves uniformly in a straight line, is 
unaltered by the mutual actions of the parts of the body. 

(d) The rate of increase of moment of momentum, when the 
body is acted on by external forces, is the sum of the moments 
of these forces about the axis. 


267. We shall for the present take for granted, that the conserva- 
mutual action between two rigid bodies may in every case be momentum, 
imagined as composed of pairs of equal and opposite forces ment of 
in straight lines. From this it follows that the sum of the 
quantities of motion, parallel to any fixed direction, of two 
rigid bodies influencing one another in any possible way, re¬ 
mains unchanged by their mutual action; also that the sum 
of the moments of momentum of all the particles of the two 
bodies, round any line in a fixed direction in space, and passing 
through any point moving uniformly in a straight line in any 
direction, remains constant. From the first of these propositions 
we infer that the centre of inertia of any number of mutually 
influencing bodies, if in motion, continues moving uniformly 
in a straight line, unless in so far as the direction or velocity 
of its motion is changed by forces acting mutually between 
them and some other matter not belonging to them; also that 
the centre of inertia of any body or system of bodies moves 
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The "Inva- just as all their matter, if concentrated in a point, would move 
Plan!” is a under the influence of forces equal and parallel to the forces 
through the really acting on its different parts. From the second we infer 
“«tfa,°per- that the axis of resultant rotation through the centre of inertia 
?othere“ of any system of bodies, or through any point either at rest or 
moving uniformly m a straight lme, remains unchanged m 
direction, and the sum of moments of momenta round it 
remains constant if the system experiences no force from with¬ 
out. This principle used to be called Conservation of Areas, 
Terrestrial a very ill-considered designation. From this principle it follows 
application. *£ ^ internal action such as geological upheavals or sub¬ 
sidences, or pressure of the winds on the water, or by evapora¬ 
tion and rain- or snow-fall, or by any influence not depending 
on the attraction of sun or moon (even though dependent on 
solar heat), the disposition of land and water becomes altered, 
the component round any fixed axis of the moment of momen¬ 
tum of the earth’s rotation remains constant. 

Rate of 268. The foundation of the abstract theory of energy is laid 
doing work. ^ jf ew ^on in an admirably distinct and compact manner in the 
sentence of his scholium already quoted (§ 263), in which he 
points out its application to mechanics*. The actio agentis , 
as he defines it, which is evidently equivalent to the product of 
the effective component of the force, into the velocity of the 
point on which it acts, is simply, in modem English phrase¬ 
ology, the rate at which the agent works. The subject for 
measurement here is precisely the same as that for which "Watt, 
Horse- a hundred years later, introduced the practical unit of a “Horse- 

power " power,” or the rate at which an agent works when overcoming 

33,000 times the weight of a pound through the space of a foot 
in a minute; that is, producing 550 foot-pounds of work per 
second. The unit, however, which is most generally convenient 
is that which Newton’s definition implies, namely, the rate of 
doing work in which the unit of energy is produced in the unit 
of time. 

* The reader will remember that we use the word “mechanics” in its true 
classical sense, the science of machines, the sense in which Newton himself 
used it, when he dismissed the further consideration of it by saying fin the 
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269. Looking at Newton’s words (§ 263) in this light, we Energy in 
see that they may he logically converted into the following dymmScs. 
form:— 

Work done on any system of bodies (in Newton’s state¬ 
ment, the parts of any machine) has its equivalent in work done 
against friction, molecular forces, or gravity, if there be no 
acceleration; but if there be acceleration, part of the work is 
expended in overcoming the resistance to acceleration, and the 
additional kinetic energy developed is equivalent to the work 
so spent. This is evident from § 214. 

When part of the work is done against molecular forces, as 
in bending a spring; or against gravity, as in raising a weight; 
the recoil of the spring, and the fall of the weight, are capable 
at any future time, of reproducing the work originally expended 
(§ 241). But in Newton’s day, and long afterwards, it was 
supposed that work was absolutely lost by friction ; and, indeed, 
this statement is still to be found even in recent authoritative 
treatises. But we must defer the examination of this point till 
we consider in its modern form the principle of Conservation of 
Energy. 


270. If a system of bodies, given either at rest or in 
motion, be influenced by no forces from without, the sum of the 
kinetic energies of all its parts is augmented in any time by an 
amount equal to the whole work done in that time by the 
mutual forces, which we may imagine as acting between its 
points. When the-lines in which these forces act remain all 
unchanged in length, the forces do no work, and the sum of the 
kinetic energies of the whole system remains constant. If, on 
the other hand, one of these lines varies in length during the 
motion, the mutual forces in it will do work, or will consume 
work, according as the distance varies with or against them. 


271. A limited system of bodies is said to be dynamically Conserva- 
oonservative (or simply conservative , when force is understood to tlVe s>:5tem ‘ 
be the subject), if the mutual forces between its parts always 


perform, or always consume, the same amount of work during 


any motion whatever, by which it can pass from one particular 


configuration to another. 
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Foundation 272. The whole theory of energy in physical science is 
of energy?^ founded on the following proposition:— 

If the mutual forces between the parts of a material system 
are independent of their velocities, whether relative to one 
another, or relative to any external matter, the system must be 
dynamically conservative. 

For if more work is done by the mutual forces on the 
different parts of the system in passing from one particular 
Physical configuration to another, by one set of paths than by another 
^thePer-* set of paths, let the system be directed, by frictionless con- 
EioUon is straint, to pass from the first configuration to the second by 
Kd?ced” one set of paths and return by the other, over and over again 
for ever. It will be a continual source of energy without any 
consumption of materials, which is impossible. 

Potential 273. The potential energy of a conservative system, in the 
consuva- configuration which it has at any instant, is the amount of work 
tlv6mtem ’ required to bring it to that configuration against its mutual 
forces during the passage of the system from any one chosen 
configuration to the configuration at the time referred to. It 
is generally, but not always, convenient to fix the particular 
configuration chosen for the zero of reckoning of potential 
energy, so that the potential energy, in every other configuration 
practically considered, shall be positive. 

274. The potential energy of a conservative system, at any 
instant, depends solely on its configuration at that instant, 
being, according to definition, the same at all times when the 
system is brought again and again to the same configuration. 
It is therefore, in mathematical language, said to be a function 
of the co-ordinates by which the positions of the different parts 
of the system are specified. If, for example, we have a conser¬ 
vative system consisting of two material points; or two rigid 
bodies, acting upon one another with force dependent only on 
the relative position of a point belonging to one of them, and a 
point belonging to the other; the potential energy of the 
system depends upon the co-ordinates of one of these points 
relatively to lines of reference in fixed directions through the 
other. It will therefore, in general, depend on three indepen- 



274.] DYNAMICAL LAWS AND PRINCIPLES. 253 

dent co-ordinates, which we may conveniently take as the dis- Potential 
tance between the two points, and two angles specifying the conslrva- 
absolute direction of the line joining them. Thus, for example, tlvesystem 
let the bodies be two uniform metal globes, electrified with any 
given quantities of electricity, and placed in an insulating 
medium such as air, in a region of space under the influence 
of a vast distant electrified body. The mutual action between 
these two spheres will depend solely on the relative position of 
their centres. It will consist partly of gravitation, depending 
solely on the distance between their centres, and of electric 
force, which will depend on the distance between them, but 
also, in virtue of the inductive action of the distant body, will 
depend on the absolute direction of- the line joining their 
centres. In our divisions devoted to gravitation and electricity 
respectively, we shall investigate the portions of the mutual 
potential energy of the two bodies depending on these two 
agencies separately. The former we shall find to be the pro¬ 
duct of their masses divided by the distance between their 
centres; the latter a somewhat complicated function of the 
distance between the centres and the angle which this line 
makes with the direction of the resultant electric force of the 
distant electrified body. Or again, if the system consist of two 
balls of soft iron, in any locality of the earth’s surface, their 
mutual action will be partly gravitation, and partly due to the 
magnetism induced in them by terrestrial magnetic force. The 
portion of the mutual potential energy depending on the latter 
cause, will be a function of the distance between their centres 
and the inclination of this line to the direction of the terrestrial 
magnetic force. It will agree in mathematical expression with 
the potential energy of electric action in the preceding case, so 
far as the inclination is concerned, but the law of variation with 
the distance will be less easily determined. 

275. In nature the hypothetical condition of § 271 is appa- inevitable 
rently violated in all circumstances of motion. A material system ^ergy of 
can never be brought through any returning cycle of motion lions. 0 m<> 
without spending more work against the mutual forces of its 
parts than is gained from these forces, because no relative 
motion can take place without meeting with frictional or 
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other forms of resistance; among which are inducted (1) 
mutual friction between solids sliding upon one another; (2) 
resistances due to the viscosity of fluids, or imperfect elasticity 
of solids; (3) resistances due to the induction of electric cur¬ 
rents; (4) resistances due to varying magnetization under the 
influence of imperfect magnetic retentiveness. No motion in 
nature can take place without meeting resistance due to some, 
if not to all, of these influences. It is matter of every day 
experience that friction and imperfect elasticity of solids impede 
the action of all artificial mechanisms; and that even when 
bodies are detached, and left to move freely in the air, as falling 
bodies, or as projectiles, they experience resistance owing to the 
viscosity of the air. 

The greater masses, planets and comets, moving in a less 
resisting medium, show less indications of resistance*. Indeed 
it cannot be said that observation upon any one of these bodies, 
with the exception of Encke’s comet, has demonstrated resist¬ 
ance. But the analogies of nature, and the ascertained facts of 
physical science, forbid us to doubt that every one of them, 
every star, and every body of any kind moving in any part of 
space, has its relative motion impeded by the air, gas, vapour, 
medium, or whatever we choose to call the substance occupying 
the space immediately round it; just as the motion of a rifle 
bullet is impeded by the resistance of the air. 

276. There are also indirect resistances, owing to friction 
impeding the tidal motions, on all bodies (like the earth) par¬ 
tially or wholly covered by liquid, which, as long as these bodies 
move relatively to neighbouring bodies, must keep drawing off 
energy from their relative motions. Thus, if we consider, in 
the first place, the action of the moon alone, on the earth with 
its oceans, lakes, and rivers, we perceive that it must tend to 
equalize the periods of the earth’s rotation about its axis, and 
of the revolution of the two bodies about their centre of inertia; 
because as long as these periods differ, the tidal action on the 


* Newton, Principia. (Remarks on the first law of motion.) “ Majora antem 
Planetarum et Oometarnm corpora motus suos et progressives et circulares, in 
spatiis minus resistentibus factos, conservant diutius.” 
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earth’s surface must keep subtracting energy from their motions. Effect of 
To view the subject more in detail, and, at the same time, to friction, 
avoid unnecessary complications, let us suppose the moon to be 
a uniform spherical body. The mutual action and reaction of 
gravitation between her mass and the earth’s, will be equivalent 
to a single force in some line through her centre; and must be 
such as to impede the earth’s rotation as long as this is per¬ 
formed in a shorter period than the moon’s motion round the 
earth. It must therefore lie in some such direction as the line 
MQ in the diagram, which represents, necessarily with enormous 
exaggeration, its deviation, 0 Q, from the 
earth’s centre. Now the actual force on 
the moon in the line MQ } may be re¬ 
garded as consisting of a force in the 
line MO towards the earth’s centre, 
sensibly equal in amount to the whole 
force, and a comparatively very small 
force in the line MT perpendicular to 
MO. This latter is very nearly tangential to the moon’s path, 
and is in the direction with her motion. Such a force, if sud¬ 
denly commencing to act, would, in the first place, increase the 
moon’s velocity; but after a certain time she would have moved 
so much farther from the earth, in virtue of this acceleration, as 
to have lost, by moving against the earth’s attraction, as much 
velocity as she had gained by the tangential accelerating force. 

The effect of a continued tangential force, acting with the mo¬ 
tion, but so small in amount as to make only a small deviation 
at any moment from the circular form of the orbit, is to gra¬ 
dually increase the distance from the central body, and to cause 
as much again as its own amount of work to be done against 
the attraction of the central mass, by the kinetic energy of 
motion lost. The circumstances will be readily understood, by 
considering this motion round the central body in a very gradual 
spiral path tending outwards. Provided the law of the central 
force is the inverse square of the distance, the tangential 
component of the central force against the motion will be twice 
as great as the disturbing tangential force in the direction with 
the motion; and therefore one-half of the amount of work done 
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against the former, is done by the latter, and the other half by 
kinetic energy taken from the motion. The integral effect on 
the moon’s motion, of the particular disturbing cause now under 
consideration, is most easily found by using the principle of 
moments of momenta. Thus we see that as much moment of 
momentum is gained in any time by the motions of the centres 
of inertia of the moon and earth relatively to their common 
centre of inertia, as is lost by the earth’s rotation about its axis. 
The sum of the moments of momentum of the centres of inertia 
of the moon and earth as moving at present, is about 4*45 times 
the present moment of momentum of the earth’s rotation. The 
average plane of the former is the ecliptic; and therefore the 
axes of the two momenta are inclined to one another at the 
average angle of 23° 27¥, which, as we are neglecting the sun’s 
influence on the plane of the moon’s motion, may be taken as 
the actual inclination of the two axes at present. The resultant, 
or whole moment of momentum, is therefore 5*38 times that of 
the earth’s present rotation, and its axis is inclined 19° 13' to 
the axis of the earth. Hence the ultimate tendency of the tides 
is, to reduce the earth and moon to a simple uniform rotation 
with this resultant moment round this resultant axis, as if they 
were two parts of one rigid body: in which condition the moon’s 
distance would be increased (approximately) in the ratio 1: 1*46, 
being the ratio of the square of the present moment of momen¬ 
tum of the centres of inertia to the square of the whole moment 
of momentum ; and the period of revolution in the ratio 1: 1*77, 
being that of the cubes of the same quantities. The distance 
would therefore be increased to 347,100 miles, and the period 
lengthened to 48*36 days. Were there no other body in 
the universe but the earth and the moon, these two bodies 
might go on moving thus for ever, in circular orbits round their 
common centre of inertia, and the earth rotating about its axis in 
the same period, so as always to turn the same face to the moon, 
and therefore to have all the liquids at its surface at rest rela¬ 
tively to the solid. But the existence of the sun would pre¬ 
vent any such state of things from being permanent. There 
would be solar tides—twice high water and twice low water—in 
the period of the earth’s revolution relatively to the sun (that is 
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to say, twice in the solar day, or, which would be the same 
thing, the month). This could not go on without loss of energy 
by fluid friction. It is easy to trace the whole course of the 
disturbance in the earth’s and moon’s motions which this cause 
would produce*: its first effect must be to bring the moon to 
fall in to the earth, with compensation for loss of moment of 
momentum of the two round their centre of inertia in increase of 
its distance from the sun, and then to reduce the very rapid rota¬ 
tion of the compound body, Earth-and-Moon, after the collision, 
and farther increase its distance from the Sun till ultimately, 
(corresponding action on liquid matter on the Sun having its 
effect also, and it being for our illustration supposed that there are 
no other planets,) the two bodies shall rotate round their common 
centre of inertia, like parts of one rigid body. It is remarkable 
that the whole frictional effect of the lunar and solar tides 
should be, first to augment the moon’s distance from the earth 
to a maximum, and then to diminish it, till ultimately the 
moon falls in to the earth : and first to diminish, after that to 
increase, and lastly to diminish the earth’s rotational velocity. 
We hope to return to the subject later, and to consider the 
general problem of the motion of any number of rigid bodies 
or material points acting on one another with mutual forces, 
under any actual physical law, and therefore, as we shall see, 
necessarily subject to loss of energy as long as any of their 
mutual distances vary; that is to say, until all subside into 
a state of motion in circles round an axis passing through their 
centre of inertia, like parts of one rigid body. It is probable 

* Tlie friction of these solar tides on the earth would cause the earth to 
rotate still slower; and then the moon’s influence, tending to keep the earth 
rotating with always the same face towards herself, would resist this further 
reduction in the speed of the rotation. Thus (as explained above with reference 
to the moon) there would he from the sun a force opposing the earth’s rotation, 
and from the moon a force promoting it. Hence according to the preceding 
explanation applied to the altered circumstances, the line of the earth’s at¬ 
traction on the moon passes now as before, not through the centre of inertia of 
the earth, but now in a line slightly behind it (instead of before , as formerly). 

It therefore now resists the moon’s motion of revolution. The combined effect 
of this resistance and of the earth’s attraction on the moon is, like that of a 
resisting medium, to cause the moon to fall in towards the earth in a spiral path 
with gradually increasing velocity. 
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that the moon, in ancient times liquid or viscous in its outer 
layer if not throughout, was thus brought to turn always the 
same face to the earth. 

277. We have no data in the present state of science for 
estimating the relative importance of tidal friction, and of the 
resistance of the resisting medium through which the earth and 
moon move; but whatever it may be, there can be but one 
ultimate result for such a system as that of the sun and planets, 
if continuing long enough under existing laws, and not dis¬ 
turbed by meeting with other moving masses in space. That 
result is the falling together of all into one mass, which, although 
rotating for a time, must in the end come to rest relatively to 
the surrounding medium. 

278. The theory of energy cannot be completed until we 
are able to examine the physical influences which accompany 
loss of energy in each of the classes of resistance mentioned 
above, § 275. We shall then see that in every case in which 
energy is lost by resistance, heat is generated; and we shall 
learn from Joule’s investigations that the quantity of heat so 
generated is a perfectly definite equivalent for the energy 
lost. Also that in no natural action is there ever a develop¬ 
ment of energy which cannot be accounted for by the dis¬ 
appearance of an equal amount elsewhere by means of 
some known physical agency. Thus we shall conclude, that 
if any limited portion of the material universe could be per¬ 
fectly isolated, so as to be prevented from either giving 
energy to, or taking energy from, matter external to it, the 
sum of its potential and kinetic energies would be the same at 
all times: in other words, that every material system subject 
to no other forces than actions and reactions between its parts, 
is a dynamically conservative system, as defined above, § 271. 
But it is only when the inscrutably minute motions among 
small parts, possibly the ultimate molecules of matter, which 
constitute light, heat, and magnetism; and the intermolecular 
forces of chemical affinity; are taken into account, along with 
the palpable motions and measurable forces of which we 
become cognizant by direct observation, that we can recognise 
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the universally conservative character of all natural dynamic 
action, and perceive fclie bearing of the principle of reversibility 
on the whole class of natural actions involving resistance, which 
seem to violate it. In the meantime, in our studies of abstract 
dynamics, it will be sufficient to introduce a special reckoning 
for energy lost in working against, or gained from work done 
by, forces not belonging palpably to the conservative class. 

279. As of great importance in farther developments, we 
prove a few propositions intimately connected with energy. 


280. The kinetic energy of any system is equal to the sum 
of the kinetic energies of a mass equal to the sum of the masses 
of the system, moving with a velocity equal to that of its centre 
of inertia, and of the motions of the separate parts relatively to 
the centre of inertia. 


For if x, y, z be the co-ordinates of any particle, m, of the 
system; rj , £ its co-ordinates relative to the centre of inertia; 
and sc, y, z, the co-ordinates of the centre of inertia itself; we have 
for the whole kinetic energy 



( d(z+Q y) 


But by the properties of the centre of inertia, we have 


dx d% dx _ d£ 

* m -r; y. = ~n = 0, etc. etc. 

dt dt dt dt 


Hence the preceding is equal to 



which proves the proposition. 


281. The kinetic energy of rotation of a rigid system about 
any axis is (§ 95) expressed by jSmrW, where m is the mass 
of any part, r its distance from the axis, and co the angular 
velocity of rotation. It may evidently be written in the form 
|(w 2 Smr 2 . The factor %mr 2 is of very great importance in 
kinetic investigations, and has been called the Moment of 
Inertia of the system about the axis in question. The moment 
of inertia about any axis is therefore found by summing the 
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products of the masses of all the particles each into the square 
of its distance from the axis. 

It is important to notice that the moment of momentum 
of any rigid system about an axis, being Xmvr = 2mr 2 a>, is the 
product of the angular velocity into the moment of inertia. 

If we take a quantity k , such that 

k 2 % i m = 2mr 2 

1c is called the Radius of Gyration about the axis from which 
r is measured. The radius of gyration about any axis is there¬ 
fore the distance from that axis at which, if the whole mass 
were placed, it would have the same moment of inertia as be¬ 
fore. In a fly-wheel, where it is desirable to have as great a 
moment of inertia with as small a mass as possible, within 
certain limits of dimensions, the greater part of the mass is 
formed into a ring of the largest admissible diameter, and the 
radius of this ring is then approximately the radius of gyration 
of the whole. 

A rigid body being referred to rectangular axes passing 
through any point, it is required to find the moment of inertia 
about an axis through the origin making given angles with the 
co-ordinate axes. 

Let A, /x, v be its direction-cosines. Then the distance (r) of 
the point x, y , 2 from it is, by § 95, 

r 2 = (fxz - vyf + (vx — A z) 2 + (A y — /xx) 2 , 

and therefore 

MJc~-^mr 2 = [A 2 (y 2 +z 2 ) + fji 2 (z 2 +x 2 )+v 2 (x 2 +y 2 )~2/ivyz~ 2vXzx-2\jjLxy] 

which may be written 

^A 2 4- JBfL 2 + Cv 2 — 2ajjLv — 2fiv\ — 2yA fly 

where A, B, C are the moments of inertia about the axes, and 
a = 'Imyz, ft — '%'irnzx, y = Iwixy. From its derivation we see that 
this quantity is essentially positive. Hence when, by a proper 
linear transformation, it is deprived of the terms containing the 
products of A, jx, v, it will be brought to the form 

Mlc = A\ 2 + By? + Cv 2 = Q , 

where A, B, C are essentially positive. They are evidently the 
moments of inertia about the new rectangular axes of co-ordinates, 
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and X, /*, v the corresponding direction-cosines of the axis round Moment bf 
which the moment of inertia is to be found. about any 

Let A > B > C, if they are unequal. Then axis * 

AX 1 + By? + Cv 2 =Q (X 2 + ft + v 1 ) 

shows that Q cannot be greater than A, nor less than G. Also, 
if A , 3, G be equal, Q is equal to each. 

If ct, b, c be the radii of gyration about the new axes of x, y, z, 

A = Ma 2 , B = Mb 2 , C = Me 2 , 

and the above equation gives 

k 2 = a 2 X 2 + b 2 yr + cV. 

But if x, y , 2 be any point in the line whose direction-cosines are 
X, [jl, v , and r its distance from the origin, we have 

^ = - = - = r, and therefore 
A fJL v 

k 2 r 2 = arx 2 + b 2 y 2 + c 2 z 2 . 

If, therefore, we consider the ellipsoid whose equation is 

a 2 x 2 + b 2 y z + c 2 z 2 = e 4 , 

we see that it intercepts on the line whose direction-cosines are 
X, v — and about which the radius of gyration is k, a length r 
which is given by the equation 

k 2 r 2 = e 4 ; 

or the rectangle under any radius-vector of this ellipsoid and 

the radius of gyration about it is constant. Its semi-axes are 
2 ^2 2 

evidently - , ^ , - where c may have any value we may assign. 

Thus it is evident that 

282. For every rigid body there may be described about 
any point as centre, an ellipsoid (called Poinsot’s Momental 
Ellipsoid*) which is such that the length of any radius-vector is 

* The definition is not Poinsot’s, but ours. The momental ellipsoid as we 
define it is fairly called Poinsot’s, because of the splendid use he has made 
of it in his well-known kinematic representation of the solution of the problem 
—to find the motion of a rigid body with one point held fixed but otherwise 
influenced by no forces—which, with Sylvester’s beautiful theorem completing 
it so as to give a purely kinematical mechanism to show the time which the 
body takes to attain any particular position, we reluctantly keep back for our 
Second Volume. 
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inversely proportional to the radius of gyration of the body 
about that radius-vector as axis. 

The axes of this ellipsoid are, and might be defined as, the* 
Principal Axes of inertia of the body for the point in question: 
but the best definition of principal axes of inertia is given 
below. First take two preliminary lemmas :— 

(1) If a rigid body rotate round any axis, the centrifugal 
forces are reducible to a single force perpendicular to the axis 
of rotation, and to a couple (§234 above) having its axis parallel 
to the line of this force. 

(2) But in particular cases the couple may vanish, or both 
couple and force may vanish and the centrifugal forces be in 
equilibrium. The force vanishes if, and only if, the axis of 
rotation passes through the body’s centre of inertia. 

Def. (1). Any axis is called a principal axis of a body’s 
inertia, or simply a principal axis of the body, if when the body 
rotates round it the centrifugal forces either balance or are re¬ 
ducible to a single force. 

Def. (2). A principal axis not through the centre of inertia 
is called a principal axis of inertia for the point of itself through 
which the resultant of centrifugal forces passes. 

Def. (3). A principal axis which passes through the centre 
of inertia is a principal axis for every point of itself. 

The proofs of the lemmas may be safely left to the student as 
exercises on § 559 below; and from the proof the identification 
of the principal axes as now defined with the principal axes of 
Poinsot’s momental ellipsoid is seen immediately by aid of the 
analysis of § 281. 


283. The proposition of § 280 shows that the moment of 
inertia of a rigid body about any axis is equal to that which 
the mass, if collected at the centre of inertia, would have about 
this axis, together with that of the body about a parallel axis 
through its centre of inertia. It leads us naturally to in¬ 
vestigate the relation between principal axes for any point and 
principal axes for the centre of inertia. The following investi¬ 
gation proves the remarkable theorem of § 284, which was first 
given in 1811 by Binet in the Journal cle V Ecole Poly technique. 
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Let the origin, 0, be the centre of inertia, and the axes the Principal 
principal axes at that point. Then, by §§ 280, 281, we have for axeS ' 
the moment of inertia about a line through the point P (f, yj } £), 
whose direction-cosines are A, /x, v; 


Q =s AX S + Bp 2 + Cv 3 + M {(/x£ — vrjf + —A £) 2 + (A77 — /x£) 2 } 

=:{A+M (rj 2 + £ 2 )} A 2 + {B + M(l 2 + £*)} fp + {C + M (£ 2 + ^ 2 )} v a 
- 2AY (/xvt^ + v\££ + V£?)* 

Substituting for Q , A, (7 their values, and dividing by M } 
we have 

F = (a 2 + v 2 + r)A 2 + (6 2 + r + ^> 2 +(c 2 + f + 

- 2 (rj£fxv + ££v\ + f>yA/x). 

Let it be required to find A, /x, v so that the direction specified 
by them may be a principal axis. Let s = X£ +/jlyj + v£, i.e. 
let s represent the projection of OP on the axis sought. 

The axes of the ellipsoid 

(a 3 + yf + f) a 2 +.- 2 Wyz +.) = .(a), 

are found by means of the equations 

(a 2 + 7} 2 + t, 2 -p)\- £r}ft- ££v-0 1 

- f>?A + ( b 2 + £ 2 + £ 2 -^)/a - = 0 i.( b ). 

- ££X-r)£fL + (c 2 + | 2 + 77 s -p)v = 0 j 

If, now, we take f to denote OP, or (£ 2 + rf + £ 2 )\ these equations, 
where p is clearly the square of the radius of gyration about 
the axis to be found, may be written 

(<P +f*—p)X — £ (£X + n]fL + £v) = 0, 
etc. = etc., 

(a 2 +f 2 -p)X- £s = 0, 
etc. = etc., 

(a 2 - AT) A — £$ = 0 ] 

(b 2 - K) p - v)S = 0 l .(c) 

(c 2 — AT) v — £s ~ 0 ) 

Hence 

\ = etc. 

a — K 

Multiply, in order, by £, rj, £, add, and divide by s, and we get 
£ 2 rf ? 


or 


where K~p —f 2 . 


■ K b*-K 


■ K 


= 1 


.(d). 
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By (c) we see that (A, fi, v) is the direction of the normal through 
the point P, (f, rj, Q of the surface represented by the equation 

= 1 .(«), 


r 


nr c 2 -k 


which is obviously a 
the ellipsoid 


surface of the second degree confocal with 


x 2 

d 2 


+ - = 1 


(/)> 


and passing through P in virtue of (d) y which determines K accord¬ 
ingly. The three roots of this cubic are clearly all real; one of 
them is less than the least of a 2 , b 2 , c 2 , and positive or negative 
according as P is within or without the ellipsoid (/). And if 
a>b>o } the two others are between c 2 and 6 2 , and between b 2 and 
a 3 , respectively. The addition of f 2 to each gives the square of the 
radius of gyration round the corresponding principal axis. Hence 


284. The principal axes for any point of a rigid body are 
normals to the three surfaces of the second order through that 
point, confocal with the ellipsoid, which has its centre at the 
centre of inertia, and its three principal diameters co-incident 
with the three principal axes for that point, and equal respec¬ 
tively to the doubles of the radii of gyration round them. 
This ellipsoid is called the Central Ellipsoid. 

285. A rigid body is said to be kinetically symmetrical 
about its centre of inertia when its moments of inertia about 
three principal axes through that point are equal; and there¬ 
fore necessarily the moments of inertia about all axes through 
that point equal, § 281 , and all these axes principal axes. About 
it uniform spheres, cubes, and in general any complete crys¬ 
talline solid of the first system (see chapter on Properties of 
Matter), are kinetically symmetrical. 

A rigid body is kinetically symmetrical about an axis when 
this axis is one of the principal axes through the centre of 
inertia, and the moments of inertia about the other two, and 
therefore about any line in their plane, are equal. A spheroid, 
a square or equilateral triangular prism or plate, a circular ring, 
disc, or cylinder, or any complete crystal of the second or 
fourth system, is kinetically symmetrical about its axis. 
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286. The only actions and reactions between the parts of a Energy in 
system, not belonging palpably to the conservative class, which dynamics, 
we shall consider in abstract dynamics, are those of friction 
between solids sliding on solids, except in a few instances in 
which we shall consider the general character and ultimate 
results of effects produced by viscosity of fluids, imperfect 
elasticity of solids, imperfect electric conduction, or imperfect 
magnetic retentiveness. We shall also, in abstract dynamics, 
consider forces as applied to parts of a limited system arbitrarily 

from without. These we shall call, for brevity, the applied forces. 

287. The law of energy may then, in abstract dynamics, be 
expressed as follows :— 

The whole work done in any time, on any limited material 
system, by applied forces, is equal to the whole effect in the 
forms of potential and kinetic energy produced in the system, 
together with the work lost in friction. 

288. This principle may be regarded as comprehending the 
whole of abstract dynamics, because, as we now proceed to 
show, the conditions of equilibrium and of motion, in every 
possible case, may be immediately derived from it. 

289. A material system, whose relative motions are unre- Equiii- 
sisted by friction, is in equilibrium in any particular configura¬ 
tion if, and is not in equilibrium unless, the work done by 

the applied forces is equal to the potential energy gained, in any 
possible infinitely small displacement from that configuration. 

This is the celebrated principle of “virtual velocities” which 
Lagrange made the basis of his Mecanique Analytique . The ill- 
chosen name “virtual velocities” is now falling into disuse. 

290. To prove it, we have first to remark that the system Principle 
cannot possibly move away from any particular configuration velocities, 
except by work being done upon it by the forces to which it is 
subject: it is therefore in equilibrium if the stated condition is 
fulfilled. To ascertain that nothing less than this condition can 
secure its equilibrium, let us first consider a system having 

only one degree of freedom to move. Whatever forces act on 
the whole system, we may always hold it in equilibrium by a 
single force applied to any one point of the system in its line 
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Principle of motion, opposite to the direction in which it tends to move, 

velocities, and of such magnitude that, in any infinitely small motion in 
either direction, it shall resist, or shall do, as much work as the 
other forces, whether applied or internal, altogether do or resist. 
Now, by the principle of superposition of forces in equilibrium, 
we might, without altering their effect, apply to any one point 
of the system such a force as we have just seen would hold the 
system in equilibrium, and another force equal and opposite 
to it. All the other forces being balanced by one of these two, 
they and it might again, by the principle of superposition of 
forces in equilibrium, be removed; and therefore the whole set 
of given forces would produce the same effect, whether for 
equilibrium or for motion, as the single force which is left 
acting alone. This single force, since it is in a line in which 
the point of its application is free to move, must move the 
system. Hence the given forces, to which this single force has 
been proved equivalent, cannot possibly be in equilibrium 
unless their whole work for an infinitely small motion is 
nothing, in which case the single equivalent force is reduced 
to nothing. But whatever amount of freedom to move the 
whole system may have, we may always, by the application of 
frictionless constraint, limit it to one degree of freedom only; 
—and this may be freedom to execute any particular motion 
whatever, possible under the given conditions of the system. 
If, therefore, in any such infinitely small motion, there is 
variation of potential energy uncompensated by work of the 
applied forces, constraint limiting the freedom of the system to 
only this motion will bring us to the case in which we have 
just demonstrated there cannot be equilibrium. But the appli¬ 
cation of constraints limiting motion cannot possibly disturb 
equilibrium, and therefore the given system under the actual 
conditions cannot be in equilibrium in any particular con¬ 
figuration if there is more work done than resisted in any 
possible infinitely small motion from that configuration by all 
the forces to which it is subject. 

Neutral 291. If a material system, under the influence of internal 

equili- . .. , « . .. 

brium. and applied forces, varying according to some definite law, is 
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balanced by them in any position in which it may be placed, Neutral 
its equilibrium is said to be neutral. This is the case with any brium. 
spherical body of uniform material resting on a horizontal 
plane. A right cylinder or cone, bounded by plane ends per¬ 
pendicular to the axis, is also in neutral equilibrium on a 
horizontal plane. Practically, any mass of moderate dimensions 
is in neutral equilibrium when its centre of inertia only is 
fixed, since, when its longest dimension is small in comparison 
with the earth’s radius, gravity is, as we shall see, approximately 
equivalent to a single force through this point. 

But if, when displaced infinitely little in any direction from stable 
a particular position of equilibrium, and left to itself, it com- Km. 
menees and continues vibrating, without ever experiencing 
more than infinitely small deviation in any of its parts, from 
the position of equilibrium, the equilibrium in this position is 
said to be stable. A weight suspended by a string, a uniform 
sphere in a hollow bowl, a loaded sphere resting on a horizontal 
plane with the loaded side lowest, an oblate body resting with 
one end of its shortest diameter on a horizontal plane, a plank, 
whose thickness is small compared with its length and breadth, 
floating on water, etc. etc., are all cases of stable equilibrium; if 
we neglect the motions of rotation about a vertical axis in the 
second, third, and fourth cases, and horizontal motion in general, 
in the fifth, for all of which the equilibrium is neutral. 

If, on the other hand, the system can be displaced in any unstable 
way from a position of equilibrium, so that when left to itself brium. 
it will not vibrate within infinitely small limits about the posi¬ 
tion of equilibrium, but will move farther and farther away from 
it, the equilibrium in this position is said to be unstable. Thus 
a loaded sphere resting on a horizontal plane with its load as 
high as possible, an egg-shaped body standing on one end, a 
board floating edgeways in water, etc. etc., would present, if 
they could be realised in practice, cases of unstable equili¬ 
brium. 

When, as in many cases, the nature of the equilibrium varies 
with the direction of displacement, if unstable for any possible 
displacement it is practically unstable on the whole. Thus a 
coin standing on its edge, though in neutral equilibrium for 
displacements in its plane, yet being in unstable equilibrium 
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for those perpendicular to its plane, is practically unstable. A 
sphere resting in equilibrium on a saddle presents a case in 
which there is stable, neutral, or unstable equilibrium, accord¬ 
ing to the direction in which it may be displaced by rolling, 
but, practically, it would be unstable. 

292. The theory of energy shows a very clear and simple 
test for discriminating these characters, or determining whether 
the equilibrium is neutral, stable, or unstable, in any case. If 
there is just as much work resisted as performed by the applied 
and internal forces in any possible displacement the equilibrium 
is neutral, but not unless. If in every possible infinitely small 
displacement from a position of equilibrium they do less work 
among them than they resist, the equilibrium is thoroughly 
stable, and not unless. If in any or in every infinitely small 
displacement from a position of equilibrium they do more work 
than they resist, the equilibrium is unstable. It follows that 
if the system is influenced only by internal forces, or if the 
applied forces follow the law of doing always the same amount 
of work upon the system passing from one configuration to 
another by all possible paths, the whole potential energy must 
be constant, in all positions, for neutral equilibrium; must 
be a minimum for positions of thoroughly stable equilibrium; 
must be either an absolute maximum, or a maximum for some 
displacements and a minimum for others when there is unstable 
equilibrium. 

293. We have seen that, according to D’Alembert’s prin¬ 
ciple, as explained above (§ 264), forces acting on the different 
points of a material system, and their reactions against the 
accelerations which they actually experience in any case of 
motion, are in equilibrium with one another. Hence in any actual 
case of motion, not only is the actual work done by the forces 
equal to the kinetic energy produced in any infinitely small time, 
in virtue of the actual accelerations; but so also is the work 
which would be done by the forces, in any infinitely small time, 
if the velocities of the points constituting the system, were at 
any instant changed to any possible infinitely small velocities, 
and the accelerations unchanged. This statement, when put in 
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the concise language of mathematical analysis, constitutes Deduction 
Lagrange's application of the "principle of virtual velocities” equations 
to express the conditions of D'Alembert's equilibrium between any system, 
the forces acting, and the resistances of the masses to accelera¬ 
tion. It comprehends, as we have seen, every possible condi¬ 
tion of every case of motion. The "equations of motion” in 
any particular case are, as Lagrange has shown, deduced from 
it with great ease. 


Let m be the mass of any one of the material points of the 
system ; x, y, z its rectangular co-ordinates at time t, relatively 
to axes fixed in direction (§ 249) through a point reckoned as 
fixed (§ 245) • and Y, Z the components, parallel to the same 

axes, of the whole force acting on it. 


Thus 


cl~x dry 

dt 2 df 5 

~m-Vi? are the components of the reaction against acceleration. 
(It 

And these, with X, Y, X, for the “whole system, must fulfil the 
conditions of equilibrium. Hence if 5%, $y, Sz denote any arbi¬ 
trary variations of x, y, z consistent with the conditions of the 
system, we have 


^ f/V d 2 x\^ / Tr d 2 y\ * /» d' 2 z\ ~ Indeterrai- 

2 {( x-m d?r + \ Y - m dr' /+ {^- m d?) hz j = 0 --V’ » ua - 

motion of 

where 2 denotes summation to include all the particles of the any sysfcera * 
system. This may be called the indeterminate, or the variational, 
equation of motion. Lagrange used it as the foundation of his 
whole kinetic system, deriving from it all the common equations of 
motion, and his own remarkable equations in generalized co-ordi¬ 
nates (presently to be given). "We may write it otherwise as follows: 

2m (a;8as + y$y + z&z) = 2 (XSx + Y$y + ZBz) .(2), 

where the first member denotes the work done by forces equal to 
those required to produce the real accelerations, acting through 
the spaces of the arbitrary displacements ; and the second member 
the work done by the actual forces through these imagined 
spaces. 

If the moving bodies constitute a conservative system, and if 
F denote its potential energy in the configuration specified by 
(x } y , 2 , etc.), we have of course (§§ 241, 273) 

SF=-2(X8a; + YSy+ZSz). 


(3), 
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and therefore the indeterminate equation of motion becomes 

(&8x + i/8y + z8z) = — 8 V. .(4^ 

where 8 V denotes the excess of the potential energy in the con¬ 
figuration ([x 4- 8x, y 4- 8y, z + 8z, etc.) above that in the configura¬ 
tion (%, y, z, etc.). 

One immediate particular result must of course be the common 
equation of energy, which must be obtained by supposing 8x, 8y f 
8 z 3 etc., to be the actual variations of the co-ordinates in an 
infinitely small time 8t. Thus if we take 8x = x8t, etc., and 
divide both members by 8t, we have 

2 (Xx + Yy + Zz) = 2/ft (xx + i)y 4- zz) .(5), 

Here the first member is composed of Newton’s Actiones A gentium; 
with his Reactiones Resistentium so far as friction, gravity, and 
molecular forces are concerned, subtracted: and the second consists 
of the portion of the Reactiones due to acceleration. As we have 
seen above (§ 214), the second member is the rate of increase of 
2$m ( 'x 2 + y 2 + «*) per unit of time. Hence, denoting by v the 
velocity of one of the particles, and by W the integral of the 
first member multiplied by dt , that is to say, the integral work 
done by the working and resisting forces in any time, we have 

2^ftr=TF + A 0 . (6), 

E 0 being the initial kinetic energy. This is the integral equa¬ 
tion of energy. In the particular case of a conservative system, 
IF is a function of the co-ordinates, irrespectively of the time, or 
of the paths which have been followed. According to the pre¬ 
vious notation, with besides F 0 to denote the potential energy of 
the system in its initial configuration, we have W~ V Q ~ V, and 
the integral equation of energy becomes 

2-|-7>w 2 =-V q -V+ E q , 

or, if E denote the sum of the potential and kinetic energies, a 
constant, = E _y .(7). 

The general indeterminate equation gives immediately, for the 
motion of a system of free particles, 

m l ai 1 = X v m$ l = Y x , m l z l = Z v m a x 2 = X 2 , etc. 

Of these equations the three for each particle may of course be 
treated separately if there is no mutual influence between the 
particles: but when they exert force on one another, Y l9 etc., 
will each in general be a function of all the co-ordinates. 
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From the indeterminate equation (1) Lagrange, by his method Constraint 
of multipliers, deduces the requisite number of equations for Staten- 
determining the motion of a rigid body, or of any system of con- eqSL?** 
nected particles or rigid bodies, thus:—Let the number of the 
particles be i , and let the connexions between them be expressed 
by n equations, 

F (*,» y,» *i» —) = o ) 

F l ( X H V-il *11 •••) = 0 l .^g\ 

etc. etc. 


being the hinematical equations of the system. By taking the 
variations of these we find that every possible infinitely small dis¬ 
placement 8x x , 8y v 8^, Sa? 2 , ... must satisfy the n linear equations 


dF 9 dF * , A 

Sa;i+ 82/i + e tc. = 0, 


dF l * dF , 

~~ OX. + —r —L i 


Multiplying the first of these by X, the second by X y , etc., 
adding to the indeterminate equation, and then equating the co¬ 
efficients of Sx l9 8y lf etc., each to zero, we have 


dF . dF v d~x ^ 
X_ + \ ——- 4. ... +X-m, -r±= 0 
ax l ax l 1 1 dt~ 


, dF , dF t _ d'\ 

X --1_ x — —i-... + i , — m 

dy x dy x 1 1 


/Mi : 
dtf 


'■ 0 


etc. 


etc. 


.( 10 ). 


These are m all oi equations to determine the n unknown Determ i- 
quantities X, ..., and the 3 i — n independent variables to Sons of^ 
which x v y x , ...are reduced by the kinematical equations (8). deduced. 
The same equations may be found synthetically in the following 
manner, by which also we are helped to understand the precise 
meaning of the terms containing the multipliers X, X /5 etc. 

First let the particles be free from constraint, but acted on 
both by the given forces etc., and by forces depending 

on mutual distances between the particles and upon their 
positions relatively to fixed objects subject to the law of con¬ 
servation, and having for their potential energy 

— £ (JcF 2 + JcF 2 + etc.), 

so that components of the forces actually experienced by the 
different particles shall be 
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_ jrt dF . r ,dF l , . f ni dk „„dk \ 

X, +kF -j—+ kF y-' + etc. + J 2 -y- + F 3 ~‘+ etc. ) 
1 dx, dx t ~ \ etc, ' dx l ) 

etc., etc. 

Hence the equations of motion are 


m ^-etc 
m t de - etc. 

etc., 


etc. 


(ii). 


Now suppose k, k t , etc. to be infinitely great:—in order that the 
forces on the particles may not be infinitely great, we must have 
F= 0, F t — 0, etc., 

that is to say, the equations of condition (8) must be fulfilled; 
and the last groups of terms in the second members of (11) now 
disappear because they contain the squares of the infinitely small 
quantities F, F n etc. Put now kF—\ kF t = \ t , etc., and we 
have equations (10). This second mode of proving Lagrange’s 
equations of motion of a constrained system corresponds pre¬ 
cisely to the imperfect approach to the ideal case which can be 
made by real mechanism. The levers and bars and guide- 
surfaces cannot be infinitely rigid. Suppose then Ic : k /7 etc. to 
be finite but very great quantities, and to be some functions of 
the co-ordinates depending on the elastic qualities of the materials 
of which the guiding mechanism is composed:—equations (11) 
will express the motion, and by supposing k , k n etc. to be 
greater and greater we approach more and more nearly to the 
ideal case of absolutely xigid mechanism constiuining the precise 
fulfilment of equations (8). „ 

The problem of finding the motion of a system subject to any 
unvarying kinematical conditions whatever, under the action of 
any given forces, is thus reduced to a question of pure analysis. 
In the still more general problem of determining the motion when 
certain parts of the system are constrained to move in a specified 
manner, the equations of condition (8) involve not only the 
co-ordinates, but also t : the time. It is easily seen however that 
the equations (10) still hold, and with (8) fully determine the 
motion. For:—consider the equations of equilibrium of the par¬ 
ticles acted on by any forces X/, 7/, etc., and constrained by 
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proper mechanism to fulfil the equations of condition (8) with Determi- 
the actual values of the parameters for any particular value tfons oF 1 * 
of t. The equations of equilibrium will be uninfluenced Educed 
by the fact that some of the parameters of the conditions 
(8) have different values at different times. Hence, with 

X x ~ m x ^p- 1 , Y l -m l instead of JT/, 7/, etc., according 

to D’Alembert’s principle, the equations of motion will still be 
(8), (9), and (10) quite independently of whether the parameters 
of (8) are all constant, or have values varying in any arbitrary 
manner with the time. 


To find the equation of energy multiply the first of equations Equation of 
(10) by cCj, the second by y x , etc., and add. Then remarking 
that in virtue of (8) we have 


dF . dF 

dx l Xl + dy t 


dF / dF, 


^ +eta + (w) = 0, 

■ \dt) u> 


partial differential coefficients of F, F p etc. with reference to t 
being denoted by > etc.; and denoting by T the 

kinetic energy or | 2 m (x 2 + y 2 + zr), we find 


dT 

dt 


r 5 ^i)-x(f) -\(f)-ete = 0....(lS). 


When the kinematic conditions are “ unvarying ,” that is to 
say, when the equations of condition are equations among the 
co-ordinates with constant parameters, we have 



= 0, etc., 


and the equation of energy becomes 


dT 

dt 


= 2 (Xx + Yy + Zz) 


.(13), 


showing that in this case the fulfilment of the equations of 
condition involves neither gain nor loss of energy. On the 
other hand, equation (12) shows how to find the work performed 
or consumed in the fulfilment of the kinematical conditions when 
they are not unvarying. 


YOL. I. 


18 
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As a simple example of varying constraint, which will be very 
easily worked out by equations (8) and (10), perfectly illustrating 
the general principle, the student may take the case of a particle 
acted on by any given forces and free to move anywhere in 
a plane which is kept moving with any given uniform or varying 
angular velocity round a fixed axis. 

When there are connexions between any parts of a system, the 
motion is in general not the same as if all were free. If we con¬ 
sider any particle during any infinitely small time of the motion, 
and call the product of its mass into the square of the distance 
between its positions at the end of this time, on the two supposi¬ 
tions, the constraint : the sum of the constraints is a minimum. 
This follows easily from (1). 

294. When two bodies, in relative motion, come into con¬ 
tact, pressure begins to act between them to prevent any parts 
of them from jointly occupying the same space. This force 
commences from nothing at the first point of collision, and 
gradually increases per unit of area on a gradually increasing 
surface of contact. If, as is always the case in nature, each 
body possesses some degree of elasticity, and if they are not kejot 
together after the impact by cohesion, or by some artificial 
appliance, the mutual pressure between them will reach a 
maximum, will begin to diminish, and in the end will come to 
nothing, by gradually diminishing in amount per unit of area 
on a gradually diminishing surface of contact. The whole pro¬ 
cess would occupy not greatly more or less than an hour if 
the bodies were of such dimensions as the earth", and such degrees 
of rigidity as copper, steel, or glass. It is finished, probably, 
within a thousandth of a second if they are globes of any of 
these substances not exceeding a yard if) diameter. 

295. The whole amount, and the direction, of the “ Impact ” 
experienced by either body in any such case, are reckoned 
according to the “change of momentum” which it experiences. 
The amount of the impact is measured by the amount, and its 
direction by the direction, of the change of momentum which is 
produced. The component of an impact in a direction parallel 
to any fixed line is similarly reckoned according to the com¬ 
ponent change of momentum in that direction. 
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296. If we imagine the whole time of an impact divided impact, 
into a very great number of equal intervals, each so short that 
the force does not vary sensibly during it, the component 
change of momentum in any direction during any one of these 
intervals will (§ 220) be equal to the force multiplied by 
the measure of the interval. Hence the component of the 
impact is equal to the sum of the forces in all the intervals, 
multiplied by the length of each interval. 

Let P be the component force in any direction at any instant, 
t, of the interval, and let / be the amount of the corresponding 
component of the whole impact. Then 

I^JPdr. 


297. Any force in a constant direction acting in any cir- Time- 
cumstances, for any time great or small, may be reckoned on integral * 
the same principle; so that what we may call its whole amount 
during any time, or its “time-integral” will measure, or be 
measured by, the whole momentum which it generates in the 
time in question. But this reckoning is not often convenient 
or useful except when the whole operation considered is over 
before the position of the body, or configuration of the system 
of bodies, involved, has altered to such a degree as to bring any 
other forces into play, or alter forces previously acting, to such 
an extent as to produce any sensible effect on the momentum 
measured. Thus if a person presses gently with his hand, 
during a few seconds,. upon a mass suspended by a cord or 
chain, he produces an effect which, if we know the degree of 
the force at each instant, may be thoroughly calculated on 
elementary principles. No approximation to a full determina¬ 
tion of the motion, or to answering such a partial question as 
“how great will be the whole deflection produced?” can be 
founded on a knowledge of the “ time-integral ” alone. If, for 
instance, the force be at first very great and gradually diminish, 
the effect will be very different from what it would be if tho 
force were to increase very gradually and to cease suddenly, 
even although the time-integral were the same in the two 
cases. But if the same body is “ struck a blow,” in a horizontal. 
direction, either by the hand, or by a mallet or other somewhat 


Time- 

integral. 
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hard mass, the action of the force is finished before the suspend¬ 
ing cord has experienced any sensible deflection from the ver¬ 
tical. Neither gravity nor any other force sensibly alters the 
effect of the blow. And therefore the whole momentum at the 
end of the blow is sensibly equal to the “ amount of the impact,” 
which is, in this case, simply the time-integral. 

293. Such is the case of Robins’ Ballistic Pendulum, a 
massive cylindrical block of wood cased in a cylindrical sheath 
of iron closed at one end and moveable about a horizontal axis 
at a considerable distance above it—employed to measure the 
velocity of a cannon or musket-shot. The shot is fired into the 
block in a horizontal direction along the axis of the block and 
perpendicular to the axis of suspension. The impulsive 
penetration is so nearly instantaneous, and the inertia of the 
block so large compared with the momentum of the shot, that 
the ball and pendulum are moving on as one mass before the 
pendulum has been sensibly deflected from the vertical. This is 
essential to the regular use of the apparatus. The iron sheath 
with its flat end must be strong enough to guard against splin¬ 
ters of wood flying sidewise, and to keep in the bullet. 

299. Other illustrations of the cases in which the time- 
integral gives us the complete solution of the problem may be 
given without limit. They include all cases in which the 
direction of the force is always coincident with the direction 
of motion of the moving body, and those special cases in which 
the time of action of the force is so short that the body’s motion 
does not, during its lapse, sensibly alter its relation to the direc¬ 
tion of the force, or the action of any other forces to which it 
may be subject. Thus, in the vertical fall of a body, the time- 
integral gives us at once the change of momentum; and the 
same rule applies in most cases of forces of brief duration, as 
in a u drive ” in cricket or golf. 

300. The simplest case which we can consider, and the one 
usually treated as an introduction to the subject, is that of the 
collision of two smooth spherical bodies whose centres before 
collision were moving in the same straight line. The force 
between them at each instant must be in this line, because of 
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the symmetry of circumstances round it; and by the third Directim- 
law it must be equal in amount on the two bodies. Hence Spheres. 
(Lex ii.) they must experience changes of motion at equal rates 
in contrary directions; and at any instant of the impact the 
integral amounts of these changes of motion must be equal. 

Let us suppose, to fix the ideas, the two bodies to be moving 
both before and after impact in the same direction in one line: 
one of them gaining on the other before impact, and either 
following it at a less speed, or moving along with it, as the 
case may be, after the impact is completed. Cases in which 
the former is driven backwards by the force of the collision, 
or in which the two moving in opposite directions meet in 
collision, are easily reduced to dependence on the same formula 
by the ordinary algebraic convention with regard to positive 
and negative signs. 

In the standard case, then, the quantity of motion lost, up 
to any instant of the impact, by one of the bodies, is equal to 
that gained by the other. Hence at the instant when their 
velocities are equalized they move as one mass with a momen¬ 
tum equal to the sum of the momenta of the two before impact. 

That is to say, if v denote the common velocity at this instant, 
we have 

(J / + Jf)v = MF + M'F' i . 

MV+MV‘ 

or v = — yj — ytt- i 

M + M ’ 

if M } IT denote the masses of the two bodies, and V } V' their 
velocities before impact. 

During this first period of the impact the bodies have been, 
on the whole, coming into closer contact with one another, 
through a compression or deformation experienced by each, 
and resulting, as remarked above, in a fitting together of the 
two surfaces over a finite area. No body in nature is per¬ 
fectly inelastic; and hence, at the instant of closest approxi¬ 
mation, the mutual force called into action between the two 
bodies continues, and tends to separate them. Unless pre¬ 
vented by natural surface cohesion or welding (such as is 
always found, as we shall see later in our chapter on Properties 
of Matter, however hard and well polished the surfaces may 
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be), or by artificial appliances (such as a coating of wax, applied 
in one of the common illustrative experiments; or the coupling 
applied between two railway carriages when run together so as 
to push in the springs, according to the usual practice at rail¬ 
way stations), the two bodies are actually separated by this 
force, and move away from one another. Newton found that, 
provided the impact is not so violent as to make any sensible 
permanent indentation in either body , the relative velocity of 
separation after the impact bears a proportion to their previous 
relative velocity of approach, which is constant for the same 
two bodies. This proportion, always less than unity, ap¬ 
proaches more and more nearly to it the harder the bodies are. 
Thus with balls of compressed wool he found it iron nearly 
the same, glass The results of more recent experiments on 
the same subject have confirmed Newton’s law. These will be 
described later. In any case of the collision of two balls, let 
e denote this proportion, to which we give the name Coefficient 
of Restitution ;* and, with previous notation, let in addition 
U y IT denote the velocities of the two bodies after the conclusion 
of the impact; in the standard case each being positive, but 
V > U. Then we have 

U'-U=e(V-V') 

and, as before, since one has lost as much momentum as the 
other has gained, 

Mir + M'Tr = MV+M'V'. 

From these equations we find 

(if+ M') U - MV + M f r - elV (V - V), 
with a similar expression for IT . 

Also we have, as above, 

(M+ M')v = MV+ M'V'. 

Hence, by subtraction, 

(M + M’) (v - V) = eM' (F- V') = e{M'V- (M + if > + MV] 

* In most modern treatises this is called a “coefficient of elasticity,” which 
is clearly a mistake; suggested, it may he, by Newton’s words, but inconsistent 
with his facts, and utterly at variance with modern language and modern know¬ 
ledge regarding elasticity. 



300.] DYNAMICAL LAWS AND PRINCIPLES. 279 

and therefore Direct im- 

TT / yr \ pftot of 

V — U = e ( K ~ v). spheres. 

Of course we have also 

U' - v - e (v — F'). 

These results may be put in words thus:—The relative velocity 
of either of the bodies with regard to the centre of inertia of 
the two is, after the completion of the impact, reversed in 
direction, and diminished in the ratio e : 1. 

301. Hence the loss of kinetic energy, being, according to 
§§ 267, 280, due only to change of kinetic energy relative to 
the centre of inertia, is to this part of the whole as 1 — e 2 : 1. 

Thus 

Initial kinetic energy = \{M + M’) v 2 + \M (V ~ v) 2 + J M ' (v - F) 2 . 

Final „ „ = £ (M + M') v 2 + (v - U ) 2 + ( U’ - v)\ 

Loss = | (1 - e 2 ) {M (F~v) 3 + If' (v - F') 2 }. 

302. When two elastic bodies, the two balls supposed above Distribu¬ 
tor instance, impinge, some portion of their previous kinetic energy after 
energy will always remain in them as vibrations. A 'portion impatfc * 

of the loss of energy (miscalled the effect of imperfect elas¬ 
ticity) is necessarily due to this cause in every real case. 

Later, in our chapter on Properties of Matter, it will be 
shown as a result of experiment, that forces of elasticity are, 
to a very close degree of accuracy, simply proportional to the 
strains (§ 154), within the limits of elasticity, in elastic solids 
which, like metals, glass, etc., bear but small deformations with¬ 
out permanent change. Hence when two such bodies come 
into collision, sometimes with greater and sometimes with less 
mutual velocity, but with all other circumstances similar, the 
velocities of all particles of either body, at corresponding times 
of the impacts, will be always in the same proportion. Hence 
the velocity of separation of the centres of inertia after impact Newton’s 

.... . . . expenmen- 

will bear a constant proportion to the previous velocity 
approach; which agrees with the Newtonian Law. It is there- 
fore probable that a very sensible portion, if not the whole, of 
the loss of energy in the visible motions of two elastic bodies, 
after impact, experimented on by Newton, may have been due 
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Distribu- to vibrations; but unless some other cause also was largely 
energy after operative, it is difficult to see how the loss was so much greater 
impact. j ron bgjig ^an with glass. 

303. In certain definite extreme cases, imaginable although 
not realizable, no energy will be spent in vibrations, and the 
two bodies will separate, each moving simply as a rigid body, 
and having in this simple motion the whole energy of work 
done on it by elastic force during the collision. For instance, 
let the two bodies be cylinders, or prismatic bars with flat ends, 
of the same kind of substance, and of equal and similar trans¬ 
verse sections; and let this substance have the property of 
compressibility with perfect elasticity, in the direction of the 
length of the bar, and of absolute resistance to change in every 
transverse dimension. Before impact, let the two bodies be 
placed with their lengths in one line, and their transverse sec¬ 
tions (if not circular) similarly situated, and let one or both be 
set in motion in this line. The result, as regards the motions 
of the two bodies after the collision, will be sensibly the 
same if they are of any real ordinary elastic solid material, 
provided the greatest transverse diameter of each is very small 
in comparison with its length. Then, if the lengths of the two 
be equal, they will separate after impact with the same relative 
velocity as that with which they approached, and neither will 
retain any vibratory motion after the end of the collision. 

304. If the two bars are of unequal length, the shorter will, 
after the impact, be exactly in the same state as if it had 
struck another of its own length, and it therefore will move as 
a rigid body after the collision. But the other will, along with 
a motion of its centre of gravity, calculable from the principle 
that its whole momentum must (§ 267) be changed by an 
amount equal exactly to the momentum gained or lost by the 
first, have also a vibratory motion, of which the whole kinetic 
and potential energy will make up the deficiency of energy 
which w r e shall presently calculate in the motions of the centres 
of inertia. For simplicity, let the longer body be supposed to 
be at rest before the collision. Then the shorter on striking it 
will be left at rest; this bcin£ clearlv the result in the case of 
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e = 1 in the preceding formulas (§ 300) applied to the impact nistribu- 
of one body striking another of equal mass previously at rest, enervate 
The longer bar will move away with the same momentum, and lmpact * 
therefore with less velocity of its centre of inertia, and less 
kinetic energy of this motion, than the other body had before 
impact, in the ratio of the smaller to the greater mass. It will 
also have a very remarkable vibratory motion, which, when its 
length is more than double of that of the other, will consist of 
a wave running backwards and forwards through its length, and 
causing the motion of its ends, and, in fact, of every particle of 
it, to take place by “fits and starts,” not continuously. The 
full analysis of these circumstances, though very simple, must 
be reserved until we are especially occupied with waves, and 
the kinetics of elastic solids. It is sufficient at present to 
remark, that the motions of the centres of inertia of the two 
bodies after impact, whatever they may have been previously, 
are given by the preceding formulae with for e the value 


, where M and M are the smaller and the larger mass re- 

M ° 

spectively. 


305. The mathematical theory of the vibrations of solid elastic 
spheres has not yet been worked out; and its application to 
the case of the vibrations produced by impact presents con¬ 
siderable difficulty. Experiment, however, renders it certain, 
that but a small part of the whole kinetic energy of the pre¬ 
vious motions can remain in the form of vibrations after the 
impact of two equal spheres of glass or of ivory. This is 
proved, for instance, by the common observation, that one of 
them remains nearly motionless after striking the other pre¬ 
viously at rest; since, the velocity of the common centre of 
inertia of the two being necessarily unchanged by the impact, 
we infer that the second ball acquires a velocity nearly equal 
to that which the first had before striking it. But it is to bo 
expected that unequal balls of the same substance coming into 
collision will, by impact, convert a very sensible proportion of 
the kinetic energy of their previous motions into energy of 
vibrations; and generally, that the same will be the case when 
equal or unequal masses of different substances come into colli- 
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Son of u " s ^ on 5 a ^^ 10U S^ f° r one particular proportion of their diameters, 
impS after depending on their densities and elastic qualities, this effect will 
be a minimum, and possibly not much more sensible than it is 
when the substances are the same and the diameters equal. 

306. It need scarcely be said that in such cases of impact 
as that of the tongue of a bell, or of a clock-hammer striking 
its bell (or spiral spring as in the American clocks), or of piano¬ 
forte hammers striking the strings, or of a drum struck with the 
proper implement, a large part of the kinetic energy of the 
blow is spent in generating vibrations. 


Moment of 
an impact 
about an 


Ballistic 

pendulum. 


307. The Moment of an impact about any axis is derived 
from the line and amount of the impact in the same way as the 
moment of a velocity or force is determined from the line and 
amount of the velocity or force, §§ 235, 236. If a body is 
struck, the change of its moment of momentum about any axis 
is equal to the moment of the impact round that axis. But, 
without considering the measure of the impact, we see (§ 267) 
that the moment of momentum round any axis, lost by one 
body in striking another, is, as in every case of mutual action, 
equal to that gained by the other. 

Thus, to recur to the ballistic pendulum—the line of motion 
of the bullet at impact may be in any direction whatever, but the 
only part which, is effective is the component in a plane perpen¬ 
dicular to the axis. We may therefore, for simplicity, consider 
the motion to be in a line perpendicular to the axis, though not 
necessarily horizontal. Let m be the mass of the bullet, v its 
velocity, and p the distance of its lino of motion from the axis. 
Let M be the mass of the pendulum with the bullet lodged in it, 
and h its radius of gyration. Then if a> be the angular velocity 
of the pendulum when the impact is complete, 
mvp - 

from which the solution of the question is easily determined. 

For the kinetic energy after impact is changed (§ 241) into 
its equivalent in potential energy when the pendulum reaches its 
position of greatest deflection. Let this be given by the angle 
(9: then the height to which the centre of inertia is raised is 
h (1 - cos 0) if h be its distance from the axis. Thus 
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mvp 

Mh Jgh ’ 


an expression for tlie chord of the angle of deflection. In 
practice the chord of the angle 6 is measured by means of a 
light tape or cord attached to a point of the pendulum, and 
slipping with small friction through a clip fixed close to the posi¬ 
tion occupied by that point when the pendulum hangs at rest. 


308. Work done by an impact is, in general, the product of impact 6 
the impact into half the sum of the initial and final velocities 
of the point at which it is applied, resolved in the direction of 
the impact. In the case of direct impact, such as that treated 
in § .300, the initial kinetic energy of the body is \MV 2 , the 
final lMU 2 , and therefore the gain, by the impact, is 

V 2 ), 

or, which is the same, 

M(U-V) .J(0 + P). 

But M(U— V) is (§ 295) equal to the amount of the impact. 

Hence the proposition: the extension of which to the most 
general circumstances is easily seen. 

Let l be the amount of the impulse up to time r, and I the 
whole amount, up to the end, T . Thus,— 

i= f Pdr, /= PWr; also P . 

Jo Jo cLt 


Whatever may be the conditions to which the body struck is 
subjected, the change of velocity in the point struck is propor¬ 
tional to the amount of the impulse up to any part of its whole 
time, so that, if 01 be a constant depending on the masses and 
conditions of constraint involved, and if U, v, V denote the com¬ 
ponent velocities of the point struck, in the direction of the 
impulse, at the beginning, at the time r, and at the end, re¬ 
spectively, we have 


*=u +m , r~r + 


JiT 


iv (F_ 

- <■ 


Hi 


Hence, for the rate of the doing of work by the force P , at the 
instant t, we have 


iP 


Pv = PU + 
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Hence for the whole work ( W) done by it, 

‘ VI *i 

= L r / + |/(F- U) = I.l(U+ F). 


309. It is worthy of remark, that if any number of impacts 
be applied to a body, their whole effect will be the same whether 
they be applied together or successively (provided that the 
whole time occupied by them be infinitely short), although 
the work done by each particular impact is in general different 
according to the order in which the several impacts are applied. 
The whole amount of work is the sum of the products obtained 
by multiplying each impact by half the sum of the components 
of the initial and final velocities of the point to which it is 
applied. 

Equations 310. The eflfect of any stated impulses, applied to a rigid 
moX! Ulve body, or to a system of material points or rigid bodies con¬ 
nected in any way, is to be found most readily by the aid of 
D’Alembert’s principle; according to which the given impulses, 
and the impulsive reaction against the generation of motion, 
measured in amount by the momenta generated, are in equi¬ 
librium ; and are therefore to be dealt with mathematically by 
applying to them the equations of equilibrium of the system. 

Let P x , Q x , E l be the component impulses on the first particle, 
m 1? and let x x , y x , z x be the components of the velocity in¬ 
stantaneously acquired by this particle. Component forces equal 
to ... must equilibrate the system, 

and therefore we have (§ 290) 

3 {(P - nix) 8x + (Q — my) hj + (JR, — mz) Ss} = 0. (a) 

where 8x lf 8y x , ... denote the components of any infinitely small 
displacements of the particles possible under the conditions of 
the system. Or, which amounts to the same thing, since any 
possible infinitely small displacements are simply proportional to 
any possible velocities in the same directions, 

S {(P— mxj u + (Q- my) v + (Q — mz) w] = 0.( b) 
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where u t> v lt u\ denote any possible component velocities of the Equation! 
first particle, etc. motm? 81 

One particular case of this equation is of course Lad by suppos¬ 
ing u v ... to be equal to the velocities x v y x , ... actually 
acquired ; and, by halving, etc., we find 

2 (P - \x + Q • + \z) = (x 2 + y~ + z~) .(c). 

This agrees with § 308 above. 


311. Euler discovered that the kinetic energy acquired from Theorem« 
rest by a rigid body in virtue of an impulse fulfils a maximum- tended^ 
minimum condition. Lagrange* extended this proposition to Lagrar,ee ' 
a system of bodies connected by any invariable kinematic re- Equation 
lations, and struck with any impulses. Delaunay found that motion, 
it is really always a maximum when the impulses are given , 
and when different motions possible under the conditions of 
the system } and fulfilling the law of energy [§310 (c)], are 
considered. Farther, Bertrand shows that the energy actually 
acquired is not merely a “ maximum,” but exceeds the energy 
of any other motion fulfilling these conditions; and that the 
amount of the excess is equal to the energy of the motion which 
must be compounded with either to produce the other. 

Let x', y/ ... be the component velocities of any motion what¬ 
ever fulfilling the equation (c), which becomes 

\ 2 (Px + Qy' 4- Pz') = | 2m (x 2 + y' 2 + z 2 ) = T r .( d ). 

If, then, we take x{ - x l = u v y'-y l = v 1 , etc., we have 


T — T = £ 2 m {(2x + u)u 4 - (2y + v) v + (2z + w) w} 

= 2m (xu ±yv + zw) +12m ( u 2 + v 2 + w 2 ) .( e ). 

But, by (b), 

2m (ecu + yv + zw) - 2 (Pu + Qv + Pw) .(/); 

and, by (c) and (d), 

2 (Pu + Qv + Pw) = 2T' - 2T . (g). 

Hence (e) becomes 

T - T= 2 (T - T) + |2m(ir + v 2 + w 2 \ 

whence T — T' *= \ 2m (u 2 + v 2 + w 2 ) . (h), 

which is Bertrand’s result. 


* Mecanique Analytijue, 2 nde partie, 3 me section, § 37. 
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Liquidset • 312. The energy of the motion generated suddenly in a 
impulsively, mass of incompressible liquid given, at rest completely filling 
a vessel of any shape, when the vessel is suddenly set in 
motion, or when it is suddenly bent out of shape in any way 
whatever, subject to the condition of not changing its volume, 
is less than the energy of any other motion it can have with the 
same motion of its hounding surface . The consideration of this 
theorem, which, so far as we know, was first published in 
the Cambridge and Dublin Mathematical Journal [Feb. 1849 ], 
has led us to a general minimum property regarding motion 
acquired by any system when any prescribed velocities are 
generated suddenly in any of its parts; announced in the 
.Tr.' Proceedings of the Royal Society of Edinburgh for April, 1863 . 
It is, that provided impulsive forces are applied to the system 
only at places where the velocities to be produced are pre- 
j scribed, the kinetic energy is less in the actual motion than in 
any other motion which the system can take, and which has 
the same values for the prescribed velocities. The excess of 
the energy of any possible motion above that of the actual 
motion is (as in Bertrand’s theorem) equal to the energy of the 
motion which must be compounded with either to produce the 
other. The proof is easy:—here it is :— 

■fc Equations (d), (e), and (/) hold as in § (311). But now each 

velocity component, u v w v etc. vanishes for which the 
component impulse P 1? Q x , R P 2 , etc. does not vanish (because 
x x + it x , y x + v 1 , etc. fulfil the prescribed velocity conditions). 
Hence every product P x u^ Qp# etc. vanishes. Hence now 


instead of (g) and ( h) we have 

2 (xu + yv + zw) =0. (g’\ 

and T' - T = £ 2m ( u 2 + v 2 + vf) . (Ji). 


We return to the subject in §§ 316, 317 as an illustration of 
the use of Lagrange’s generalized co-ordinates ; to the introduc¬ 
tion of which into Dynamics we now proceed. 



K-** 6 ' 


Impulsive 313. The method of generalized co-ordinates explained 
ferred to above (§ 204) is extremely useful in its application to the 
co n ifrS- zed dynamics of a system; whether for expressing and working 
out the details of any particular case in which there is any 

A. rr *» ^ VI . f - -SHI * - . <k»r:e b rj ^ '~/J 
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finite number of degrees of freedom, or for proving general impulsive 
principles applicable even to cases, such as that of a liquid, as ferredtoT 
described in the preceding section, in which there maybe ^ n ^° r s di " 
infinite number of degrees of freedom. It leads us to generalize 
the measure of inertia, and the resolution and composition of 
forces, impulses, and momenta, on dynamical principles corre¬ 
sponding with the kinematical principles explained in § 204, 
which gave us generalized component velocities: and, as we 
shall see later, the generalized equations of continuous motion 
are not only very convenient for the solution of problems, but 
most instructive as to the nature of relations, however compli¬ 
cated, between the motions of different parts of a system. In 
the meantime we shall consider the generalized expressions for 
the impulsive generation of motion. We have seen above 
(§ 308) that the kinetic energy acquired by a system given at 
rest and struck with any given impulses, is equal to half the 
sum of the products of the component forces multiplied each 
into the corresponding component of the velocity acquired by 
its point of application, when the ordinary system of rectangular 
co-ordinates is used. Precisely the same statement holds on 
the generalized system, and if stated as the convention agreed 
upon, it suffices to define the generalized components of im- Generalized 
pulse, those of velocity having been fixed on kinematical of hnpufso 8 
principles (§ 204). Generalized components of momentum mentum. 
of any specified motion are, of course, equal to the generalized 
components of the impulse by which it could be generated from 
rest. 

(a) Let ij/, cj>, 0, ... be the generalized co-ordinates of a material 
system at any time; and let i[/, <£, 0, ... be the corresponding 
generalized velocity-components, that is to say, the rates at 
which if/, <f>, 6, ... increase per unit of time, at any instant, in 
the actual motion. If x l , denote the common rectangular 
co-oi-dinates of one particle of the system, and x x , y x , z x its com¬ 
ponent velocities, we have 




etc. 


etc. 




0)- 
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Hence tlie kinetic energy, which is 2 I'm (of + y 2 + z 2 ), in terms 
of rectangular co-ordinates, becomes a quadratic function of 
\p, <j>, etc., when expressed in terms of generalized co-ordinates 
so that if we denote it by T we have 

+ (<£> <£) <f> 2 + ••• + 2 (</r, <£) + ...}.(2), 

where [if/, if/), (<£, <£), (ip, <£), etc., denote various functions of the 
co-ordinates, determinable according to the conditions of the 
system. The only condition essentially fulfilled by these co¬ 
efficients is, that they must give a finite positive value to T for 
all values of the variables. 

(b) Again let (X l7 Y x , Z), (X 2 , Y a , Z 2 ), etc., denote component 
forces on the particles (sc,, y L , z^ (x 2 , y 2 , z 2 ), etc., respectively; 
and let ( 8 a;,, Sy,, 83 J, etc., denote the components of any in¬ 
finitely small motions possible without breaking the conditions of 
the system. The work done by those forces, upon the system 
when so displaced, will be 

2 (XSx + 78 y + Zlz) .(3). 


To transform this into an expression in terms of generalized co¬ 
ordinates, we have 


*%*"**■ I 

etc. etc. J 


and it becomes 
where 


'kSi p + <£8<£ + etc. 


•( 5 ). 


*=s(x^+r^+^V 


dip dip dtp) 

* = 2 (^ + 7 $?+^) 


<• 


d<p> 

etc. 


d<f> dcj>J 

etc. 


.( 6 ). 


These quantities, 'k, <E>, etc., are clearly the generalized com¬ 
ponents of the force on the system. 

Let \k, <J>, etc. denote component impulses, generalized on the 
same principle; that is to say, let 


of impulse. 


\k = 'keZi. <h = / $>dt. etc.. 








313.] 


DYNAMICAL LAWS AND PBINCIPLES. 


289 


where dq <I>, ... denote generalized components of the continuous 
force acting at any instant of the infinitely short time r, within 
which the impulse is completed. 


If this impulse is applied to the system, previously in motion 
in the manner specified above, and if 8if/, 8cj> , ... denote the re¬ 
sulting augmentations of the components of velocity, the means 
of the component velocities before and after the impulse will be 

ifr+l-8\j/ } (f>+%8<l>, . 

Hence, according to the general principle explained above for 
calculating the work done by an impulse, the whole work done 
in this case is 

'P + h (cj> + J 8(f>) + etc. 


To avoid unnecessary complications, let us suppose hxjr, 8<f> } etc., 
to be each infinitely small. The preceding expression for the 
work done becomes 

' l f \ff + <bcj> + etc.; 

and, as the effect produced by this work is augmentation of 
kinetic energy from T to T + 8T, we must have 

8T~'bif/+$($) +etc. 

Now let the impulses be such as to augment if/ to if/ + 8if/, and to 
leave the other component velocities unchanged. We shall have 


dT 

'Pi f/-\-$cf> + etc. = ^ 8 £ 


dT . 


Dividing both members by 8\f/, and observing that is a linear 

. . \P $ 

function of if/, <f>, etc., we see that , - 7 , etc., must be equal 

8ij/ Sip 

dT 

to the coefficients of t f/, cp, ... respectively in . 


(c) From this we see, further, that the impulse required to pro¬ 
duce the component velocity if/ from rest, or to generate it in 
the system moving with any other possible velocity, has for its 
components 

(f, t) (& <£) >A» 0 & etc - 

Hence we conclude that to generate the whole resultant velocity 
( 1 //, <£, ...) from rest, requires an impulse, of which the com¬ 
ponents, if denoted by £, 77 , £, ... , are expressed as follows :— 

IQ 


Impulsive 
generation 
of motion 
referred to 
generalized 
co-ordi¬ 
nates. 


irrvT t 
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Momenta 
in terms of 
velocities. 

£=(i[r, \fr) ip + (<j>, t p)4> + (6, ijr) <9+ ... 1 

v =('/') 4>) f +(& + 4^)6 +... 

£ = ('!'> 6) t + ih 6) 4> + (0> 0 + ... 

f.( 7 ). 


etc. 


Kinetic 
energy in 
terms of 
momentum s 
and veloci¬ 
ties. 


where it must be remembered that, as seen in tlie original ex¬ 
pression for T, from which, they are derived, (</>, p) means the 
same thing as (p, <£), and so on. The preceding expressions are 
the differential coefficients of T with reference to the velocities; 
that is to say, 


£ 


dT = dT t ^dT 
df’ V ~d4>’ ~ d& 


(• 8 ). 


(d) The second members of these equations being linear func¬ 
tions of p } <j>, ..., we may, by ordinary elimination, find p, <£, etc., 
in terms of £, 77, etc., and the expressions so obtained are of 
course linear functions of the last-named elements. And, since 
T is a quadratic function of p, <j>, etc., we have 

2T = £\p + r)<j> +£0 + etc.( 9 ). 

From this, on the supposition that T, 1 p 9 <f>, ... arc expressed in 
terms of £, 77, we have by differentiation 


«,dT 

“ d£ 


. rdJr dd> 9 d6 

't' + tdz +v dz +t d£ +ctc - 


Velocities 
in terms of 
momeu- 
tums. 


Now the algebraic process by which ip, c/j, etc., are obtained in 
terms of £, 77, etc., shows that, inasmuch as the coefficient of p in 
the expression, ( 7 ), for £, is equal to the coefficient of i p } in the 
expression for 77, and so on; the coefficient of 77 in the expres¬ 
sion for p must be equal to the coefficient of £ in the expression 
for 0, and so on ; that is to say, 

dip dp dip c 10 

d^ = Ti’ ctc - 


Hence the preceding expression becomes 

t dip dip 
5 d£ ^ drj ' b d£ 

dT 


0 dT . . dip dip 9 dip „ . 


and therefore 




d£ 


dT h 
Similarly p = —, etc. I 

J 


.( 10 ). 
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These expressions solve the direct problem,—to find the velo- Velocities 
city produced by a given impulse (|, i?, ...), when we have the momen- 
kinetic energy, T, expressed as a quadratic function of the com- tUms ‘ 
ponents of the impulse. 

(e) If we consider the motion simply, without reference to the 
impulse required to generate it from rest, or to stop it, the quanti¬ 
ties g, y,... are clearly to be regarded as the components of the 
momentum of the motion, according to the system of generalized 
co-ordinates. 


(/) The following algebraic relation will be useful:— 

g$ + rjrf + gfi + etc. = gif/, + r)<j> y + £<9, + etc.(11), 


Reciprocal 

relation 

between 


momentuins 
and veloci- 


where, g, yj, if/, <£, etc., having the same signification as before, . - 

, . _ # ties in two 

£/, Vji b y5 etc., denote the impulse-components corresponding to motions. 

any other values, xj/ y , <fi y , 0 y , etc., of the velocity-components. It ‘ 

is proved by observing that each member of the equation becomes - 


a symmetrical function of if/, if//, <j>, <f>/, etc .; when for f /3 rj, etc., s 

their values in terms of if/,, <£,, etc., and for g, tj, etc., their values ' 
in terms of \f/, <f>, etc., are substituted. 


314. A material system of any kind, given at rest, and Application 
subjected to an impulse in any specified direction, and of any ^eTco-™ 1 ’ 
given magnitude, moves off so as to take the greatest amount to theorems 
of kinetic energy wlych the specified impulse can give it, 
subject to § or § 3^9 (c). 

Let g, 7], ... be the components of the given impulse, and 
if/, <f>, ... the components of the actual motion produced by it, 
which are determined by the equations ( 10 ) above. hTow let us 
suppose the system be guided, by means of merely directive 
constraint, to take, from rest, under the influence of the given 
impulse, some motion (^, <£ /? ...) different from the actual 
motion; and let g n Y) t , ... be the impulse which, with this con¬ 
straint removed, would produce the motion (J/ / , cj> y , ...). We 
shall have, for this case, as above, 

t ,=I +•••)• 

But gj- g, 7] y - 7} ... are the components of the impulse ex¬ 
perienced in virtue of the constraint we have supposed introduced. 

They neither perform nor consume work on the system when 
moving as directed by this constraint; that is to say, 

(g, - £) + (y, - y) <£, + (£, - £) 0 , + etc - = 0 


■( 12 ); 
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and therefore 

22\ = ^ + £0, + etc.( 13 ). 

Hence we have 

2(^- T) = £ +V +ct c. 

= (£ - £) 6A - <A,) + fa - (<A “ <A,) + etc. 

+ f, OA - *A,) + (<A - 0/) + etc * 

But, by (11) and (12) above, we have 

£ 0A- V',) + ^ (<A - &) + etc * = (£-£) »A, + fa - v) <Ay + etc. = o, 

and therefore we have finally 

2 {T-T) = (f- £,) (<A-*A,) + fa ~ (<A “ <AJ + etc. ...(14). 

that is to say, T exceeds 1\ by the amount of the kinetic energy 
that would be generated by an impulse (f — f /? rj -r) y , £-£, etc.) 
applied simply to the system, which is essentially positive. 
In other words, 

315 . If the system is guided to take, under the action of a 
given impulse, any motion (\jr y , <A y ,...) different from the natural 
motion (t|t, <£, ...), it will have less kinetic energy than that of 
the natural motion, by a difference equal to the kinetic energy 
of the motion (hjr — \jr y} — <p y ,...). 

Cor. If a set of material points are struck independently 
by impulses each given in amount, more kinetic energy is 
generated if the points are perfectly free to move each in¬ 
dependently of all the others, than if they are connected in any 
way. And the deficiency of energy in the latter case is equal 
to the amount of the kinetic energy of the motion which 
geometrically compounded with the motion of either case would 
give that of the other. 

Problems ( a ) Hitherto we have either supposed the motion to be fully given, 

involved- and the impulses required to produce them, to bo to be found; or 

velocities^ the impulses to be given and the motions produced by them to be 

to be found. A not less important class of problems is presented 
by supposing as many linear equations of condition between the 
impulses and components of motion to be given as there are de¬ 
grees of freedom of the system to move - (or independent co-ordi¬ 
nates). These equations, and as many more supplied by ( 8 ) 
or then* equivalents ( 10 ), suffice for the complete solution of the 
problem, to determine the impulses and the motion. 


Application 
of general¬ 
ized co¬ 
ordinates to 
theorems of 
§311. 


Theorems 
of § 311 in 
terms of 
generalized 
co-ordi¬ 
nates. 
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(b) A very important case of this class is presented by prescrib- Problems 
ing, among the velocities alone, a number of linear equations with 
constant terms, and supposing the impulses to be so directed and ?eiocftfe^ d 
related as to do no work on any velocities satisfying another pre¬ 
scribed set of linear equations with no constant terms; the whole 
number of equations of course being equal to the number of inde¬ 
pendent co-ordinates of the system. The equations for solving 

this problem need not be written down, as they are obvious; but 
the following reduction is useful, as affording the easiest proof of 
the minimum property stated below. 

(c) The given equations among the velocities may be reduced 
to a set, each homogeneous, except one equation with a constant 
term. Those homogeneous equations diminish the number of de¬ 
grees of freedom; and we may transform the co-ordinates so as 
to have the number of independent co-ordinates diminished ac¬ 
cordingly. Farther, we may choose the new co-ordinates, so 
that the linear function of the velocities in the single equation 
with a constant term may be one of the new velocity-components; 
and the linear functions of the velocities appearing in the equation 
connected with the prescribed conditions as to the impulses may 
be the remaining velocity-components. Thus the impulse will 
fulfil the condition of doing no work on any other component 
velocity than the one which is given, and the general problem— 

316. Given any material system at rest: let any parts of General 
it be set in motion suddenly wfith any specified velocities, pos- (compare 
sible according to the conditions of the system; and let its 
other parts be influenced only by its connexions with those; 
required the motion: 

takes the following very simple form :—An impulse of the cha¬ 
racter specified as a particular component, according to the 
generalized method of co-ordinates, acts on a material system; 
its amount being such as to produce a given velocity-component 
of the corresponding type. It is required to find the motion. 

The solution of course is to be found from the equations 

4r = A, 07 = 0, £ = 0..^,:.(15) 

(which are the special equations of condition of the problem) and 
the general kinetic equations (7), or (10). Choosing the latter, 
and denoting by [£, £], [£, rj], etc., the coefficients of |£ 2 , £rj, etc., 
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General ill T, we have 

fc— • t A xSkriA 8- [ ^ A el0 , m 

* S13) - fm \Wi\ ’ * " [f, I] 6 [41] 1 . (16) 

for the result. 

This result possesses the remarkable property, that the 
kinetic energy of the motion expressed by it is less than that of 
any other motion which fulfils the prescribed condition as to 
velocity. For, if £, 17 ,, £ /5 etc., denote the impulses required to 
produce any other motion, \p p <f> /9 0 /} etc., and T 4 the correspond¬ 
ing kinetic energy, we have, by (9), 

%T t — + £0 y + etc. 

But by (11), 

£$ + + tfi + e ^ c * = 

! since, by (15), we have rj = 0 , £=0, etc. Hence 

2 ^= + £ $,-$) + vAh-fy + £, (0,-6) + ... 

How let also this second case (^, <£,,...) of motion fulfil the pre¬ 
scribed velocity-condition = A. We shall have 

£ OA, - ^ (<A/ - <£) + C ( 0 , - 0) + ... 

= a -ooa, - $ + o?, - ^)(<A/ - $+(£, - £)(#/ - 0)+• • •• 

since \j//—\f/ = Q , 07 = 0 , £ = 0 ,.... Hence if ® denote the kinetic 
energy of the differential motion , <£, - <£,...) we have 

27> 2^+2®.(17); 

but ® is essentially positive and therefore 7^, tlic kinetic energy 
of any motion fulfilling the prescribed vclocity-condition, but 
differing from the actual motion, is greater than T the kinetic 
energy of the actual motion; and the amount, ®, of the differ¬ 
ence is given by the equation 

2 ® - % (<£, -<£) + £, ( 0 , - 0 ) + etc.(18), 

or in words, 

Kinetic 317. The solution of the problem is this :—The motion 
SdSnm actually taken by the system is the motion which has less 
kinetic energy than any other fulfilling the prescribed velocity- 
conditions. And the excess of the energy of any other such 
motion, above that of the actual motion, is equal to the energy 
of the motion which must be compounded with cither to pro¬ 
duce the other. 
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In dealing with cases it may often happen that the use of the Kinetic 
co-ordinate system required for the application of the solution SS 
(16) is not convenient; but in all cases, even in such as i n mthiscase * 
examples (2) and (3) below, which involve an infinite number 
of degrees of freedom, the minimum property now proved affords 
an easy solution. 

Example (1). Let a smooth plane, constrained to keep moving impact of 
with a given normal velocity, q, come in contact with a free ?igjd°pfane 
inelastic rigid body at rest: to find the motion produced. The mass fi <ma 
velocity-condition here is, that the motion shall consist of anybody's^ 
motion whatever giving to the point of the body which is struck rest 
a stated velocity, q, perpendicular to the impinging plane, com¬ 
pounded with any motion whatever giving to the same point 
any velocity parallel to this plane. To express this condition, let 
u, v, w be rectangular component linear velocities of the centre 
of gravity, and let m, p, <r be component angular velocities round 
axes through the centre of gravity parallel to the line of re¬ 
ference. Thus, if x, y , £ denote the co-ordinates of the point 
struck relatively to these axes through the centre of gravity, 
and if l , m, n be the direction cosines of the normal to the im¬ 
pinging plane, the prescribed velocity-condition becomes 

(u *f pz - cry) Z+(v + crx — •nrz) m + (w + wy — px) n = — q . (a), 

the negative sign being placed before q on the understanding 
that the motion of the impinging plane is obliquely, if not directly, 
towards the centre of gravity, when l, ??i, n are each positive. 

If, now, we suppose the rectangular axes through the centre of 
gravity to be principal axes of the body, and denote by Mf\Mg 2 , 

Mid the moments of inertia round them, we have 

T — -J- M ( u 2 + r + vr + f -f g 2 p 2 + Ido- 2 ) .( b). 

This must be made a minimum subject to the equation of con¬ 
dition (a). Hence, by the ordinary method of indeterminate 
multipliers, 

Mu + XI - 0, Mv + hn = 0, Mw + Xn = 0 bv 

Mf 2 w + A (iiy— 7 nz) = 0, Mg 2 p+\(lz—nx) — 0, Mli~o 4-A (gnx—ly) — 0J 

These six equations give each of them explicitly the value of one 
of the six unknown quantities u, v, w, w, p, cr, in terms of A and 
data. Using the values thus found in (a), we have an equation 
to determine A; and thus the solution is completed. The first 
three of equations (c) show that A, which has entered as an 
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indeterminate multiplier, is to be interpreted as the measure of 
the amount of the impulse. 

Example (2). A stated velocity in a stated direction is com¬ 
municated impulsively to each end of a flexible inextensible cord 
forming any curvilineal arc: it is required to find the initial 
motion of the whole cord. 

Let x, y, z be the co-ordinates of any point P in it, and x , y, z 
the components of the required initial velocity. Let also s be 
the length from one end to the point P. 

If the cord were extensible, the rate per unit of time of the 
stretching per unit of length which it would experience at P, in 
virtue of the motion x , y, z, would be 

dx dx dy dy dz dz 
ds ds ds ds dsds " 

Hence, as the cord is inextensible, by hypothesis, 

dx dx dy dy dz dz _ „ . . 

dsds ^ ds ds + dsds . 


Subject to this, the kinematical condition of the system, and 

x = u 1 x = id ] 

y = v 1 when 5 = 0, y = v' l when s — l, 
z~w\ z — id 


l denoting the length of the cord, and (u, v, w), (u\ v\ w'), the 
components of the given velocities at its two ends : it is required 
to find x, y } z at every point, so as to make 


f I/ul (x 2 + y 2 + z 2 ) ds . (b) 

Jo" 

a minimum, /x denoting the mass of the string per unit of length, 
at the point P, which need not be uniform from point to point ; 
and of course 

ds = (dx 2 + dy 2 + dz 2 ) **.(c). 


Multiplying (a) by an indeterminate multiplier, and proceeding 
as usual according to the method of variations, we have 


in which we may regard x, y, z as known functions of 5 , and this 
it is convenient we should make independent variable. Inte- 
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grating “by parts” the portion of the first member which contains 
A, and attending to the terminal conditions, we find, according to 
the regular process, for the equations containing the solution 





{dy 
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These three equations with (a) suffice to determine the four 
unknown quantities, x , y, z } and A. Using (d) to eliminate x } y, z 
from (a), we have 



Taking now s for independent variable, and performing the 
differentiation here indicated, with attention to the following 
relations:— 

dx~ _ dx d z x 

d? + " ,=zl ’ + 


dx d 3 x fd z x \ 2 A 

S*' + -" + (2?) + -“ 0 > 

and the expression (§ 9) for p, the radius of curvature, we find 

_A__ n fA 

jxds 2 + ds ds [Ap 2 .* ' 

a linear differential equation of the second order to determine 
A, when fi and p are given functions of s. 


The interpretation of (d) is very obvious. It shows that A is 
the impulsive tension at the point P of the string; and that the 
velocity which this point acquires instantaneously is the resultant 

of tangential, and — towards the centre of curvature. 
fxds pp. 

The differential equation ( e ) therefore shows the law of trans¬ 
mission of the instantaneous tension along the string, and proves 
that it depends solely on the mass of the cord per unit of length 
in each part, and the curvature from point to point, but not at 
all on the plane of curvature, of the initial form. Thus, for 
instance, it will be the same along a helix as along a circle of 
the same curvature. 
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With reference to the fulfilling of the six terminal equations, 
a difficulty occurs inasmuch as x, y, z are expressed by (d) imme¬ 
diately, without the introduction of fresh arbitrary constants, 
in terms of X, which, as the solution of a differential equation of 
the second degree, involves only two arbitrary constants. The 
explanation is, that at any point of the cord, at any instant, any 
velocity in any direction perpendicular to the tangent may be 
generated without at all altering the condition of the cord even 
at points infinitely near it. This, which seems clear enough 
without proof, may be demonstrated analytically by transforming 
the kinematical equation (a) thus. Let / be the component tan¬ 
gential velocity, q the component velocity towards the centre of 
curvature, and p the component velocity perpendicular to the 
osculating plane. Using the elementary formulas for the direc¬ 
tion cosines of these lines (§ 9), and remembering that s is now 
independent variable, we have 


. _ fdx ^ pd 2 x t _ p (dzd~y - dyd~z) . ^ 

& ~J P ^£3 > V — etc. 


ds 2 


ds 3 


Substituting these in (a) and reducing, wc find 

(/), 

a form of the kinematical equation of a flexible line which will 
be of much use to us later. 

We see, therefore, that if the tangential components of the im¬ 
pressed terminal velocities have any prescribed values, we may 
give besides, to the ends, any velocities whatever perpendicular 
to the tangents, without altering the motion acquired by any part 
of the cord. From this it is clear also, that the directions of the 
terminal impulses are necessarily tangential; or, in other words, 
that an impulse inclined to the tangent at either end, would 
generate an infinite transverse velocity. 

To express, then, the terminal conditions, let F‘ and F' be the 
tangential velocities produced at the ends, which we suppose 
known. We have, for any point, P, as seen above from (d), 


ds p 
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and lienee -when 


and when 


A 1 dk _ 

/x as 


w. 


which suffice to determine the constants of integration of (7). 
Or if the data are the tangential impulses, 7, required at the 
ends to produce the motion, we have 

when 5 = 0, \ = 7,/ 

and when s = l, X •= T) . . .' 

Or if either end be free, we have X = 0 at it, and any prescribed 
condition as to impulse applied, or velocity generated, at the 
other end. 


The solution of this problem is very interesting, as showing 
how rapidly the propagation of the impulse falls off with “change 
of direction” along the cord. The reader will have no difficulty 
in illustrating this by working it out in detail for the case of a 

d- 

cord either uniform or such that /x is constant, and given in 

the form of a circle or helix. When /x and p are constant, 
for instance, the impulsive tension decreases in the proportion 
of 1 to € per space along the curve equal to p. The results have 
curious, and dynamically most interesting, bearings on the mo¬ 
tions of a whip lash, and of the rope in harpooning a whale. 

Example (3). Let a mass of incompressible liquid be given at 
rest completely filling a closed vessel of any shape; and let, by 
suddenly commencing to change the shape of this vessel, any 
arbitrarily prescribed normal velocities be suddenly produced in 
the liquid at all points of its bounding surface, subject to the 
condition of not altering the volume : It is required to find the 
instantaneous velocity of any interior point of the fluid. 

Let x, y, z be the co-ordinates of any point P of the space 
occupied by the fluid, and let u, v, w be the components of the 
required velocity of the fluid at this point. Then p being the 
density of the fluid, and /// denoting integration throughout the 
space occupied by the fluid, we have 

T- ///|p (' u 5 + v 2 + w~) dxdyclz . (a), 


Generation 
of motion 
by impulse 
in an m- 
extensible 
cord or 
chain. 


'p ’ » 


Impulsive 
motion of 
incompres¬ 
sible liquid. 
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npulsive 
otion of 
com pres- 
ble liquid. 


which, subject to the kinematical condition (§ 193), 


du dv dw _ 
dx dy dz 


must be the least possible, with the given surface values of the 
normal component velocity. By the method of variation we have 

fJI[ P (uSu +v8v + wSw) + \Q + ^+ ^)} dxdydz = 0 .... ( c ). 

But integrating by parts we have 

jJJ X +— 4 - -^pjdxdydz = JJx (Sudydz + Svdzdx + Swdxdy) 

” ///( 8W Tx + ty + ' 8w £) ***** W’ 


and if l, m, n denote the direction cosines of the normal at any 
point of the surface, dS an element of the surface, and ff in¬ 
tegration over the whole surface, we have 

ffX(Sudydz + Svdzdx + Swdxdy) — f/X (ISu 4 - mSv + nSw) dS = 0, 

since the normal component of the velocity is given, which 
requires that ISu + mSv 4- nSw = 0. Using this in going back 
with the result to (c), ( d ), and equating to zero the coefficients of 
Su, Sv, Sw, we find 

dX dX dX . . 

.W- 

These, used to eliminate it, v, w from (5), give 

d fl dX\ d dX ^ ^ d (1 dX ^ n ( ^ 

dx \p dx) + dy \p dy) + dz\p dz) .. '* 

an equation for the determination of X, whence by (e) the 
solution is completed. 

The condition to be fulfilled, besides the kinematical equation 
(b), amounts to this merely,—that p (udx 4- vdy 4- wdz) must be 
a complete differential. If the fluid is homogeneous, p is con¬ 
stant, and udx 4- vdy 4 wdz must be a complete differential; in 
other words, the motion suddenly generated must be of the 
“ non-rotational” character [§ 190, (i)] throughout the fluid mass. 
The equation to determine A. becomes, in this case, 

d“ X d“ X ddX . . 

dx 3 + dy 2 + dz 2 ™ .^ * 
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From the hydrodynamical principles explained later it will Impulsive 
appear that A, the function of which p (udx + vdy + wdz) is Soompres- 
the differential, is the impulsive pressure at the point ( x } y, z) Slble hquld * 
of the fluid. Hence we may infer that the equation (/), with 
the condition that A shall have a given value at every point 
of a certain closed surface, has a possible and a determinate 
solution for every point within that surface. This is precisely 
the same problem as the determination of the permanent tempe¬ 
rature at any point within a heterogeneous solid of which the 
surface is kept permanently with any non-uniform distribution 
of temperature over it, (/) being Fourier’s equation for the 
uniform conduction of heat through a solid of which the conduct¬ 
ing power at the point (x, y, z) is i. The possibility and the 

determinateness of this problem (with an exception regarding 
multiply continuous spaces, to be fully considered in VoL II.) 
were both proved above [Chap. I. App. A, (e)] by a demonstra¬ 
tion, the comparison of which with the present is instructive. 

The other case of superficial condition—that with which we 
have commenced here—shows that the equation (/), with 

l ^ + + gi ven arbitrarily for every point of the sur¬ 

face, has also (with like qualification respecting multiply con¬ 
tinuous spaces) a possible and single solution for the whole 
interior space. This, as we shall see in examining the mathe- 
A;.' matical theory of magnetic induction, may also be inferred from 
, ' the general theorem (e) of App. A above, by supposing a A to be 
zero for all points without the given surface, and to have the 


value - for any internal point (x } y, z). 

P 

318. The equations of continued motion of a set of free Lagrange’^ 
particles acted on by any forces, or of a system connected in motion in 

* j., T , • j terms of 

any manner and acted on by any forces, are readily obtained generalized 

J i co-ordinates 

in terms of Lagrange’s Generalized Co-ordinates by the regular 
and direct process of analytical transformation, from the or¬ 
dinary forms of the equations of motion in terms of Cartesian 
(or rectilineal rectangular) co-ordinates. It is convenient first 
to effect the transformation for a set of free particles acted 
on by any forces. The case of any system with invariable 
connexions, or with connexions varied in a given manner, is 
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then to be dealt with by supposing one or more of the gene¬ 
ralized co-ordinates to be constant: or to be given functions 
of the time. Thus the generalized equations of motion are 
merely those for the reduced number of the co-ordinates re¬ 
maining un-given; and i.heir integration determines these 
co-ordinates. 


iduced 
rect by 
ansforma- 
on from, 
le equa- 
ons of 
otion in 
rms of 
irtesian 
i-ordi- 
ites. 


Let m l9 m a , etc. be the masses, x l9 y l9 z x9 x 2 , etc. be the co¬ 
ordinates of the particles; and Y 1 ,Z 1 , X 2 , etc. the components 
of the forces acting upon them. Let ip, <£, etc. be other variables 
equal in number to the Cartesian co-ordinates, and let there be 
the same number of relations given between the two sets ot 
variables; so that we may either regard i p, <£, etc. as known 
functions of x l9 y x , etc., or x x , y l9 etc. as known functions of 
ip, <f> 9 etc. Proceeding on the latter supposition we have the 
equations (a), (1), of § 313; and we have equations (6), (6), of 
the same section for the generalized components dq <$>, etc. of the 
force on the system. 


Per the Cartesian equations of motion we have 


d 2 x ] 
1 dt 


Ti = 


A, 

1 dt 2 


r , d 2 Z 
Z '~ m ' dt* ’ A2 


ctX n , 


don dfi 

Multiplying the first by the second by and so on, 


and adding all the products, we find by 313 (6) 

f d 2 xi dx^ dty^dy^ ddz x ch\ 

,df dip dt dip dt d\j/ 

ISTow 


* = «. I ~l£ 'S. * ^ + S %) + («c.) + etc... (20). 


d 2 x x dx x _ d /. dx x \ . d dx x d / % dx x \ . dx ] 

dt dip dt\ Xl dip) Xl dt d\p ~~ \ 1 dip) X1 ^ 



Using this and similar expressions with reference to the other 
co-ordinates in (20), and remarking that 


2 m x + V, 2 + K) + 2 m 2 ( ctc -) + etc - = T .( 22 ), 

if, as before, we put T for the kinetic energy of the system; we 
find 


ddT _dT 
dt dxjj dip 


(23). 
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The substitutions of 


dx f dx dx. £ d dx, - 

} lor -r- 1 and of for -r- ~ used 

dip dip dip dt dip 

above, suppose x ± to be a function of the co-ordinates, and of the 

generalized velocity-components, as shown in equations (1) of 

§ 313. It is on this supposition [which mates T a quadratic 

function of the generalized velocity-components with functions 

of the co-ordinates as coefficients as shown in § 313 (2)] that the 

differentiations and in (23) are performed. Proceeding 

similarly with reference to c£, etc., we find expressions similar to 


Lagrange’s 
equations of 
motion in 
terms of 
generalized 
co-ordinates 
deduced 
direct by 
transforma¬ 
tion from 
the equa¬ 
tions of 
motion in 
terms of 
Cartesian 
co-ordi¬ 
nates. 


(23) for <E>, etc., and thus we have for the equations of motion in 
terms of the generalized co-ordinates 


±<W__dT_ 
dt dip dip ~ 5 
ddT_d£_^ 
dt dcf> d<p ’ 
etc. 


(24). 


It is to be remarked that there is nothing in the preceding 
transformation which would be altered by supposing t to appear 
in the relations between the Cartesian and the generalized co¬ 
ordinates : thus if we suppose these relations to be 

Vd z u X 2> .^ .t) = 0 | 

•^i( x u Vn X q 5 . *p) . t') = 0 r . 

etc. I 


we now, instead of § 313 (1), have 
(dx A dx x . dx x 


7i)*jjt*+$**’* 


i,,( 

*-<$>%**%**’* 


etc. 


•(20), 


where 



denotes what the 


velocity-component x t would be 


if ip, <£, etc. were constant; being analytically the partial differ¬ 
ential coefficient with reference to t of the formula derived from 
.(26) to express aq as a function of t, ip, <p, 0, etc. 


Using (26) in (22) we now find instead of a homogeneous 
quadratic function of ip, <p, etc., as in (2) of § 313, a mixed 
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function of zero degree and first and second degrees, for the 
kinetic energy, as follows:— 

T^.K+(4,)f+(4>)4>+...+^ {(*, <A) (*, 4) <t> 2 + • • • 2 (<A, *) H ■ ■ • }• -(27), 


where 


E=btm 


{((S))M(t)HO'} 




Sot 


Hi 


dx 

dx//, 

’dx dx 


(IH 


I)}- * 


dy dy dz dz\ 
df d<t> + M dj> + Hrd4) ’ etC- 
etc. 


(dy\ dy. , 

\dt) d\\r \dt) d^) i 


etc. 


..( 28 ); 


Z, (i/r), (<£), (\f/, x f/), (»/r, <£), etc. being thus in general each a known 
function of t, xj/, <fi, etc. 


Equations (24) above' are Lagrange’s celebrated equations of 
motion in terms of generalized co-ordinates. It was first 
pointed out by Vieille* that they are applicable not only when 
<£, etc. are related to x v y v z v x 2> etc. by invariable relations 
as supposed in Lagrange’s original demonstration, but also 
when the relations involve t in the manner shown in equa¬ 
tions (25). Lagrange’s original demonstration, to be found 
in the Fourth Section of the Second Part of his Mfoanique 
Analytique , consisted of a transformation from Cartesian to 
generalized co-ordinates of the indeterminate equation of 
motion; and it is the same demonstration with unessential 
variations that has been hitherto given, so far as we know, 
by all subsequent writers including ourselves in our first edition 
(§ 329). It seems however an unnecessary complication to 
introduce the indeterminate variations Sx , Sy, etc.; and we find 
it much simpler to deduce Lagrange’s generalized equations 
by direct transformation from the equations of motion (19) 
of a free particle. 


* Sur les Equations differentielles de la dynamique, Liouville’s Journal , 
1849, p. 201. 
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When the kinematic relations are invariable, that is to say Lagrange's 
when t does not appear in the equations of condition (25), we f 0 euerallzed 


find from (27) and (28), 

T = J {(fc *P) t 2 * 2 0/r, <£) fa + (*, <£) ft + ...}.(29), 

cl dT 


:orm of the 
equations of 
motion 
expanded. 


dt dip 


= CA, 'f) 4 + (f> 4)4 + ••• 




fL^MO j: 

dcp 

I cj (l/f, <ft) . <?(&<£ ) j, 

\ dip ™ defy 


4 + •••)<£ 


.(29'), 


and 


cl\fr 2 \ dtj/ * 


dip r dip 


?+■■■} (29")- 


Hence the ^-equation of motion expanded in this, the most 
important class of cases, is as follows: 

(4,4)4+(4,4)4+- + Q*(T)=% i 

where 










2 ^ OM) _ cl (4>4Y 

clij/ J 

.(29'"). J' 

Bemark that (T 7 ) is a quadratic fimetion of the velocity-com¬ 
ponents derived from that which expresses the kinetic energy 
(T) by the process indicated in the second of these equations, 
in which ip appears singularly, and the other co-ordinates sym¬ 
metrically with one another. 

Multiply the i/r-equation by ip, the ^-equation by <£, and so Equation of 
on; and add. In what comes from (T) we find terms energy. 


which together yield 




With this, and the rest simply as shown in (29'"), we find 

4) 4 + —] 4 
+ [(4>4)4 + (4>4)4 + •••] 4 


+ ... 

VOL. i. 


20 
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milton’s 

Q. 


S06 


PRELIMINARY. 


[318. 


dT . dT . 


= typ 4- + . 


or 


dT 

dt 


= ^ + <$><£ + 


■m 

.(29 v ). 


When the kinematical relations are invariable, that is to say, 
when t does not appear in the equations of condition (25), the 
equations of motion may be put under a slightly different form 
first given by Hamilton, which is often convenient; thus :—Let 
T, p, be expressed in terms of £, 77 ,..., the impulses re¬ 

quired to produce the motion from rest at any instant [§313 (<#)]; 
so that T will now be a homogeneous quadratic function, and 
p, <j> } ... each a linear function, of these elements, with coeffi¬ 
cients—functions of p } </>, etc., depending on the kinematical 
conditions of the system, but not on the particular motion. 
Thus, denoting, as in § 322 (29), by d, partial differentiation with 
reference to £, 77 , ..., p, considered as independent vari¬ 

ables, we have [§313 (10)] 

. 0 T . 0 T 

.< 30 >’ 

and, allowing d to denote, as in what precedes, the partial dif¬ 
ferentiations with reference to the system 1 f/ } <£, p, <£, ..., we 
have [§ 313 ( 8 )] 


dT 
dp ’ 


dT 

V= W 


.(31). 


The two expressions for T being, as above, § 313, 

T= I {(f, $)|^ 2 + • • .+2 (i/r, <j>) i/']| 2 +...+2[l P, .}(32), 

the second of these is to be obtained from the first by substitu¬ 
ting for p, <j >...., their expressions in terms of £, 77 , ... Hence 


dT__dT d_T dp dT dp 
dp d\j/ dp d\j/ dp dp 


_dT ,d_dT d_dT_ 
dip dp d£ ^ dp dr) 


■■■)- 


dT 

d\p + dij/ ' 


dT , 0 /, dT dT 

dxj/ + d4>\: di +r> d-q + 

From tills we conclude 

dT dT , .... dT dT 

dr~d+ ; aild> smulai ' ly ’ " h ’ etc - 

Hence Lagrange’s equations become 

d£ dr t 

_ + _ = q> )e tc. 


.(33). 


(34). 
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In § 327 below a purely analytical proof will be given of Hamilton's 
Lagrange’s generalized equations of motion, establishing them f ° rm ‘ 
directly as a deduction from the principle of “ Least Action;” 
independently of any expression either of this principle or of 
the equations of motion in terms of Cartesian co-ordinates. In 
their Hamiltonian form they are also deduced in § 330 (33) from 
the principle of Least Action ultimately, but through the beau¬ 
tiful “ Characteristic Equation” of Hamilton. 


319. Hamilton’s form of Lagrange’s equations of motion in 
terms of generalized co-ordinates expresses that what is re¬ 
quired to prevent any one of the components of momentum 
from varying is a corresponding component force equal in 
amount to the rate of change of the kinetic energy per unit 
increase of the corresponding co-ordinate, with all components 
of momentum constant: and that whatever is the amount of 
the component force, its excess above this value measures the 
rate of increase of the component momentum. 

In the case of a conservative system, the same statement 
takes the following form:—The rate at which any component 
momentum increases per unit of time is equal to the rate, per 
unit increase of the corresponding co-ordinate, at which the 
sum of the potential energy, and the kinetic energy for con¬ 
stant momentums, diminishes. This is the celebrated “canonical 
form” of the equations of motion of a system, though why it 
has been so called it would be hard to say. 


Let F denote the potential energy, so that [§ 293 (3)] 
+ ... = -SF, 


and therefore 



$ = - 


clV 
d<f> 5 


“ Canonical 
form” of 
Hamilton’s 
general 
equations of 
motion of a 
conserva¬ 
tive system. 


Let now U denote the algebraic expression for the sum of the 
potential energy, F, in terms of the co-ordinates, \jr, <£..., and the 
kinetic energy, T> in terms of the co-ordinates and the components 
of momentum, 77 ,.... Then 


dt 

d\p 

dt 


etc. 


__d_U 

diff 5 

du 

W ’ etc ' 


also 


(35), 
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Examples of 
the use of 
Lagrange’s 
generalized 
equations of 
motion;— 
polar co¬ 
ordinates. 


the latter being equivalent to (30), since the potential energy does 
not contain f, rj, etc. 

In the following examples we shall adhere to Lagrange’s form 
(24), as the most convenient for such applications. 


Example (A).—Motion of a single point (m) referred to polar 
co-ordinates (r, 9, <#>). From the well-known geometry of this 
case we see that Sr, rS9, and r sin 0Scj> are the amounts of linear 
displacement corresponding to infinitely small increments, Sr, S0, 
S<£, of the co-ordinates : also that these displacements are respec¬ 
tively in the direction of r, of the arc rSO (of a great circle) 
in the plane of r and the pole, and of the arc r sin 0S^> (of a 
small circle in a plane perpendicular to the axis); and that they 
are therefore at right angles to one another. Hence if F, G, II 
denote the components of the force experienced by the point, in 
these three rectangular directions, we have 

F ~ R , Gr = ®, and Hr sin 6 = <& ; 

R, ©, <& being what the generalized components of force (§ 313) 
become for this particular system of co-ordinates. We also see 
that r, rO, and r sin Q<$ are three components of the velocity, 
along the same rectangular directions. Hence 

T — -|m(r 2 + r 2 (9 2 + r 2 sin 2 0<p 2 ). 

From this we have 


dT . dT ,, dT 0 . _ . 

— = mr, = mr 6, — = mr“ sm ~ud>; 

df cie d<j> 

dT .... . ..... dT , . . ... dT 

— = mr (0- + snr = mr sm 9 cos ^ = 0. 


Hence the equations of motion become 


f dr 
— r 
{tit 


(d(r 2 S) o • , 
m < —- — r“ sm 6 cos 

( dt 


(Q 2 + sin 2 #<£“’) j = F, 
j = Gr, 


d (r 2 sin 2 1 
~dt 


: Hr sin 0 ; 


or, according to the ordinary notation of the differential calculus, 


f d 2 r fdO 2 
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m 


(cl 
[dt 




= Gr, 


dt 


f o.o. dcjy 

r~ sin - o' ~ 
\ dt. 


= Hr sin 6. 


If the motion is confined to one plane, that of r, 6, we have 


Examples of 
the use of 
Lagrange’s 
generalized 
equations of 
motion;— 
polar co¬ 
ordinates. 


“ = 0, and therefore H= 0, and the two equations of motion 


which remain are 


m 


(dtr dB\ 

\dt~ r w) 


= F, 




- Gr. 


These equations might have been written down at once in terms 
of the second law of motion from the kinematical investigation of 

§ 32, in which it was shown that ^4 — r^, and 
3 dt dt 9 r cU\ dt) 

are the components of acceleration along and perpendicular to 
the radius-vector, when the motion of a point in a plane is ex¬ 
pressed according to polar co-ordinates, r, 0. 

The same equations, with <j> instead of #, are obtained from the 
polar equations in three dimensions by putting 6 = |-7r, which 
implies that G= 0, and confines the motion to the plane (r 9 <f). 

Example (B).—Two particles are connected by a string • one Dynamical 
of them, m, moves in any way on a smooth horizontal plane, and problem * 
the string, passing through a smooth infinitely small aperture in 
this plane, bears the other particle m', hanging vertically down¬ 
wards, and only moving in this vertical line: (the string re¬ 
maining always stretched in any practical illustration, but, in 
the problem, being of course supposed capable of transmitting 
negative tension with its two parts straight.) Let l be the whole 
length of the string, r that of the part of it from m to the aperture 
in the plane, and let 0 be the angle between the direction of r 
and a fixed line in the plane. We have 
T = + r 3 0 2 ) + mV 2 }, 

dT . dT 

— (m + m )r, — : = mr~v, 

dr K ' dO 


dT 

— = mrd : 
dr 


dT 

dd 


= 0. 


Also, there being no other external force than gm ', the weight 
of the second particle, 

R = - gm © = 0. 
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Examples of 
the use of 
Lagrange’s 
generalized 
equations of 
motion; 
dynamical 
problem. 


Case of 
stable equi¬ 
librium due 
to motion. 


Examples 
continued; 
C (a), fold¬ 
ing door. 


% 




Hence the equations of motion are 
(m + m')r — mrO 3 = — m'g, 


dj/d) 

dt 


= 0. 


The motion of ootS is of course that of a particle influenced only 
by a force towards a fixed centre; but the law of this force, P 
(the tension of the string), is remarkable. To find it we have 
(§ 32), P = m(~r + r0 2 ). But, by the equations of the motion, 


r - rtf =-—, (g + r&), and 6 = —-. 

m + m v mr~ 


where h (according to the usual notation) denotes the moment 
of momentum of the motion, being an arbitrary constant of in¬ 
tegration. Hence 


P = 


mm 


m + m 


n'( 9+} h r ~ 3 )- 


The particular case of projection which gives m a circular motion 
and leaves m' at rest is interesting, inasmuch as (§ 350, below) 
the motion of m is stable, and therefore m’ is in stable equi¬ 
librium, 


Example (C).—A rigid body m is supported on a fixed axis, 
and another rigid body n is supported on the first, by another 
axis ; the motion round each axis being perfectly free. 

Case (a ).—The second axis -parallel to the first . At any time, 
t , let (f> and \jr be the inclinations of a fixed plane through the 
first axis to the plane of it and the second axis, and to a 
plane through the second axis and the centre of inertia of the 
second body. These two co-ordinates, <£, \fr, it is clear, completely 
specify the configuration of the system. How let a be the dis¬ 
tance of the second axis from the first, and b that of the centre 
of inertia of the second body from the second axis. The velocity 
of the second axis will be a <$>; and the velocity of the centre 
of inertia of the second body will be the resultant of two velocities 

«<£, and b\jr 9 

in lines inclined to one another at an angle equal to if/ — <j> 9 and 
its square will therefore be equal to 

a 2 <jf + 2 ab<j>\jr cos (fir - cj>) + b 2 ij/ 2 . 

Hence, if on and n denote the masses, j the radius of gyration 
of the first body about the fixed axis, and k that of the second 
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body about a parallel axis through its centre of inertia j we have, Examples 

according to §§ 280, 281, c 

. . . ing door. 

T = l {mf4>- + n [cfft + 2ab<f>f cos (ijr- <j>) + b-f- + & 2 ^ 2 ]}. 

Hence we have, 


U>-L .0 7 2 ; 7 / , ,s 7 aJL 

— : —mj~<p± na<f>+nab cos (\p—<p)ip', —■ 
d<p d\p 


nab cos - <p) <p + n (jb 2 + h 2 ) if,; 


dT 

d<p 


dT_ 

dip 


nab sin (\p~ cp) (pip. 


The most general supposition we can make as to the applied forces, 
is equivalent to assuming a couple, <E>, to act on the first body, and 
a couple, % on the second, each in a plane perpendicular to the 
axes; and these are obviously what the generalized components of 
stress become in this particular co-ordinate system, <p , ip. Hence 
the equations of motion are 


(mf + na 2 ) ip 4- nab ^ - 


nab $m(\p — cp) (pip = O, 


m5 j..^ cos (± 

dt 


4 >)] 


4- n ( b 2 + h 2 ) ip + nab sin (ip — <p) <pxp = ■'P. 


If there is no other applied force than gravity, and if, as we may 
suppose without losing generality, the two axes are horizontal, the 
potential energy of the system will be 

gmh (1 - cos <p) 4- gn {a [1 - cos (<p 4- .i)] + b [1 - cos (i p + -4)]}, 

the distance of the centre of inertia of the first body from the 
fixed axis being denoted by h } the inclination of the plane 
through the fixed axis and the centre of inertia of the first body, 
to the plane of the two axes, being denoted by A, and the fixed 
plane being so taken that <p = 0 when the former plane is vertical. 
By differentiating this, with reference to <p and ip, we therefore 
have 

— $ = gmh sin <p + gna sin (<p+A), — \P = gnb sin (ip 4- A). 

We shall examine this case in some detail later, in connexion 
with the interference of vibrations, a subject of much importance 
in physical science. 

When there are no applied or intrinsic working forces, we 
have <3> = 0 and 'P = 0 : or, if there are mutual forces between the 
two bodies, but no forces applied from without, <£ 4- \P = 0. In 


312 


PRELIMINARY. 


[319. 


Examples 
the use of 
Lagrange’s 
generalized 
equations of 
motion. 


either of these cases we have the following first integral:— 

(mf + na 2 ) <f> + pi'ab cos (if/-4>) (<j> + \jr) 4-% (h 2 + k 2 ) ij/~ 0; 

obtained by adding the two equations of motion and integrating. 
This, which clearly expresses the constancy of the whole moment of 
momentum, gives c p and ij/ in terms of (if/ — <£) and (if/ — <£). Using 
these in the integral equation of energy, provided the mutual forces 
are functions of xj/ - </>, we have a single equation between 

- <£), and constants, and thus the full solution of 
clt 

the problem is reduced to quadratures. [It is worked out fully 
below, as Sub-example G r ] 


0 ( 6 ). 

Motion of 

governing 

masses in 

Watt’s 

centrifugal 

governor: 

also of 

gimballed 

compass- 

bowl. 


Case (b).—The second axis perpendicular to the first For 
simplicity suppose the pivoted axis of the second body, n, to be 
a principal axis relatively [§ 282 Def. (2)] to the point, N, in 
which it is cut by a plane perpendicular to it through the fixed 
axis of the first body, m. Let EE and NF be %’s two other 
principal axes. Denote now by 

h the distance from N to rr£ s fixed axis ; 

k, e } f the radii of gyration of n round its three principal 
axes through N; 

j the radius of gyration of m round its fixed axis; 

0 the inclination of NE- to m’s fixed axis ; 

if/ the inclination of the plane parallel to %’s pivoted axis 
through m’s fixed axis, to a fixed plane through the 
latter. 


[Remarking that the component angular velocities of n round 
NE and EF are xj/ cos 0 and if/ sin 0, we find immediately 


. ‘‘J ' :'* 1 T- \ {[mj 2 + n (h 2 4- e 2 cos" 6 +/ 2 sin 2 0)] if/ 2 4- n¥ 0 2 }, 

* f t . or, if we put 

" i'Z. •' 'Ins-.-Csf' 

' e mj 2 + % (h 2 + /“) = G, n (e 2 - f 2 ) = D; 

T = \j- {(6r + D cos 2 6) if/ 2 4- oik 2 Q 2 }. 


The farther working out of this case we leave as a simple but 
most interesting exercise for the student. We may return 
to it later, as its application to the theory of centrifugal chrono- 
metric regulators is very important. 
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Example (O'). Take the case C (6) and mount a third body M Motion of 
upon an axis 00 fixed relatively to n in any position parallel to pivftedSj 7 
NE. Suppose for simplicity 0 to be the centre of inertia of M p?fndj£i 
and 00 one of its principal axes; and let OA, OB be its two S““a Unt ' 
other principal axes relative to 0. The notation being in other 
respects the same as in Example 0 (b), denote now farther by 
A, B, 0 the moments of inertia of M round OA, OB, OC ; <j> the 
angle between the plane A00 and the plane through the fixed 
axis of m perpendicular to the pivoted axis of n; in, p, cr the 
component angular velocities of if round OA, OB, 00. 

In the annexed diagram, taken from § 101 above, ZCZ' is a 


Letter 0 at cen¬ 
tre of sphere 
concealed by 

Y. 

XA! = ij/ + <fi, 

YX=^, 

NB'=<t>. 


Z' 

circle of unit radius having its centre at 0 and its plane parallel 
to the fixed axis of m and perpendicular to the pivoted axis 
of n. 

The component velocities of C in the direction of the arc ZG 
and perpendicular to it are 6 and if/ sin $; and the component 
angular velocity of the plane ZGZ' round <9(7 is if/ cos 0. Hence 

m = 6 sin <f> — ij/ sin 6 cos <f>, 
p = Q cos <f> + if/ sin 6 sin <f>, 
and o* = if/ cos 6 + <p. 

[Compare § 101.] 








Motion of 
a rigid body 
pivoted on 
one of its 
principal 
axes mount¬ 
ed on a 
gimballed 
bowl. 


V 


( 


Rigid body 
rotating 
freely; re¬ 
ferred to 
the ^, <J>, 9 
co-ordinates 
(§ 101 ). 


Gyroscopes 

and 

gyrostats. 


Gyroscopic 

pendulum. 
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The kinetic energy of the motion of M relatively to 0 , its 
centre of inertia, is (§ 281) 

\ (Aw 2 + Bp 2 4 Ocr 2 ) • 

and (§ 280) its. whole kinetic energy is obtained by adding the 
kinetic energy of a material point equal to its mass moving with 
the velocity of its centre of inertia. This latter part of the 
kinetic energy of M is most simply taken into account by sup¬ 
posing n to include a material point equal to M placed at 0; 
# and using the previous notation k, e, f for radii of gyration of n 
on the understanding that'w now includes this addition. Hence 
for the present example, with the preceding notation G, D, we 
~ - ' have 

" T-^^G + D cos 2 6) ^ 4 nk 2 6 2 } 

4 A (0 sin <j> — if; sin 0 cos <£) 2 + B (6 cos <£ 4 ip sin 0 sin <f>) 2 
'*■ ~ + C (\p cos 6 + <^) 2 }. 

From this the three equations of motion are easily written down. 

By putting G = 0, D = 0, and k = 0, we have the case of the 
motion of a free rigid body relatively to its centre of inertia. 

By putting B-A we fall on a case which in chides gyroscopes 
and gyrostats of every variety; and have the following much 
simplified formula: 

T=\{[Q + A + (D-A) cos 2 0] if; 2 + (nk 2 4 A) 6 2 4 C (if; cos 0 4 <£) 2 }, 
or 

T = ${(E + F cos 2 6) if; 2 + (nlc 2 4 A) 6* 4 G (if; cos 6 4 <£) 2 }, 
if we put E-G + A, and E-D—A. 

Example (D).>— Gyroscopic pendulum. —A rigid body, P, is 
attached to one axis of a universal flexure joint (§ 109), of which 
the other is held fixed, and a second body, Q , is supported on P by 
a fixed axis, in line with, or parallel to, the first-mentioned arm of 
the joint. For simplicity, we shall suppose Q to be kinetically 
symmetrical about its bearing axis, and OB to be a principal 
axis of an ideal rigid body, PQ, composed of P and a mass so 
distributed along the bearing axis of the actual body Q as to 
have the same centre of inertia and the same moments of inertia 
round axes perpendicular to it. Let AO he the fixed arm, 0 the 
joint, OB the movable arm bearing the body P, and coinciding 
with, or parallel to, the axis of Q. Let BOA' — 6 ; let <f> be the 
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pendulum. 


A 


0 




angle which the plane A OB makes with a fixed plane of reference, Gyroscopic 
through OA, chosen so as to contain a second 
principal axis of the imagined rigid body, PQ, 
when OB is placed in line with A 0; and let 
ij/ be the angle between a plane of reference in 
Q through its axis of symmetry and the plane 
of the two principal axes of PQ already men¬ 
tioned. These three co-ordinates (#, <f>, xp) 
clearly specify the configuration of the system at 
any time, t. Let the moments of inertia of the 
imagined rigid body PQ, round its principal 
axis OB, the other principal axis referred to 
remaining one, be denoted by 53, <£ respectively; and let 
be the moment of inertia of Q round its bearing axis. 


.41 

above, 


and the 


We have seen (§ 109) that, with the kind of joint we have sup¬ 
posed at 0, every possible motion of a body rigidly connected with 
OB, is resolvable into a rotation round 01, the line bisecting the 
angle A OB, and a rotation round the line through 0 perpen¬ 
dicular to the plane A OB. The angular velocity of the latter 
is 0, according to our present notation. The former would give 
to any point in OB the same absolute velocity by rotation round 
01, that it has by rotation with angular velocity cf> round AA !; 
and is therefore equal to 


sinA'Oi? . sin# 
sin IOB ^""cosj# 


<p = 2<f) sin I#. 


This may be resolved into 2<£sin 2 (1 -cos 0) round OB, 
and 2<fi sin cos = <j> sin $ round the perpendicular to OB, in 
plane AOB. Again, in virtue of the symmetrical character of 
the joint with reference to the line 01, the angle <£, as defined 
above, will be equal to the angle between the plane of the two 
first-mentioned principal axes of body P, and the plane AOB. 
Hence the axis of the angular velocity cj> sin 6, is inclined to the 
principal axis of moment 53 at an angle equal to </>. Resolving 
therefore this angular velocity, and 0, into components round the 
axes of 53 and <£, we find, for the whole component angular 
velocities of the imagined rigid body PQ, round these axes, 
sin 6 cos cj> + 0 sin cj>, and - <fi sin 0 sin <£ + 0 cos <£, respectively. 
The whole kinetic energy, T, is composed of that of the imagined 
rigid body PQ, and that of Q about axes -through its centre of ; 
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Gyroscopic 

pendulum. 


Inertias we therefore nave 

2T=&(1—cos 6f <j> s +%}(<f>smdcos4>+&$m<f>y+(£;(<psiin6sim.<l>—(jcos<l>) 

+ 3' {<£-<£ ft-cos OV. 


rlT . ST 

Hence % = *' (1 - cos 0)}, ~ = 0, 

dij/ a Y 


+ 8'{^-<£(l_ C0 S 0)} 2 . 


— = & (1 - cos 0) 2 <£ + 3ft (0 sin 0 cos <£ + 0 sin 9 ) sin 0 cos <£ 
d<j> 

+ ©(^sin 0 sin^>- 0 cos</>)sin 0 sin<^-^[ , {i ) i'-<^(l-cos 0 )}(l-cos 0 ), 

. . 

— = - 33 (<£ sin 0 cos cj> + 0 sin <£) (<£ sin 0 sin - 0 cos <f>) 

4-©(^sin0sin^~0cos^)(^sin0cos^>+0sin^), 

—^= 2ft sin 0 cos $ + 0 sin <£) sin - €£ (<£ sin 0 sin - 0 cos <£) cos 9 

dO 

dT 

and & (1 - cos 0) sin 6<j> 2 + 13 cos 0 cos (<£ sin 0 cos <£ + 0 sin <£) 

+ © cos 0 sin 6<j> (<£ sin 0 sin <£- 0 cos <£) -&' sin 0<£ - (1 - cos 0) <£}. 

Now let a couple, G, act on the body Q, in a plane perpendi¬ 
cular to its axis, and let L , M , A act on P, in the plane perpen¬ 
dicular to OB , in the plane A'OB, and in the plane through OB 
perpendicular to the diagram. If f is kept constant, and <j> 
varied, the couple G will do or resist work in simple addition 
with L . Hence, resolving L + G and N into components round 
01, and perpendicular to it, rejecting the latter, and remembering 
that 2 sin J0<£ is the angular velocity round Of, we have 

^=2 sin -|0{- ( L + G) sin|0 4- If cos £-0} = {— (L -1- G) (1 — cos 0) +Asin 0}. 
Also, obviously 

* = G, <3> = Jf. 

Using these several expressions in Lagrange’s general equations 
(24), we have the equations of motion of the system. They will 
be of great use to us later, when we shall consider several parti¬ 
cular cases of remarkable interest and of very great importance. 


Example of Example (E). — Motion of a free particle referred to rotating axes. 

relation Let x, y, z be the co-ordinates of a moving particle referred to 

constraint axes rotating with a constant or varying angular velocity round 

axes). ^ ie ^is OZ. Let x x , y n z, be its co-ordinates referred to the 

same axis, 0Z 3 and two axes OX x , 0Y X , fixed in the plane per- 
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pendicular to it. We have 


Example of 


. . varying 

a?! COS a -y Sin a, y x = ccsin a + y COS a ; relation 

. . . . , . without 

X = X COS CL — y Sin a — (X Sin a + y cos a) a, ij = etc. constraint 

1 (rotating 

where a, the angle XfiX, must be considered as a given fimc- axes) * 
tion of t Hence 


T = \m {x 2 + y 2 + z 2 +2 (xy- yx) a + (x 2 + y 2 ) a 2 }, 

dT . .. dT .. dT 

M = m (x-ya), ^=m(y + K a), ^= m z, 


dT , . cZ? 7 , .. _ dT A 

= m (?/a 4- sea'), — = m (- &*a + ya - ), ~ = 0. 




Also, 


d dT .. .. x dT , .. ... 

^ =m (as - ya - 7/a), ^ — = w (t/ + a» + aa), 


and hence the equations of motion are 

m (ai - 27/a — cca. 2 — ya ) = X , m (y 4- 2x*a — yd e 4 - xa) — Y, mz — Z, 


X, Y, Z denoting simply the components of the force on the 
particle, parallel to the moving axes at any instant. In this 
example t enters into the relation between fixed rectangular axes 
and the co-ordinate system to which the motion is referred; but 
there is no constraint. The next is given as an example of vary¬ 
ing, or kinetic, constraint. 


Example (F). —A particle, influenced by any forces, and at- Example of 
tacked to one end of a string of which the other is moved with any Nation 
constant or varying velocity in a straight line. Let 6 be the kinetfc 
inclination of the string at time t, to the given straight line, and C0IlstraiUt 
cj) the angle between two planes through this line, one containing 
the string at any instant, and the other fixed. These two co¬ 
ordinates (0, cj>) specify the position, P, of the particle at any 
instant, the length of the string being a given constant, a, and 
the distance OE, of its other end E, from a fixed point, 0, of the 
line in which it is moved, being a given function of i, which we 
shall denote by u. Let x, y, z he the co-ordinates of the particle 
referred to three fixed rectangular axes. Choosing OX as the given 
straight line, and YOX the fixed plane from which is measured, 
we have 

x - u + a cos 0, y = a sin 9 cos <j>, z = a sin 6 sin <£, 
x = u - a sin 60; 
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and for y , z wc have the same expressions as in Example (A). 
Hence 

T=. ® (u s - 2 uOa sin 0) 

where Z denotes the same as the T of Example (A), with 
r = 0, and r = a. Hence, denoting as there, by G and II the two 
components of the force on the particle, perpendicular to EP 
respectively in the plane of 6 and perpendicular to it, we find, for 
the two required equations of motion, 

m {a (0 ~ sin $ cos 6<j> 2 ) - sin 6 it) = 6 r, and ma ^ 

These show that the motion is the same as if E were fixed, and 
a force equal to - mil were applied to the particle in a direction 
parallel to EX ; a result that might have been arrived at at once 
by superimposing on the whole system an acceleration equal and 
opposite to that of E , to effect which on P the force - mu is 
required. 


Example (¥). Any case of varying relations such that in 
318 (27) the coefficients ($, ^), (^, <£) ... are independent of t. 
Let ® denote the quadratic part, L the linear part, and K [as 
in § 318 (27)] the constant part of T in respect to the velocity 
components, so that 

® = h {(h 4')'i ,2 +2 (t> 4>) H + (4>> <t>) ft + • • •} j 

L = (x}/)f+(<!>) <f> + ... > .(a), 

K=(il/, <j>, 6, ...) 1 

where (^, ^), (i^, <£), (<jt>, <j>) ... denote functions of the co-ordi¬ 
nates without t , and (i//), (<£), ..., ( ’ij. >, <£, 6, ...) functions of the 
co-ordinates and, may be also, of t; and 

T=Z+L+K . (b). 

We have — m = 0. 

dij/ 


Hence the contribution from K to the first member of the in¬ 
equation of motion is simply - . Again we have 
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Farther we have 


dL_ d(f).d(<j>). 
df-~dF * + - 


to the ^-equation of 


Hence the whole contribution from L 
motion is 

(dW) d (<f>) | j i-\u z±y\Q+ ■ / w vtm / \ 

U* ty)*' + yw w) e+ “ Kir) . 

Lastly, the contribution from 2T is the same as the whole from 
T in § 318 (29'"); so that we have 
d dIE dUd , v y , . y 

t d (f, . s , 2 i^) . • r 2 d (f, t) d (& <£) 

2 \ dip r dcp L d<j> d\j/ 

and the completed i/r-equation of motion is 
<*dg d(<f)\./d(f) d(6)\f 

dt d\j/ dip \ d<p> dip / \ dO dip ' 


Example of 

varying 

relation 

due to 

kinetic 

constraint. 


rj> 2 + 


•••} (d), v; 


* (ir)-f-*".«• 

It is important to remark that the coefficient of <£ in this in¬ 
equation is equal but of opposite sign to the coefficient of i^ in 
the ^-equation. [Compare Example G (19) below.] 

Proceeding as in § 318 (29 iv ) (29 v ), we have in respect to Equation of 
precisely the same formulas as there in respect to T. The terms enersy * 
involving first powers of the velocities simply, balance in the 
sum : and we find finally 


d% 


dL\ 


( d A- 

\dt) 


dt 


= ^\p + <£><£ + , 


■(/), 


dt 

where denotes differentiation on the supposition of 

i p,<j>, ... variable; and t constant, where it appears explicitly. 
How with this notation we have 


cLL _ 
dt 


dL\ dty, ip, 


© 


dt 


and 


dK_ fdRp 
dt \ dt 


+ (ip)ip+ (<£) <£ + 
d (xj/, <j > } ...) dL 


dt 


Hence from (f) we have 


dT _ d{% + L + K) 


dt 


dt 


= tyip + §<j> + ... + 


d { 


to,*.-) 1 


+ 2 


dt 

d(M,„.)K 

dt 


+ (\p) ip + (cp) 4>-b ... 


m 


u 
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Take, for illustration, Examples (E) and (E) from above; in 
which we have 

[Example (E)] ® | m (x 2 + y 2 + z 2 ), 

L — ma (xy — yx), 

K=\ ma 2 (x 2 4 - y 2 ), 

and [Example (F)] % = \ ma 2 (sin 2 Qcj> 2 -f 6 2 ), 

L - - mua sin 00 , 

JT= | m^ 2 . 

>/ "Write out explicitly in each, case equations (/) and (g), and 
verify them by direct work from tlie equations of motion forming 
the conclusions of the examples as treated above (remembering 
that a and u are to be regarded as given explicit functions of t). 


Example (G).— Preliminary to' Gyrostatic connexions and to 
Fluid Motion. Let there be one or more co-ordinates y, y, etc. 
which do not appear in the coefficients of velocities in the 


dT dT 

expression for T\ that is to say let — =0, —, =0, etc. The 
equations corresponding to these co-ordinates become 


d dT _ d dT A 

7/ 7 * — 7/ 7 •/ — -X- ) 6XJC* 

dt dx dt d\ 


(!)• 


Farther let us suppose that the force-components X, X', etc. 
corresponding to the co-ordinates x> X> e ' tc * are each zero: we 
shall have 


dT dT__ n , 

7 . — t/, y. — 0 , etc. 
d x dx 


■( 2 ); 


or, expanded according to previous notation [318 (29)], 

(f>x)^H < kx) < £+--- + (x>x)x + (x>x')x + ••• 1 

(& xO 4 + (<£> x') + • ■ • + (x'> x) x + (x> x') x' + • • • = O’ 1 .. - (3). 


Hence, if we put 

x) ^ + (<& X) <£ + ••• =^1 
( i I / ’X)']' + (4'>'k)<J> + ■■■ =2 J '[.( 4 )> 
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we have 

(x>x)x+(x>x')x + ••• = C-P 1 

(x'>x)x + (x'>x')x'+ = C' — P' i.(5). 


Resolving these for x, ... we find 


(x',x')> (x'.x")> ••• 
(x"»x')»(x"»x")»— 

(C-P) + \ 

(x"’X)> (x".x")»- 
(x"ixh(x",x%- 

(C'-P') + ... 


Cx>x)> (x>x')> (x>x")> 

(x'>x), Cox'), (x>x")> - 
(x".x)> (x" xO, (x", x"),... 



and symmetrical expressions for y, ..., or, as we may write 

them short, 

x=(c,c](c-p) + {c,c){<y-p) +...) 

X = (O', G) (C ~P) + (G',G')(C'-P') + ...\ .(7), 

where (C, (7), ((7, C'), ((7,(7), ... denote functions of the retained 
co-ordinates \f/, <f>, 0, — It is to be remembered that, because 

(x> xO = (x> x)> (X> x") = (x"> x)> we see from ( 6 ) that 

(0, O') = (<7, (7), (a, <7") = (C", C ), (6", <7") = (0", a'), and so on...(8). 


The following formulas for x>X> •••> condensed in respect to 
0 , G\ G" by aid of the notation (14) below, and expanded in 
respect to if;, <£, ..., by (4), will also be useful. 




( 9 )> 


I 

. J 

where 

M = (G, C). (if,, x) + ( G, C ’). (i fax’) + ••• 1 
N = (C,G).(<f>, x ) + (C,C').(<f>,x) + ... 


M' = (C', G). (if,,x) + (C 1 , G '). (f, x ) + ... 


( 10 ). 


The elimination of x> X ? * • • fr° m ^ by these expressions for 
VOL. T. 9^ 


Ijmorafcion 
of co¬ 
ordinates. 
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tli.-m is fifilitatcd hy remarking that, as it is a quadratic fuac- 
turn of </>, ... x, X j *•■> we have 

T 1 fiif a. • ^ dT ) 

= ‘V % " x « +x « + -}' 

Hence hy (3), 

Ht) that we have now only first powers of x, X. ••• to eliminate. 
< Jleaning out x, X> — from the first group of terms, and denoting 
hy T 0 the part of T not containing * x,we find 

T n + l \[('J'>x)f + (4>,x) f+---+C]x 
+ [(^ x) 'i' + i&X ')<£+ — + O’] j( 

+ .}. 

or, according to the notation of (4-), 

Eliminating now x, x, ••• % (?) we find 

7’. ■» i { (< C) (0 s - I*) + 2 (C, O') (CC f ~ TP') + (6", 6") (C" 2 - F 2 ) 

+ ••■}.( 11 )- 

It in remarkable that only second powers, and products, not 
first 2>owurs, of the velocity-components i p, <j>, ... appear in this 
expression. We may write it thus :— 

T-Z + K .(12), 

where '£ denotes a quadratic function of \p, <p, ..., as follows:— 

®- Tt-l {(6', O) / tf + 2(^C^^ + (^CV va +--^---(13), 

and A” a quantity independent of ip, <j >, ..., as follows:— 

K l {(0, 0) a 2 + 2 (6; O’) CC' + (C', O') c*+ ...}.(14). 

Next, to eliminate y, x', ••• from the Lagrange’s equations, wc 
have, in virtue of (12) and of the constitutions of T, ®, and K , 
dT dVdx tlTdX . cZ® /m 

dip dx dip dx dip dip 

where ^ ^ , etc. are to be found by (7) or (9), and therefore 

dip dip 

are simply the coefficients of ip in (9); so that we have 

-x—ir, d A=-M’ .(16), 

dip dip 

where M,M' are functions of \p, <£, ... explicitly expressed hy 
(10). Using (1C>) in (15) we find 
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dT (M Ignoration 

—: = — + CM + CM + etc.(IT). of c °- 

dp dp ■ J 

Again, remarking that % + K contains p, both as it appeared 
originally in T, and as farther introduced in the expressions ( 7 ) 
for x? X, • ••> we see that 

^m + E) = -+ d 4 - k - + -^ + ... 

dp ' ^ dp dj( dp dj( dip 


= +C-X + C ,d £- 


dp dp dp 


And by (9) we have 

dx /; dM 


(.dM . dN 

d4 l ~~V~^ +<t> d^ + 


d dK 


"■) ' dfdC 

\ /. dM’ . dN' \ 

^snftdM .dN \ 

SC V # +Ct> df + -J .( 1S ) 


. dN 

d+ + 


which, used in the preceding, gives 

d _ dT n (. dM 

(«+•*>-55 

Hence 

dT_ <M_dK 
dp dp dp 

where 2 denotes summation with regard to the constants C, 
C\ etc. 

Using this and (17) in the Lagrange’s ^-equation, we find finally 
for the ^-equation of motion in terms of the non-ignored co¬ 
ordinates alone, and conclude the symmetrical equations for p, 
etc., as follows, 


etc.+ 2 


dK 
dp * 


d (d%\ 
dt \ dp / 
d /d f &\ 
dt \dp) 
d_(dZ\ 
dt\de)' 


d® 

dp 

dp 

d% 

~d0 


+ 26'< 


+ 2 C\ 


'dM 

d,N\ 

, 

(dM 

dO' 

\ A 

1 dK 


s, dp 

’ dp) 


\d6 

dp/ 

)0+... 

) + df° 

'dN 

dM\ 


(dN 

_d0\ 

\ A 

\dK_ 

- rh 


dp) 

\p+\ 

Kd6 ‘ 

~ dp j 


f dcf, ‘ 

= 

■dO 

dM\ 

r / 

'dO 

dN\ 

’ 

| dK 


K dp 

~d0) 

P + ( 

\dp 

dd) 

P + ... 

1 + dd " 

= 0 


(19). 


y 


[Compare Example F' (e) above. It is important to remark 
that in each equation of motion the first power of the related 
velocity-component disappears; and the coefficient of each of the 
other velocity-components in this equation is equal but of opposite 
sign to the coefficient of the velocity-component corresponding to 
this equation, in the equation corresponding to that other velocity- 
component.] 
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nation of 

»sy. 


The equation of energy, found as above [§ 318 (29 iv ) and 
(29-)], is 

d(%+K) T ; x 

__L_— L— + <£<£ + etc . (20). ✓ 


The interpretation, considering (12), is obvious. The contrast 
with Example E' (g) is most instructive. 


Sub-Example (Gc x ). —Take, from above, Example C, case (a ): 
and put <f> = ip + 0; also, for brevity, mj 2 +na 2 =B, n(b 2 +k 2 ) = A< 
and nab = c. We have* 

T {A\f/ 2 + 2 c\[/ (ip + 6) cos 6 + B (if/ + 0) 2 } ; 
and from this find 


— = 0, -A = Aif/ + c(2if / + O)cos0 + B(if/-b0); 
dif/ dip 


dT 

= U, — 7 =Alf/ + C{Z 

dip 

dT . . • dT 

— = - cif/ (if/ + 6) sin 0, —. = cif/ cos 6 + B (if/ + 0). 
dO d6 

Here the co-ordinate 0 alone, and not the co-ordinate if/, appears 
in the coefficients. Suppose now ^ = 0 [which is the case con- 

dT 

sidered at the end of C (a) above]. We have —. = (7, and 

dip 

deduce 

C - (c cos 0 4- B) 6 
^ ~ A + B -x2c cos 6 9 

T = $ (/, d -X + e jPj = J {$C + 6 [(e cos e + B) +156]} 


dip 

■ l{ip[C +(c cos 6 + B) 6] + B6} 


i (C 2 -(c cos 0 + B) 2 0 2 t , C 2 + (AB - c 

A + B + 2ccos$ J * A + B-bl 


c 2 cos 2 0) 0 2 
2 c cos 6 


Hence 

and 


AB — c 2 cos 8 6 ^ 
2 A + B + 2ccosQ 9 

J{= X _ 9 _ : 

* A + B + 2c cos 0 ' 


* Eemark that, according to the alteration from ip, <£, <pt to ip, ip, 0, 0, 
as independent variables, 

dT _ ( d _l\ &£ _ . 

and *4 = (*r\ + (*4), d -? = (*lY 

dip \dipJ \dcp/ dd \d<pJ 

where ( ) indicates the original notation of C (a). 
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and the one equation of the motion becomes 
d ( AB — c 2 cos 2 0 


A _ i fa A ( AB-c* co s 1 6 \ 

* / 2 dQ\A + B + 2cQosOJ “ 




Equation 

Energy. 


vl + 2? + 2c cos ( 

which is to be fully integrated first by multiplying by d$ and 
integrating once ; and then solving for dt and integrating again 
with respect to 0. The first integral, being simply the equation 
of energy integrated, is [Example G (20)] 

% = §GdO-K; 

and the final integral is . 

* f JQ f _ AB -cos 2 6 _ 

J \J 2(A + B + 2c qqsB) (J®dO - K) * 


In the particular case in which the motion commences from ignoration 
rest, or is such that it can be brought to rest by proper applica- ordinates, 
tions of force-components, d>, <3>, etc. without any of the force- 
components X, X', etc., we have (7 = 0, C' = 0, etc.; and the 
elimination of x, X> e ^ c * by (3) renders T a homogeneous quad¬ 
ratic function of \j/, <£, etc. without (7, (7', etc.; and the equations 
of motion become 


d dT dT 

dt difr d\j/ 

d 

dt d<j> dcf> 
d dT dT ^ 

dt d0 d0 
etc. etc. 


( 21 ). 


We conclude that on the suppositions made, the elimination of 
the velocity-components corresponding to the non-appearing co¬ 
ordinates gives an expression for the kinetic energy in terms 
of the remaining velocity-components and corresponding co¬ 
ordinates which maybe used in the generalised equations just 
as if these were the sole co-ordinates. The reduced number of 
equations of motion thus found suffices for the determination 
of the co-ordinates which they involve without the necessity 
for knowing or finding the other co-ordinates. If the farther 
question be put,—to determine the ignored co-ordinates, it is to 
be answered by a simple integration of equations (7) with 
(7 = 0, C' = 0, etc. 


One obvious case of application for this example is a system in 
which any number of fly wheels, that is to say, bodies which are 
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> r <>rdi^ kinetically symmetrical round an axis (§ 285), are pivoted fric- 

s. tionlessly on any moveable part of the system. In this case 

with the particular supposition (7 = 0, (7' = 0, etc., the result is 
simply that the motion is the same as if each fly wheel were 
deprived of moment of inertia round its bearing axis, that is to 
say reduced to a line of matter fixed in the position of this axis 
and having unchanged moment of inertia round any axis per¬ 
pendicular to ’ it. But if C, 0\ etc. be not each zero we have a 
case embracing a very interesting class of dynamical problems 
in which the motion of a system having what we may call 
gyrostatic links or connexions is the subject. Example (D) 
above is an example, in which there is just one flywheel and one- 
moveable body on which it is pivoted. The ignored co-ordinate 
is if; and supposing now to be zero, we have 

if~<j>( 1 — cos 0)—C .(«). 

If we suppose (7 = 0 all the terms having W for a factor vanish 
and the motion is the same as if the fly wheel were deprived of 
inertia round its bearing axis, and we had simply the motion of 
the “ideal rigid body PQ V to consider. But when 0 does not 
vanish we eliminate if from the equations by means of (a). It 
is important to remark that in every case of Example (G) in 
which G - 0 , C' = 0 , etc. the motion at each instant possesses the 
property (§ 312 above) of having less kinetic energy than any 
other motion for which the velocity-components of the non-ignored 
co-ordinates have the same values. 

Take for another example the final form of Example C' above, 
putting B for (7, and A for nh 2 + A. We have 

T=\{(E + Fcos 2 0) if 2 + B (if cos 0 + <j>) 2 + A 6 2 } . . .( 22 ). 
Here neither if nor <f appears in the coefficients. Let us suppose 
<$> = 0, and eliminate <fi, to let us ignore <fi. We have 


rlT 

^ = B(ifcos6 + <j>) = C. 
d<f> 

Hence <j> = ~-ifcos6 ...(23), 

• Z = + F cos 2 6) if 2 -i- A0 2 \ .(24), 

and E= hj .( 25 )- 


The place of x (9) above is now taken by <j >, and comparing 
with (23) we find 

M = cos 6, iY=0, 0 = 0 . 
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Hence, and as K is constant, tlie equations of motion (19) *f^ ation 
become ordinates. 


and 


d d% 
dt dip 
d d% 
dt dO 


— -C sin 00=* 

df ^ 

— + C sin dip = © j 

d& V J 


( 26 ); 


and, using (24) and expanding, 
d{(F + F cos 2 0) i/r} 
dt 


G sin 00 = 


] 


A O + F sin 6 cos dip 2 4- C sin Oip = © v 


(27). 


A most important case for the “ ignoration of co-ordinates” is 
presented by a large class of problems regarding tbe motion of 
frictionless incompressible fluid in which we can ignore the 
infinite number of co-ordinates of individual portions of the fluid 
and take into account only tbe co-ordinates wlncb suffice to 
specify the whole boundary of the fluid, including the bounding 
surfaces of any rigid or flexible solids immersed in the fluid. 
The analytical working out of Example (G) shows in fret that when 
the motion is such as could be produced from rest by merely 
moving the boundary of the fluid without applying force to its 
individual particles otherwise than by the transmitted fluid 
pressure we have exactly the case of {7 = 0, C f = 0, etc.: and 
Lagrange’s generalized equations with the kinetic energy expressed 
in terms of velocity-components completely specifying the motion 
of the boundary are available. Thus, 


320. Problems in fluid motion of remarkable interest and Kinetic* of 

... , a perfect 

importance, not hitherto attacked, are very readily solved by liquid, 
the aid of Lagrange’s generalized equations of motion. For 
brevity we shall designate a mass which is absolutely incom¬ 
pressible, and absolutely devoid of resistance to change of shape, 
by the simple appellation of a liquid . We need scarcely say 
that matter perfectly satisfying this definition does not exist 
in nature: but we shall see (under properties of matter) how 
nearly it is approached by water and other common real 
liquids. And we shall find that much practical and interesting 
information regarding their true motions is obtained by deduc¬ 
tions from the principles of abstract dynamics applied to the 
ideal perfect liquid of our definition. It follows from Example 




?fcics of 
rfect 

d. 


328 PRELIMINARY. . [320 

(G) above (and several other proofs, some of them more 
synthetical in character, will be given in our Second Volume,) 
that the motion of a homogeneous liquid, whether of infinite 
extent, or contained in a finite closed vessel of any form, with 
any rigid or flexible bodies moving through it, if it has ever 
been at rest, is the same at each instant as that determinate 
motion (fulfilling, § 312, the condition of having the least 
possible kinetic energy) which would be impulsively produced 
from rest by giving instantaneously to every part of the 
bounding surface, and of the surface of each of the solids 
within it, its actual velocity at that instant. So that, for 
example, however long it may have been moving, if all these 
surfaces were suddenly or gradually brought to rest, the whole 
fluid mass would come to rest at the same time. Hence, if 
none of the surfaces is flexible, but we have one or more rigid 
bodies moving in any way through the liquid, under the in¬ 
fluence of any forces, the kinetic energy of the whole motion 
at any instant will depend solely on the finite number of co¬ 
ordinates and component velocities, specifying the position and 
motion of those bodies, whatever may be the positions reached 
by particles of the fluid (expressible only by an infinite number 
of co-ordinates). And an expression for the whole kinetic 
energy in terms of such elements, finite in number, is precisely 
what is wanted, as we have seen, as the foundation of Lagrange’s 
equations in any particular case. 

It will clearly, in the hyclrodynautical, as in all other cases, 
be a homogeneous quadratic function of the components of velo¬ 
city, if referred to an invariable co-ordinate system; and the 
coefficients of the several terms will in general be functions of 
the co-ordinates, the determination of which follows immediately 
from the solution of the minimum problem of Example (3) § 317, 
in each particular case. 

Example (1 ).—A ball set in motion through a mass of incom- 
, f . . pressible fluid extending infinitely in all directions on one side of 
* an infinite plane ,, and originally at rest. Let x, y, z be the co¬ 
ordinates of the centre of the ball at time £, with reference to 
rectangular axes through a fixed point 0 of the hounding plane, 
with OX perpendicular to this plane. .If at any instant either 
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component y or z of the velocity be reversed, the kinetic energy Kinetics of 
will clearly be unchanged, and hence no terms yz, zx, or xy can hqjk[ ect 
appear in the expression for the kinetic energy: which, on this 
account, and because of the symmetry of circumstances with 
reference to y and z, is 

T=$-{Px 2 + Q(f+z% 

Also, we see that P and Q are functions of x simply, since the 
circumstances are similar for all values of y and z . Hence, by 
differentiation, 



and the equations of motion are 
(dP 


dx X dx 


dQ, .o ^ 

c (2/- + »-)j = X, 

Qy +■ ~ yx = Y, Qz + — zx= Z. 


Px + 11' 


dx ' 


Principles sufficient for a practical solution of the problem of 
determining P and Q will be given later. In the meantime, it 
is obvious that each decreases as x increases. Hence the equa¬ 
tions of motion show that 


321. A ball prciected through a liquid perpendicularly Effect of a 

, . „ J 1 rigid plane 

from an infinite plane boundary, and influenced by no other on the mo- 

J r , • ii tionofabal 

forces than those of fluid pressure, experiences a gradual ac- through a 

. . .. . . , . liquid. 

celeration, quickly approximating to a limiting velocity which 
it sensibly reaches when its distance from the plane is many 
times its diameter. But if projected parallel to the plane, it 
experiences, as the resultant of fluid pressure, a resultant attrac¬ 
tion towards the plane. The former of these results is easily 
proved by first considering projection towards the plane (in 
which case the motion of the ball will obviously be retarded), 
and by taking into account the general principle of reversibility 
(§ 272) which has perfect application in the ideal case of a per¬ 
fect liquid. The second result is less easily foreseen without 
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the aid of Lagrange’s analysis; but it is an obvious consequence 
of the Hamiltonian form of his equations, as stated in words 
in § 319 above. In the precisely equivalent case, of a 
liquid extending infinitely in all directions, and given at rest; 
and two equal balls projected through it with equal velocities 
perpendicular to the line joining their centres—the result that 
the two balls will seem to attract one another is most re¬ 
markable, and very suggestive. 


Example (2).— A solid symmetrical round an axis , moving 
through a liquid so as to keep its axis always in one plane. 
Let o) be the angular velocity of the body at any instant about 
any axis perpendicular to the fixed plane, and let u and q be the 
component velocities along and perpendicular to the axis of 
figure, of any chosen point, G , of the body in this line. By the 
general principle stated in § 320 (since changing the sign of 
u cannot alter the kinetic energy), we have 

T •= ^ {Aw + Bq 2 + /xV 4- 2Euq) . {a'j, 

where A , B, and E are constants depending on the figure of 

the body, its mass, and the density of the liquid. How let v 

denote the velocity, perpendicular to the axis, of a point which 

we shall call the centre of reaction , being a point in the axis and 

E E 

at a distance -g- from (7, so that (§ 87) q = v - <b>. Then, 

E 2 

denoting f - — by /x, we have T= \ {Au 2 + Bv 2 + /x </) . {a'). 

Let x and y be the co-ordinates of the centre of reaction relatively 
to any fixed rectangular axes in the plane of motion of the axis 
of figure, and let 0 be the angle between this line and OX, at 
any instant, so that 

oj = 6, u — x cos 6 + y sin 0 , v = - x sin 6 + y cos 6 .(&)• 


Substituting in T , differentiating, and retaining the notation 
u, v where convenient for brevity, we have 


dT A dT a « P • „ dT A . , p A 1 
—* = /m? “ 7 T = Au cos 6 — Bv sm 6. - = Au sm 6 + Bv cos u, 

d$ dx ’ dy 

dT -tA m dT n dT n 

(A B) uv, ^- 0 , ^- 0 , 


dO 


(«) 
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Hence the equations of motion are 
fxd — (J. — B) uv = Z, 

d{Au cos 0 — Bv sin 6) _ ^ d (Au sin 0 + Bv cos 6) v 
dt ’ dt =i 


Hydro¬ 

dynamics! 

examples 

continued. 

(4 


where X , Y are the component forces in lines through G parallel 
to OX and 0 Y, and L the couple, applied to the body. 


Denoting by A, f, *7 the impulsive couple, and the components 
of impulsive force through C, required to produce the motion at 
any instant, we have of course [§313 (c)], 


iJ T 

dd ^ 


d&' 


dT 

V= tf 


( e ). 


and therefore by (c), and (5), 

w= i(l c °s^ + ijsin^), ^--^(-^sin^ + ^cosd), 0 = -.(/), 

. /cos 2 6 sin 2 0\ (l 1 \ . . .1 

X = (-JT + ~£~r + \l -;§)«**«*** I 

* /I 1\ . n /sin 2 6 cos 2 0\ | . 

y =U - b) smi9 cos 6 $+ (~a- + -£~ p J 

and the equations of motion become 


The simple case of X= 0, Y= 0, L = 0, is particularly interesting. 
In it £ and rj are each constant; and we may therefore choose the 
axes OX , OY, so that rj shall vanish. Thus we have, in (y), two 
first integrals of the equations of motion; and they become 




sin 2 0\ 


(*): 


and the first of equations (h) becomes 



A-B 

2AB 


£ 2 sin 20- 0. 


(/). 


In this let, for a moment, 20 = <£, and 


A-B 2 7Tfr 
—jjft =yhW. 


It becomes 


+ghWWD.i=% 

which is the equation of motion of a common pendulum, of 
mass IF, moment of inertia fi round its fixed axis, and length 
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h from axis to centre of gravity; if </> be the angle from 
the position of equilibrium to the position at time t. As we 
shall see, under kinetics, the final integral of this equation 
expresses <j> in terms of t by means of an elliptic function. 
By using the value thus found for 6 or |<£, in (h), we have 
equations giving x and y in terms of t by common integration; 
and thus the full solution of our present problem is reduced to 
quadratures. The detailed working out to exhibit both the actual 
curve described by the centre of reaction, and the position of 
the axis of the body at any instant, is highly interesting. It is 
very easily done approximately for the case of very small angular 
vibrations; that is to say, when either A - B is positive, and 
cj) always very small, or A—B negative, and <£ very nearly 
equal to J 7 r. But without attending at present to the final 
integrals, rigorous or approximate, we see from (Jc) and (l) that 

322 . If a solid of revolution in an infinite liquid, be set in 
motion round any axis perpendicular to its axis of figure, or 
simply projected in any direction without rotation, it will move 
with its axis always in one plane, and every point of it moving 
only parallel to this plane; and the strange evolutions which 
it will, in genera], perform, are perfectly defined by comparison 
with the common pendulum thus. First, for brevity, we shall 
Quadrmtai call by the name of quadrantal pendulum (which will be furthei 
§efined? m exemplified in various cases described later, under electricity 
and magnetism; for instance, an elongated mass of soft iron 
pivoted on a vertical axis, in a “ uniform field of magnetic 
force”), a body moving about an axis, according to the same 
law with reference to a quadrant on each side of its position of 
equilibrium, as the common pendulum with reference to a half 
circle on each side. 

Let now the body in question be set in motion by an im¬ 
pulse, £, in any line through the centre of reaction, and an 
impulsive couple X in the plane of that line and the axis. This 
will (as will be proved later in the theory of statical couples) 
have the same effect as a simple impulse £ (applied to a point, 
if not of the real body, connected with it by an imaginary in¬ 
finitely light framework) in a certain fixed line, which we shall 
call the line of resultant impulse, or of resultant'momentum, 


Hydro- 
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being parallel to the former line, and at a distance from it equal to Motion of 

1 a solid Of 

-. The whole momentum of the motion generated is of course through a 

£ liquid. 

(§ 295) equal to The body will move ever afterwards 
according to the following conditions :—(1.) The angular velo¬ 
city follows the law of the quadrantal pendulum. (2.) The 
distance of the centre of reaction from the line of resultant 
impulse varies simply as the angular velocity. (3.) The 
velocity of the centre of reaction parallel to the line of 
impulse is found by dividing the excess of the whole con¬ 
stant energy of the motion above the part of it due to the 
angular velocity round the centre of reaction, by half the 
momentum. (4) If A, B , and fx denote constants, depending 
on the mass of the solid and its distribution, the density of the 
liquid, and the form and dimensions of the solid, such that 

£ £ x 


A’ B’ fi 


are the linear velocities, and the angular velocity, 


respectively produced by an impulse £ along the axis, an im¬ 
pulse £ in a line through the centre of reaction perpendicular 
to the axis, and an impulsive couple X in a plane through the 
axis; the length of the simple gravitation pendulum, whose 
motion would keep time with the periodic motion in question, 

is 


gfxAB 

(A-B) 


, and, when the angular motion is vibratory, the 


vibrations will, according as A > B, or A < B } be of the 
axis, or of a line perpendicular to the axis, vibrating on 
each side of the line of impulse. The angular motion will 
in fact be vibratory if the distance of the line of resultant 
impulse from the centre of reaction is anything less than 

where a denotes the inclination of the im- 


a / 1 


'(A ~B) fi cos 2a 
AB 


pulse to the initial position of the axis. In this case the path 
of the centre of reaction will be a sinuous curve symmetrical on 
the two sides of the line of impulse; every time it cuts this line, 
the angular motion will reverse, and the maximum inclination 
will be attained; and every time the centre of reaction is at its 
greatest distance on either side, the angular velocity will be at 
its greatest, positive or negative, value, and the linear velocity of 
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Motion of 
a solid of 
revolution 
through a 
liquid. 


the centre of reaction will be at its least. If, on the other hand, 
the line of the resultant impulse he at a greater distance than 

^ r ° m centre reac ti° n > the angular motion 

will be always in one direction, but will increase and diminish 
periodically, and the centre of reaction will describe a sinuous 
curve on one side of that line; being at its greatest and least 
deviations when the angular velocity is greatest and least. At 
the same points the curvature of the path will be greatest and 
least respectively, and the linear velocity of the describing 
point will be least and greatest. 


323. At any instant the component linear velocities along 

p cos 0 

and perpendicular to the axis of the solid will be — and 

p sm 6 . .... 

— - g— respectively, if 8 be its inclination to the line of re- 

ty m 

sultant impulse; and the angular velocity will be ™ if y be the 

/ 1 

distance of the centre of reaction from that line. The whole 
kinetic energy of the motion will be 

£ 2 c.os 2 6 £ 2 sin 2 8 f 2 y 2 

2 A + ~2 TT + ~2/7’ 


and the last term is what we have referred to above as the 
part due to rotation round the centre of reaction (defined in 
§ 321). To stop the whole motion at any instant, a simple 
impulse equal and opposite to £ in the fixed “line of resultant 
impulse ” will suffice (or an equal and parallel impulse in any 
line through the body, with the proper impulsive couple, accord¬ 
ing to the principle already referred to). 


324. From Lagrange’s equations applied as above to the case 
of a solid of revolution moving through a liquid, the couple 
which must be kept applied to it to prevent it from turning is 
immediately found to be 


uv (A — B ), 
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if u and v be the component velocities along and perpendicular Motion of 
to the axis, or [§ 321 (/)] revolution 

L J J through a 

p2 (A — B) sin 29 
f 2AB 


if, as before, £ be the generating impulse, and 6 the angle be¬ 
tween its line and the axis. The direction of this couple must 
be such as to prevent 6 from diminishing or from increasing, 
according as A or B is the greater. The former will clearly 
be the case of a flat disc, or oblate spheroid; the latter that of 
an elongated, or oval-shaped body. The actual values of A 
and B we shall learn how to calculate (hydrodynamics) for 
several cases, including a body bounded by two spherical sur¬ 
faces cutting one another at any angle a submultiple of two 
right angles; two complete spheres rigidly connected; and an 
oblate or a prolate spheroid. 


325. The tendency of a body to turn its flat side, or its Observed 
length (as the case may be), across the direction of its motion P 
through a liquid, to which the accelerations and retardations of 
rotatory motion described in § 322 are due, and of which we 
have now obtained the statical measure, is a remarkable illus¬ 
tration of the statement of § 319; and is closely connected 
with the dynamical explanation of many curious observations 
well known in practical mechanics, among which may be men¬ 
tioned :— 

(1) That the course of a symmetrical square-rigged ship 
sailing in the direction of the wind with rudder amidships is 
unstable, and can only be kept by manipulating the rudder to 
check infinitesimal deviations;—and that a child’s toy-boat, 
whether “square-rigged” or “fore-and-aft rigged*,” cannot be 

* “Fore-and-aft” rig is any rig in "winch (as in “ cutters ” and “ schooners ”) 
the chief sails come into the plane of mast or masts and keel, by the action of 
the wind upon the sails when the vessel’s head is to wind. This position 
of the sails is unstable when the wind is right astern. Accordingly, in 
“wearing” a fore-and-aft rigged vessel (that is to say turning her round 
stern to wind, from sailing with the wind on one side to sailing with the 
wind on the other side) the mainsail must be hauled in as closely as may be 
towards the middle position before the wind is allowed to get on the other side 
of the sail from that on which it had been pressing, so that when the wind 
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Applications got to sail permanently before the wind by any permanent ad- 
iyrmmios justment of rudder and sails, and that (without a wind vane, or 
a weighted tiller, acting on the rudder to do the part of 
steersman) it always, after running a few yards before the wind, 
turns round till nearly in a direction perpendicular to the 
wind (either “gibing” first, or “luffing” without gibing if it 
is a cutter or schooner):— 

(2) That the towing rope of a canal boat, when the rudder 
is left straight, takes a position in a vertical plane cutting the 
axis before its middle point:— 

(3) That a boat sculled rapidly across the direction of the 
wind, always (unless it is extraordinarily unsymmetrical in 
its draught of water, and in the amounts of surface exposed 
to the wind, towards its two ends) requires the weather oar 
to be worked hardest to prevent it from running up on the 
wind, and that for the same reason a sailing vessel generally 
“carries a weather helm*” or “gripes;” and that still more does 
so a steamer with sail even if only in the forward half of her 
length—griping so badly with any after canvass ■(- that it is often 
impossible to steer :— 

(4) That in a heavy gale it is exceedingly difficult, and 
often found impossible, to get a ship out of “ the trough of the 
sea,” and that it cannot be done at all without rapid motion 
ahead, whether by steam or sails :— 

(5) That in a smooth sea with moderate wind blowing 
parallel to the shore, a sailing vessel heading towards the shore 
with not enough of sail set can only be saved from creeping 
ashore by setting more sail, and sailing rapidly towards the 
shore, or the danger that is to be avoided, so as to allow her to 
be steered away from it. The risk of going ashore in fulfilment 

does get on the other side, and when therefore the sail dashes across through 
the mid-ship position to the other side, carrying massive boom and gaff with it, 
the range of this sudden motion, which is called “ gibing,” shall be as small 
as may be. 

* The weather side of any object is the side of it towards the wind. A ship 
is said to “carry a weather helm” when it is necessary to hold the “helm” or 
“tiller” permanently on the weather side of its middle position (by which the 
rudder is held towards the lee side) to keep the ship on her course. 

f Hence mizen masts are altogether condemned in modern war-ships by 
many competent nautical authorities. 
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of Lagrange’s equations is a frequent incident of “ getting 
under way” while lifting anchor, or even after slipping from 
moorings:— 

(6) That an elongated rifle-bullet requires rapid rotation and pm- 

about its axis to keep its point foremost. nery * 

(7) The curious motions of a flat disc, oyster-shell, or the 
like, when dropped obliquely into water, resemble, no doubt, to 
some extent those described in § 322. But it must be re¬ 
membered that the real circumstances differ greatly, because 
of fluid friction, from those of the abstract problem, of which 
we take leave for the present. 

326. Maupertuis’ celebrated principle of Least Action hasL^st 
been, even up to the present time, regarded rather as a curious 
and somewhat perplexing property of motion, than as a useful 
guide in kinetic investigations. We are strongly impressed 
with the conviction that a much more profound importance 
will be attached to it, not only in abstract dynamics, hut in the 
theory of the several branches of physical science now beginning 
to receive dynamic explanations. As an extension of it. Sir 
W. R. Hamilton* has evolved his method of Varying Action , 
which undoubtedly must become a most valuable aid in future 
generalizations. 

What is meant by “ Action ” in these expressions is, unfor- Action, 
tunately, something very different from the Actio Agentis de¬ 
fined by Newton“f*, and, it must be admitted, is a much less 
judiciously chosen word. Taking it, however, as we find it, J^ f avor * 
now universally used by writers on dynamics, we define the energy. 
Action of a Moving System as proportional to the average 
kinetic energy, which the system has possessed during the time 
from any convenient epoch of reckoning, multiplied by the time. 
According to the unit generally adopted, the action of a system 
which has not varied in its kinetic energy, is twice the amount 
of the energy multiplied by the time from the epoch. Or if 
the energy has been sometimes greater and sometimes less, 

* Phil. Trans. 1834—1835. 

f Which, however (§ 263), we have translated “ activity” to avoid confusion. 

vol. i. 22 
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[326. 

the action at time t is the double of what we may call the 
time-integral of the energy, that is to say, it is what is de¬ 
noted in the integral calculus by 

2 frdr, 

J 0 

where T denotes the kinetic energy at any time t, between 
the epoch and t. 

Let m be the mass, and v the velocity at time t, of any one of 
the material points of which the system is composed. We have 

T .( 1 ), 

and therefore, if A denote the action at time t, 

A = f %mv 2 dr ...(2). 

Jo 

This may be put otherwise by taking ds to denote the space de¬ 
scribed by a particle in time dr, so that vdr = ds, and therefore 

A = f%mvds .*.(3), 

or, if x, y , 2 be the rectangular co-ordinates of m at any time, 

A = J 2m (xdx + ijdy + zdz) .(4). 

Hence we might, as many writers in fact have virtually clone, 
define action thus :— 

The action of a system is equal to the sum of the average 
momentums for the spaces described by the particles from any 
era each multiplied by the length of its path. 

327 . The principle of Least Action is this:—Of all the 
different sets of paths along which a conservative system may 
be guided to move from one configuration to another, with the 
sum of its potential and kinetic energies equal to a given con¬ 
stant, that one for which the action is the least is such that 
the system will require only to be started with the proper 
velocities, to move along it unguided. Consider the Problem :— 
Given the whole initial kinetic energy; find the initial velocities 
through one given configuration, which shall send the system 
unguided to another specified configuration. This problem is 
essentially determinate, but generally ha.s multiple solutions 
(§ 863 below); (or only imaginary solutions.) 
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If there are any real solutions, there is one of them for which Least 
the action is less than for any other real solution, and less than actlon * 
for any constrainedly guided motion with proper sum of po¬ 
tential and kinetic energies. Compare §§ 346—366 below. 

Let x, y, z be the co-ordinates of a particle, m, of the system, 
at time r, and V the potential energy of the system in its parti¬ 
cular configuration at this instant; and let it be required to find 
the way to pass from one given configuration to another with 
velocities at each instant satisfying the condition 

2 J-m (x 2 + y 2 + £ 2 ) + V= E, a constant.(5), 

so that A , or 

/ 2 m (xclx + ydy + zdz) 
may be the least possible. 

By the method of variations we must have Sd = 0, where 

8A — f 2m (xdSx + ydSy + zdSz + oxdx + Sydy + Szdz) .(6). 

Taking in this dx — xdr, dy-ydr , dz — zdr, and remarking that 
2 m (xSx + ySy + zSz) = ST ...( 7 ), 

we have 

/2m (Sxdx + 8ydy 4- Szdz) = ( ST dr .( 8 ). 

Jo 

Also by integration by parts, 

f$m(xd8x + ...) = {2m (xSx + ...)} - \%m(x8x + ...)]— f$m(xSx±...)dT, 

where [...] and {...} denote the values of the quantities enclosed, 
at the beginning and end of the motion considered, and where, 
further, it must be remembered that dx — xdr , etc. Hence, 
from above, 

8A = {2m (xSx + ySy 4- zSz )} - [2m (xSx + ySy + £ 82 )] 

4 - f dr [ST 7 — 2 m (xSx 4 - ySy 4- 282 )].(9). 

Jo 

This, it may be observed, is a perfectly general kinematical expres¬ 
sion, unrestricted by any terminal or kinetic conditions. Now 
in the present problem we suppose the initial and final positions 
to be invariable. Hence the terminal variations, Sx, etc., must . 
all vanish, and therefore the integrated expressions dis¬ 

appear. Also, in the present problem ST=-S V, by the equation 
of energy (5). Hence, to make SA = 0, since the intermediate 
variations, 8x, etc., are quite arbitrary, subject only to the con- 
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ditions of the system, we must have 

2m (x$x + ySy + zSz) + 8 V= 0.(10), 

which [(4), § 293 above] is the general variational equation of 
motion of a conservative system. This proves the proposition. 

It is interesting and instructive as an illustration of the prin¬ 
ciple of least action, to derive directly from it, without any use 
of Cartesian co-ordinates, Lagrange’s equations in generalized 
co-ordinates, of the motion of a conservative system [§318 (24)]. 
We have 

A =J2Tdt, 

where T denotes the formula of § 313 (2). If now we put 


so that 


we have 
Hence 


1 ~%d?' 

ds 2 = (f, i/-) dij? + 2 (xjf, (j>) d\]/d<t> + etc., 


fds . 

■“is** 


~ dsMs\ f. ds « ds (ds 2 ) 

u -i( 8 5* + Tr)-ra s B + idi a 

./(ilS + 

+ ta. 

where fy^etc.) denotes variation dependent on the explicit ap¬ 
pearance of i j/ y <£, etc. in the coefficients of the quadratic func¬ 
tion T. The second chief term in the formula for SA is clearly 


equal to I— r dS\j/, and this, integrated by parts, becomes 

J dxf/ 

dT dT\dT.l [ y. dT ' 
T+S*-**;®**’ or [d^\-] dt dt^ 

where [ ] denotes the difference of the values of the bracketed 
expression, at the beginning and end of the time jdt Thus we 
ha^ve finally 

sj , [dT~ dT*. . 

\_d\j/ dij> 

-M- {i %‘** -o°)'- 
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So far we have a purely kinematical formula. Now introduce 
the dynamical condition [§ 293 (7)] 

r=<7- V .(10)". 

From it we find 

>*-{%’**%***<*) .< 10 >" 

Again, we have 

dT dT 

S^etc.) T= ^ 8<£ + etc.(10) 1 ’. 

Hence (10)' becomes 

34 = [~ — Si^ + ^ S<£ +etc.l 

Idf d<j> r J 

+ l dt {(“ s % + S + % ) ^ + (etc-) ** +etc '}‘ • - (10)r ' 

To make this a minimum we have 

d dT dT dV . ^ /1ANvi 

dt dij/ dij/ d\j/ 

which are the required equations [§318 (24)]. 

From the proposition that 3d. = 0 implies the equations of 
motion, it follows that 

328. In any unguided motion whatever, of a conservative 
system, the Action from any one stated position to any other, 
though not necessarily a minimum, fulfils the stationary condi¬ 
tion , that is to say, the condition that the variation vanishes, 
which secures either a minimum or maximum, or maximum- 
minimum. 


Principio of 
LeastAction 
applied 
to find 
Lagrange's 
generalized 
equations 
of motion. 


Why called 
“stationary 
action” by 
Hamilton. 


This can scarcely be made intelligible without mathematical Stationary 
language. Let (x l9 y l9 sj, (x 2 , y 2 , z 2 ), etc., be the co-ordinates 
of particles, m l9 m 2 , etc., composing the system; at any time t of 
the actual motion. Let V be the potential energy of the system, 
in this configuration; and let E denote the given value of the 
sum of the potential and kinetic energies. The equation of 
energy is— 

£ {m l (x* + if* + z*) + m 2 {x 2 + y* + « 3 3 ) + etc.} + V= E. .. (5) bis. 

Choosing any part of the motion, for instance that from time 0 
to time we have, for the action during it, 
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Let now the system he guided to move in any other way possible 
for it, with any other velocities, from the same initial to the same 
final configuration as in the given motion, subject only to the 
condition, that the sum of the kinetic and potential energies shall 
still be B. Let (as/, y/, «/), etc., be the co-ordinates, and V' 
the corresponding potential energy; and let (&■/, #/, »/), etc., 
be the component velocities, at time r in this arbitrary motion; 
equation (2) still holding, for the accented letters, with only B 
unchanged. For the action we shall have 

V'dr .(12), 

where t' is the time occupied by this supposed motion. Let now 
6 denote a small numerical quantity, and let | l5 tj i3 etc., be finite 
lines such that 

*_Lz^ = vLz]h =<-3 = <Z3 =ete . = 0. 

£1 % £ £. 

V'-V 

The “principle of stationary action” is, that —-— vanishes 

6 7 - 

when 6 is made infinitely small, for every possible deviation 
(^<9, r} x 0 3 etc.) from the natural way and velocities, subject only 
to the equation of energy and to the condition of passing through 
the stated initial and final configurations : and conversely, that if 
F'_ V 

-—vanishes with 6 for every possible such deviation from a 

certain way and velocities, specified by (x l3 y v etc., as the 
co-ordinates at t, this way and these velocities are such that the 
system unguided will move accordingly if only started with 
proper velocities from the initial configuration. 


Varying 329. From this principle of stationary action, founded, as 
ac 0 * we have seen, on a comparison between a natural motion, and 
any other motion, arbitrarily guided and subject only to the 
law of energy, the initial and final configurations of the 
system being the same in each case, Hamilton passes to the 
consideration of the variation of the action in a natural or 
unguided motion of the system produced by varying the initial 
and final configurations, and the sum of the potential and 
kinetic energies. The result is, that 
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330. The rate of decrease of the action per unit of increase Vailing 
of any one of the free (generalized) co-ordinates (§ 204) sped- 1 
fying the initial configuration, is equal to the correspond¬ 
ing (generalized) component momentum [§ 313, (c)] of the 
actual motion from that configuration: the rate of increase of 
the action per unit increase of any one of the free co-ordi¬ 
nates specifying the final configuration, is equal to the corre¬ 
sponding component momentum of the actual motion towards 
this second configuration: and the rate of increase of the action 
per unit increase of the constant sum of the potential and kinetic 
energies, is equal to the time occupied by the motion of which 
the action is reckoned. 


To prove this we must, in our previous expression (9) for SA, 

now suppose the terminal co-ordinates to vary; ST to become 

SE-SV, in which SE is a constant during the motion; and each Action 

set of paths and velocities to belong to an unguided motion of as a func- 

the system, which requires ( 10 ) to hold. Hence initial and 

final co- 

SA = {! 2m (xSx + ySy + £ 82 )} - [%m (xSx + ySy + zSz)] + tSE ...(13). andthlf* 

energy; 

If, now, in the first place, we suppose the particles constituting 
the system to be all free from constraint, and therefore (x, y, z) 
for each to be three independent variables, and if, for distinctness, 
we denote by (a?/, y x , z x ) and (a5 l? y v z x ) the co-ordinates of m l 
in its initial and final positions, and by (as/, #/, 2 /), (x xi y v z x ) 
the components of the velocity it has at those points, we have, 
from the preceding, according to the ordinary notation of partial 
differential coefficients, 


dA 
dx / 


dA 

clx x 


— m x x 


1’ 


and 


dA 

dvr 


■ ~ rn { y l , 


dA 

u I/i 

dA_ 

dE 


dA 

dz! z 


etc. 


dA . A 

etc - 


...(14). 


In these equations we must suppose A to be expressed as a func- 
tion of the initial and final co-ordinates, in all six times as many 


its diffe* 
rential co¬ 
efficients 
equal re¬ 
spectively 
to initial 
and final 
momen- 
tums, and 
to the time 
from be¬ 
ginning to 
end. 


independent variables as there are of particles ; and E, one more 
variable, the sum of the potential and kinetic energies. 

If the system consist not of free particles, but of particles con¬ 
nected in any way forming either one rigid body or any number 
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of rigid bodies connected with one another or not, we might, it is 
true, be contented to regard it still as a system of free particles, 
by taking into account among the impressed forces, the forces 
necessary to compel the satisfaction of the conditions of con¬ 
nexion. But although this method of dealing with a system of 
connected particles is very simple, so far as the law of energy 
merely is concerned, Lagrange’s methods, whether that of “ equa¬ 
tions of condition,” or, what for our present purposes is much 
more convenient, his “generalized co-ordinates,” relieve us from 
very troublesome interpretations when we have to consider the 
displacements of particles due to arbitrary variations in the con¬ 
figuration of a system. 

Let us suppose then, for any particular configuration (a? A , y v z) 
(x# y* « a )the expression 

m l + ZjpzJ + etc., to become f 8 i/r + + £80 + etc. (15), 

when transformed into terms of if/, <j>, 0 ..., generalized co-ordi¬ 
nates, as many in number as there are of degrees of freedom for 
the system to move [§ 313, (c)]. 

The same transformation applied to the kinetic energy of the 
system would obviously give 

\ m l (j x * + y* + z{) + etc. = £ + rj<j> + £0 + etc.).(16), 

and hence f, 77 , £, etc., are those linear functions of the generalized 
velocities which, in § 313 (e), we have designated as “gene¬ 
ralized components of momentum; ” and which, when 1\ the 
kinetic energy, is expressed as a quadratic function of the velo¬ 
cities (of course with, in general, functions of the co-ordinates 
ij/ > <£, 0 , etc., for the coefficients) are derivable from it thus *. 


, dr dr „ dr x 

, 77 = —r, £ = —r, etc. 

dip dcj> dO 


.(17). 


Hence, taking as before non-accented letters for the second, and 
accented letters for the initial, configurations of the system re¬ 
spectively, we have 


dA ,, dA , 
dA . dA 

and, as before, 

? 5 dE ’ 


dA'- 
dQ’ : 

dA 

d6 


: - £', etc. 
= £, etc. 


.( 18 ). 
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These equations (18), including of course (14) as a particular case, 
express in mathematical terms the proposition stated in words 
above, as the Principle of Varying Action. 


The values of the momentums, thus, (14) and (18), expressed 
in terms of differential coefficients of A, must of course satisfy 
the equation of energy. Hence, for the case of free particles, 




.(19), 

.( 20 ). 


Or, in general, for a system of particles or rigid bodies connected 
in any way, we have, (16) and (18), 


^ 4 + ^ + ^ +<,tc - 2(£ - F) . <2I) ' 

. (22) - 

dA dA 

where if, <f, etc., are expressible as linear functions of ^ ^ . 
etc., by the solution of the equations 


(23), 


* dA ] 

(f> f) <P+(f> 4>)4> + OA. 0)0 + eta = |=^- 

(i>> P) 4 + 4)<P + (& 0)6 + eto. = rj=j^ 

eta etc. 

• • . _ dA dA , , 

and f', <£', etc., as similar functions ot - ^? etc., oy 


dA 


(p'> 1 f) 4 / ' + 4>) 4> + if> &) & + etc - 

dA 

(<£', xf') xf/' + (<f> f , <f) <}> + (<f\ O') O' + etc. = V = ~ ^7 


etc. 


etc. 


...(24), 


where it must be remembered that (if, if), (if, <f>), etc., are func¬ 
tions of the specifying elements, if, <f, 6 , etc., depending on the 
kinematical nature of the co-ordinate system alone, and quite 
independent of the dynamical problem with which we are now 
concerned ; being the coefficients of the half squares and the 
products of the generalized velocities in the expression for the 


Varying 

action. 
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kinetic energy of any motion of the system; and that (ij/\ 

<£'), etc., are the same functions with i//, <£', etc., written for 
ij/ } <f>, 0 , etc.; bub, on the other hand, that A is a function of all the 
elements <£, etc., \j/, <£', etc - fost member of (21) 

dA dA 7 

is a quadratic function of ^, etc., with coefficients, 

known functions of if/, <£, etc., depending merely on the kine- 
matical relations of the system, and the masses of its parts, but 
not at all on the actual forces or motions; while the second 
member is a function of the co-ordinates ij/, <j>, etc., depending 
on the forces in the dynamical problem, and a constant expressing 
the particular value given to the sum of the potential and kinetic 
energies in the actual motion; and so for (22), and i//, <£', etc. 

It is remarkable that the single linear partial differential equa¬ 
tion (19) of the first order and second degree, for the case of 
free particles, or its equivalent (21), is sufficient to determine a 
function ri, such that the equations (14) or (18) express the mo- 
mentums in an actual motion of the system, subject to the given 
forces. For, taking the case of free particles first, and differen¬ 
tiating (19) still on the Hamiltonian understanding that A is 
expressed merely as a function of initial and final co-ordinates, 
and of Uj the sum of the potential and kinetic energies, we have 


22 1 ( dA cVA + d A d * A 

m\dx dx,dx dy dx x dy 


dA d 2 A\_ 
dz dx x dz) ~ 


But, by (14), 


and therefore 


m x dy x 


= ft, etc., 


: dx, " dz. 


dx x dx 2 dx x dx 2 1 ° °* 

Using these properly in the preceding and taking half; and 
writing out for two particles to avoid confusion as to the mean¬ 
ing of 2, we have 

( dx, dx, , dx, . dx. dx, . dx, . \ dJ^ /ocr\ 

!?*’• s; + < 25 >- 

How if we multiply the first member by dt, we have clearly the 
change of the value of m l x l due to varying, still on the Hamil- 
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tonian supposition, the co-ordinates of all the points, that is to say, Varying 
the configuration of the system, from what it is at any moment to , 

, J Proof that 

what it becomes at a time at later; and it is therefore the actual tlie . charac- 

change in the value of msc lf in the natural motion, from the time, equation 

t } when the configuration is (x x , y 1? z x , a? 2 , £), to the time motion,fir 

t + dt. It is therefore equal to m x x x dt y and hence (25) becomes particles. 


simply - - 


dV 
dx i ’ 


Similarly we find 


m \V\ 


dV .. dV dV 

j- , wi» = - r > > 

dy x 11 dz x 22 dx 9 ’ 


But these are [§ 293, (4)] the elementary differential equations 
of the motions of a conservative system composed of free mutually 
influencing particles. 

If next we regard x ]} y x , z x , x 3 , etc., as constant, and go 
through precisely the same process with reference to as/, y/, z/, xj, 
etc., we have exactly the same equations among the accented 
letters, with only the difference that — A appears in place of A ; 
dV' 

and end with m x x' = ^->, from which we infer that, if ( 20 ) 

is satisfied, the motion represented by (14) is a natural motion 
through the configuration (x', y/, z/, xj, etc.). 

Hence if both (19) and ( 20 ) are satisfied, and if when x x = x \ 

Vi = y^ »,=*/, *„ = <> etc., we iave ^T = -jp> ete -> tlle 

motion represented by (14) is a natural motion through the 
two configurations (x/, y/, %/, x 2 ', etc.), and (x 1} y x , z x , x 0 , 
etc.). Although the signs in the preceding expressions have been 
fixed on the supposition that the motion is from the former, to the 
latter configuration, it may clearly be from either towards the 
other, since whichever way it is, the reverse is also a natural 
motion (§ 271), according to the general property of a conserva¬ 
tive system. 


To prove the same thing for a conservative system of particles same pro* 
or rigid bodies connected in any way, we have, in the first place, j^r ltl0U 
from (18) 

drj^dl dt = dl 

dip- d<j> 9 dij/ dd 9 


etc.. 


.(26), 


connected 
system, and 
generalized 
co-ordi¬ 
nates. 


where, on the Hamiltonian principle, we suppose \j/, <£, etc., and 
77 , etc., to be expressed as functions of 1 b, <j>, etc., 1 j/, <j>, etc., 
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and the sum of the potential and kinetic energies. On the same 
supposition, differentiating (21), we have 

dV 

; -hO ~T7 "l* C7 -77 "T CUU T C, t ij -j- ~r ^ ~T7 ^ < * TY * ~~ A 

l p ' dip dip dip dip dip 

But, by (26), and by the considerations above, we have 

t dS _ 

dip 

where £ denotes the rate of variation of £ per unit of time in the 
actual motion. 

Again, we have 


dr> + ^ S,+ etc - - "A §j, + ^ + & % + eta = ■ "( 2 8). 


d$_d±d£ M^ + etc 

dip d£ dip drj dip 


dijr 
dij/ 

+ e to + 

dip d£ dip drj dip * dip 
etc. etc. 


(29), 


if, as in Hamilton’s system of canonical equations of motion, we 
suppose \p , <£, etc., to be expressed as linear functions of £ etc., 
with coefficients involving ip, $, 6», etc., and if we take d to denote 
the partial differentiation of these functions with reference to the 
system £, r),...ip, regarded as independent variables. Let 

the coefficients be denoted by [ip } xp\ etc., according to the plan 
followed above; so that, if the formula for the kinetic energy be 

T=\ {[& *] e + [*, ^ + ... + 2 [*, *] f* + etc.}.(30), 

we have 

dT 

= ^ = [^ '/'}!+[>/'> ^•]’7+['A, + etc. 

<f> = ^ = [& fl £ + [& 4>]v + [& 0] £ + etc. ^. 

etc. etc. 

where of course [ip, <£], and [<j{>, ip~\, mean the same. 

Hence 




= *+!&£] v + etc. ; ^ = ^]| + etc.etc. ) 

dip dip dip dip dip 

and therefore, by (29), 
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whence, by (28), we see that 


d$ dd , 2T 

*cty +ri dxi, + £df + ei0 -- i+ - J d4,- 


Hamilton¬ 
ian form of 
Lagrange's 
/oo\ generabzed 

. [d- 1 )' equations 

deduced 
from 

Tliis, and (28), reduce the first member of (27) to 2£+2 — istic acter * 

v 1 * dxj/ 9 equation. 

and therefore, halving, we conclude 

2 dT dV . . .. , 3 T dV 

^ + = and similarly, v + ^ = - ^ , etc...(33). 


d\j/ d\j/ 3 


These, in all as many differential equations as there are of vari¬ 
ables, if/, </>, etc., suffice for determining them in terms of t and 
twice as many arbitrary constants. But every solution of the 
dynamical problem, as has been demonstrated above, satisfies 
(21) and (23) ; and therefore it must satisfy these (33), which we 
have derived from them. These (33) are therefore the equations 
of motion, of the system referred to generalized co-ordinates, as 
many in number as it has of degrees of freedom. They are the 
Hamiltonian explicit equations of motion, of which a direct de¬ 
monstration was given in § 318 above. Just as above, it appears 
therefore, that if (21) and (22) are satisfied, (18) expresses a 
natural motion of the system from one to another of the two con¬ 
figurations (i/r, <£, 0 ,...) (i //, <j>' } 6',...). Hence 


331. The determination of the motion of any conservative Hence 

J proof con- 

system from one to another of any two configurations, when the eluded, 
sum of its potential and kinetic energies is given, depends on 
the determination of a single function of the co-ordinates of 
those configurations by solution of two quadratic partial differ¬ 
ential equations of the first order, with reference to those two 
sets of co-ordinates respectively, with the condition that the 
corresponding terms of the two differential equations become 
separately equal when the values of the tw r o sets of co-ordinates 
agree. The function thus determined and employed to express 
the solution of the kinetic problem was called the Characteristic Charactcr- 
Function by Sir W. R. Hamilton, to whom the method is due. tion. 

It is, as we have seen, the “ action ” from one of the configura¬ 
tions to the other; but its peculiarity in Hamilton’s system is, 
that it is to be expressed as a function of the co-ordinates and 
a constant, the whole energy, as explained above. It is evi- 




Character¬ 
istic equa¬ 
tion of 
motion. 


Complete 
integral of 
characteris 
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dently symmetrical with respect to the two configurations, 
changing only in sign if their co-ordinates are interchanged. 

Since not only the complete solution of the problem of 
motion gives a solution, A, of the partial differential equation 
(19) or (21), but, as we have just seen [§ 330 (33), etc.], 
every solution of this equation corresponds to an actual pro¬ 
blem relative to the motion, it becomes an object of mathe¬ 
matical analysis, which could not be satisfactorily avoided, to 
find what character of completeness a solution or integral of 
the differential equation must have in order that a complete in¬ 
tegral of the dynamical equations may be derivable from it—a 
question which seems to have been first noticed by Jacobi. What 
is called a “complete integral” of the differential equation; that 
is to say, an expression, 

A = A 0 + F(\I/, <f>, 9,...a, 13,...) .(34), 

for A satisfying it and involving the same number % let us sup¬ 
pose, of independent arbitrary constants, A 0 , a, /?,...as there are 
of the independent variables, \p, <£, etc.; leads, as he found, to a 
complete final integral of the equations of motion, expressed as 
follows:— 


. 

da ’ d/3 

.(35), 

, , dF 4 

and, as above, - t + <= . 

.(36), 


where e is the constant depending on the epoch, or era of reckon¬ 
ing, chosen, and 3U,... are i — 1 other arbitrary constants, con¬ 
stituting in all, with E, a, /3,..., the proper number, 2?‘, of arbi¬ 
trary constants. This is proved by remarking that (35) are the 
equations of the “ course ” (or paths in the case of a system of 
free particles), which is obvious. For they give 


d dF d dF d dF . 

°~tylU d t + d$fa. dcl>+ d6d*L d9+ ''' 
A d dF d dF d dF 

°~dfdp d ' 1 ' + d4>dp d(l3+ T9dp dd+ '" 


etc. 


etc. 


(37), 


in alli-1 equations to determine the ratios dip :d<j> :dd From 
these, and (21), we find 

dip _d<p clQ 
ip 0 


(38) 
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[since (37) are the same as the equations which we obtain by 
differentiating (21) and (23) with reference to a, succes¬ 
sively, only that they have d\f/, d<f>, d6,... in place of if/, <£, 

A perfectly general solution of the partial differential equation, 
that is to say, an expression for A including every function of 
if/, <f>, which can satisfy (21), may of course be found, by the 
regular process, from the complete integral (34), by eliminating 
A 0 , a, /?,... from it by means of an arbitrary equation 

f(A 0 ,a, &...) = 0, 
and the (i - 1) equations 

dF dF 

1 _ da dp _ 
dA 0 da dfi 


where f denotes an arbitrary fimction of the i elements A 0 , a, 
now made to be variables depending on if/, <£,... But the full 
meaning of the general solution of (21) will be better understood 
in connexion with the physical problem if we first go back to the 
Hamiltonian solution, and then from it to the general. Thus, 
first, let the equations (35) of the course be assumed to be 
satisfied for each of two sets if/, <fi, and if/') <£', O', of 
the co-ordinates. They will give 2(^-1) equations for determin¬ 
ing the 2(^-1) constants a, /3,..., SI, 30,..., in terms of if/, <£, 
if/’, <£',.••> bo fulfil these conditions. Using the values of a, 
so found, and assigning A 0 so that A shall vanish when if/ ~ if/', 
<f> = cf>, etc., we have the Hamiltonian expression for A in terms 
of if/, <£, ..., if/', <f>'i •••} an( ^ FJ, which is therefore equivalent to a 
“complete integral” of the partial differential equation (21). 
Now let if/', <f>, be connected by any single arbitrary equation 

f(f, «*>',...) = 0.(39), 

and by means of this equation and the following (t- 1) equations, 
let their values be determined in terms of if/, <j>, ..., and E : — 


dA dA dA 
IF dtf d6' x 

w = w = w =etc - 

dxj/' dcp d& 


(40). 


Substituting the values thus found for if/, <f>', O', etc., in the 
Hamiltonian A, we have an expression for A , which is the general 


Complete 
integral of 
characteris¬ 
tic equa¬ 
tion. 
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solution 
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plete 
integral. 
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solution of (21). For we see immediately that (40) expresses 
that the values of A are equal for all configurations satisfying 
(39), that is to say, we have 

dA 7| , dA 

+ + -“° 

when ij/, <£', etc., satisfy (39) and (40). Hence when, by means 
of these equations, if /, <£',..., are eliminated from the Hamiltonian 
expression for A, the complete Hamiltonian differential 

u - (%) d * * (t>* + - .< 4i > 

becomes merely 

“*-(%)“* *(%)•**+ .w 

where (^r \ etc., denote the differential coefficients in the Hamil- 
V#/ 

tonian expression. Hence, A being now a function of <£, etc., 
both as these appear in the Hamiltonian expression and as they 
are introduced by the elimination of \j/', </>', etc., we have 



and therefore the new expression satisfies the partial differential 
equation (21). That it is a completely general solution we see, 
because it satisfies the condition that the action is equal for all 
configurations fulfilling an absolutely arbitrary equation (39). 

For the case of a single free particle, the interpretation of (39) 
is that the point (as', y' 9 z) is on an arbitrary surface, and of (40) 
that each line of motion cuts this surface at right angles. Hence 


Practical 332. The most general possible solution of the quadratic, 

tation of partial, differential equation of the first order, which Hamilton 
com- ^ ^ 

piete soiu- showed to be satisfied by his Characteristic Function (either 

tionoftbe . , . J . . „ , 

istice 3 ^" ^ ermma * configuration alone varying), when interpreted tor the 

hon. case of a single free particle, expresses the action up to any point 
(x, y , s), from some point of a certain arbitrarily given surface, 
from which the particle has been projected, in the direction of 
the normal, and with the proper velocity to make the sum of 
the potential and actual energies have a given value. In other 
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words, the physical problem solved by the most general solu¬ 
tion of that partial differential equation, is this:— 

Let free particles, not mutually influencing one another, be Properties 
projected normally from all points of a certain arbitrarily given of equal 68 
surface, each with the proper velocity to make the sum of its actlon ' 
potential and kinetic energies have a given value. To find, for 
the particle which passes through a given point (x, y, z) } the 
“ action ” in its course from the surface of projection to this 
point. The Hamiltonian principles stated above, show that 
the surfaces of equal action cut the paths of the particles at 
right angles; and give also the following remarkable properties 
of the motion:— 


If, from all points of an arbitrary surface, particles not 
mutually influencing one another be projected with the proper 
velocities in the directions of the normals; points which they 
reach with equal actions lie on a surface cutting the paths at 
right angles. The infinitely small thickness of the space be¬ 
tween any two such surfaces corresponding to amounts of 
action differing by any infinitely small quantity, is inversely 
proportional to the velocity of the particle traversing it; being 
equal to the infinitely small difference of action divided by the 
whole momentum of the particle. 


Let A, /x, v be the direction cosines of the normal to the sur¬ 
face of equal action through (x, y, z). We have 

dA 
dx 


A= ■ 


f dA 2 dA 2 dJr\ 
^da? + dtf + dz % ) 


, etc. 


•(!)• 


dA 


But — = mx , etc., and, if q denote the resultant velocity, 
cLx 


mq 


_ fdA * dA* dA*\h 
~ \dx 3 + dy 2, + dz 2 ) 


.( 2 ). 


Hence 


s & y z 

A = -, u——, v — - s 

q q q 


which proves the first proposition. Again, if SA denote the in- 

23 
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finitely small difference of action from (a;, y } z) to any other 
point (x + Bx, y + By, z + Bz), we have 


dA . dA « dA « 

8.1 = -j- Sas + -7- Sy + -y- 8s 
ase ay dz 


Let the second point be at an infinitely small distance, e, from 
the first, in the direction of tlie normal to the surface of equal 
action; that is to say, let 


Hence, by (1), 
whence, by (2), 


8a; = e\., By = efi, Bz = ev. 
s , (dA 2 dA 2 dA 2 \\ 
M = e \M+d? + l&) 


G - 


BA 

mq 


which is the second proposition. 


(3); 

•W, 


Examples 
of varying 
action. 


333. Irrespectively of methods for finding the “ character¬ 
istic function ” in kinetic problems, the fact that any case of 
motion whatever can be represented by means of a single 
function in the manner explained in § 331, is most remarkable, 
and, when geometrically interpreted, leads to highly important 
and interesting properties of motion, which have valuable 
applications in various branches of Natural Philosophy. One 
of the many applications of the general principle made by 
Hamilton* led to a general theory of optical instruments, com¬ 
prehending the whole in one expression. 

Some of its most direct applications; to the motions of 
planets, comets, etc., considered as free points, and to the cele¬ 
brated problem of perturbations, known as the Problem of Three 
Bodies, are worked out in considerable detail by Hamilton 
(Phil. Trans., lS34<-3r>), and in various memoirs by Jacobi, 
Liouvillc, Bour, Donkin, Cayley, Boole, etc. The now aban¬ 
doned, but still interesting, corpuscular theory of light furnishes 
a good and exceedingly simple illustration. In this theory light 
is supposed to consist of material particles not mutually influenc¬ 
ing one another, but subject to molecular forces from the par¬ 
ticles of bodies—not sensible at sensible distances, and therefore 
not causing any deviation from uniform rectilinear motion in a 
homogeneous medium, except within an indefinitely small dis- 
* On the Theory oj Systems of Rays. Trans. K.I. A., 1824, 18S0, 1832. 
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tance from its boundary. The laws of reflection and of single Examples 
refraction follow correctly from this hypothesis, which therefore action^ 
suffices for what is called geometrical optics. 

We hope to return to this subject, with sufficient detail, Application 
in treating of Optics. At present we limit ourselves to state optiS^ on 
a theorem comprehending the known rule for measuring the 
magnifying power of a telescope or microscope (by comparing 
the diameter of the object-glass with the diameter of pencil 
of parallel rays emerging from the eye-piece, when a point of 
light is placed at a great distance in front of the object-glass), 
as a particular case. 

334. Let any number of attracting or repelling masses, or 0 r kinetics 
perfectly smooth elastic objects, be fixed in space. Let two partic?e gIe 
stations, 0 and O', be chosen. Let a shot be fired with a stated 
velocity, F, from 0, in such a direction as to pass through O'. 

There may clearly be more than one natural path by which this 
may be done; but, generally speaking, when one such path is 
chosen, no other, not considerably diverging from it, can be 
found; and any infinitely small deviation in the line of fire from 
0, will cause the bullet to pass infinitely near to, but not 
through, O'. Now let a circle, with infinitely small radius r, be 
described round 0 as centre, in a plane perpendicular to the 
line of fire from this point, and let—all with infinitely nearly the 
same velocity, but fulfilling the condition that the sum of the 
potential and kinetic energies is the same as that of the shot 
from 0 —bullets be fired from all points of this circle, all directed 
infinitely nearly parallel to the fine of fire from 0, but each pre¬ 
cisely so as to pass through O'. Let a target be held at an 
infinitely small distance, a, beyond O', in a plane perpendicular 
to the line of the shot reaching it from 0. The bullets fired 
from the circumference of the circle round 0 , will, after passing 
through O', strike this target in the circumference of an exceed¬ 
ingly small ellipse, each with a velocity (corresponding of course 
to its position, under the law of energy) differing infinitely 
little from V', the common velocity with which they pass 
through O'. Let now a circle, equal to the former, be described 
round O', in the plane perpendicular to the central path through 
O', and let bullets be fired from points in its circumference, each 

23— 2 
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Application with the proper velocity, and in such a direction infinitely 
opSc“ mon nearly parallel to the central path as to make it pass through 
Of a single 3 0. These bullets, if a target is held to receive them perpen- 

particle. y 1 

dicularly at a distance a = dy ~,, beyond 0, will strike it along 

the circumference of an ellipse equal to the former and placed 
in a “ corresponding 5 ' position; and the points struck by the in¬ 
dividual bullets will correspond; according to the following law of 
“correspondence”:—Let P and P / be points of the first and second 
circles, and Q and Q the points on the first and second targets 
which bullets from them strike ; then if P r be in a plane con¬ 
taining the central path through O' and the position which Q 
would take if its ellipse were made circular by a pure strain 
(§ 183) ; Q and Q are similarly situated on the two ellipses. 

For, let XOY be a plane perpendicular to the central path 
through 0 *; and X'O'Y the corresponding plane through O’. Let 
A be the “action” from 0 to O', and the action from a point 
P (x, y, z), in the neighbourhood of 0, specified with reference 
to the former axes of co-ordinates, to a point P r (x\ y’, z'), in 
the neighbourhood of O', specified with reference to the latter. 

The function <f>-A vanishes, of course, when x = 0, y — 0, 
8 = 0, cc' = 0, y'— 0, z' — 0. Also, for the same values of the 

co-ordinates, its differential coefficients ~ , and 4-r , 

dx ay dx 

— , must vanish, and “, must be respectively equal to 

V and F, since, for any values whatever of the co-ordinates, 
~ and “ are the component velocities parallel to the two lines 
OX , OY, of the particle passing through P , when it comes from 
P', and —and - are the components parallel to OX, 0Y, 

of the velocity through P' directed so as to reach P. Hence by 
Taylor’s (or Maclaurin’s) theorem we have 
<£-.!=- V'z'-h Vz 


+ ^{(X,X)x 2 + (Y,Y)y*+ ... + (JT,X') act* + ... 

+ 2 (F, Z)yz-¥ ... + 2 (Y', Z') y'z' + ... 

+ 2 (X, X') xx' + 2 (F, Y') yy' + 2 (Z, ZT) zz' 

+ 2 T) + 2 (X, ZT) xz! + ... + 2 {Z, Y) zy') + E ...(1), 
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where (X, X), (X, Y), etc., denote constants, viz., the values of Application 

d 2 cb d 2 d> to ^° mmon 

the differential coefficients V"T-> etc., when each of the or kmetics 

dx dxdy of a single 

six co-ordinates x , y, z, y', z’ vanishes; and E denotes the partlcle * 
remainder after the terms of the second degree. According to 
Cauchy's principles regarding the convergence of Taylor’s theorem, 
we have a rigorous expression for <£ - A in the same form, with¬ 
out E, if the coefficients (X, X), etc., denote the values of the 
differential coefficients with some variable values intermediate 
between 0 and the actual values of x y y, etc., substituted for these 
elements. Hence, provided the values of the differential co¬ 
efficients are infinitely nearly the same for any infinitely small 
values of the co-ordinates as for the vanishing values, E becomes 
infinitely smaller than the terms preceding it, when x, y, etc., 
are each infinitely small. Hence when each of the variables 
x, y, z, x\ y', %’ is infinitely small, we may omit E in the ex¬ 
pression (1) for How, as in the proposition to be proved, 

let us suppose z and % each to be rigorously zero : and we have 

g = (X, X) * + (X, Y) y + (X, X) z' + (X, F) y'- 

g = (F, T) y + (X, F) *+ (F, X) *' + (F, F) y’. 

These expressions, if in them we make x—0, and y = 0, be¬ 
come the component velocities parallel to OX, OY, of a particle 
passing through 0 having been projected from F. Hence, if 

f, 7 ], £ denote its co-ordinates, an infinitely small time, ~, after 

it passes through 0, we have £ = a, and 

* = {(X, Z')x' + (X, Y)yy = {(Y, X') x'+ (F, Y) y’} f..(2). 

Here f and rj are the rectangular co-ordinates of the point Q' in 
which, in the second case, the supposed target is struck. And 
by hypothesis 

x'*±y f2 = r 2 .(3). 

If we eliminate x\ y' between these three equations, we have 
clearly an ellipse; and the former two express the relation of the 
i( corresponding ” points. Corresponding equations with x and 
y for x' and y'; with t\ for £, rj; and with — (X, X'), 

-(7, X), -(X, 7), -(7, 7), in place of (X, X'), (X, 7}, 
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( Y, X'), (Y, F), express the first case. Hence the proposition, 
as is most easily seen by choosing OX and O'X' so that (X, Y) 
and (F, X') may each be zero. 

335. The most obvious optical application of this remarkable 
result is, that in the use of any optical apparatus whatever, if 
the eye and the object be interchanged without altering the 
position of the instrument, the magnifying power is unaltered. 
This is easily understood when, as in an ordinary telescope, 
microscope, or opera-glass (Galilean telescope), the instrument 
is symmetrical about an axis, and is curiously contradictory of 
the common idea that a telescope “ diminishes ” when looked 
through the wrong way, which no doubt is true if the telescope 
is simply reversed about the middle of its length, eye and 
object remaining fixed. But if the telescope be removed from 
the eye till its eye-piece is close to the object, the part of the 
object seen will be seen enlarged to the same extent as when 
viewed with the telescope held in the usual manner. This is 
easily verified by looking from a distance of a few yards, 
in through the object-glass of an opera-glass, at the eye of 
another person holding it to his eye in the usual way. 

The more general application may be illustrated thus:—Let 
the points, 0, O' (the centres of the two circles described in 
the preceding enunciation), be the optic centres of the eyes of 
two persons looking at one another through any set of lenses, 
prisms, or transparent media arranged in any way between 
them. If their pupils are of equal sizes in reality, they will 
be seen as similar ellipses of equal apparent dimensions by the 
two observers. Here the imagined particles of light, projected 
from the circumference of the pupil of either eye, are substituted 
for the projectiles from the circumference of either circle, and 
the retina of the other eye takes the place of the target receiv¬ 
ing them, in the general kinetic statement. 

336. If instead of one free particle we have a conservative 
system of any number of mutually influencing free particles, the 
same statement may be applied with reference to the initial 
position of one of the particles and the final position of another, 
or with reference to the initial positions or to the final positions 
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of two of the particles. It serves to show how the influence of Application 
an infinitely small change in one of those positions., on the di- fr^muS- 0 
rection of the other particle passing through the other position, fluencmg 
is related to the influence on the direction of the former particle partlcles ’ 
passing through the former position produced by an infinitely 
small change in the latter position. A corresponding statement, and to ge- 
in terms of generalized co-ordinates, may of course he adapted systeS^ 
to a system of rigid bodies or particles connected in any way. 

All such statements are included in the following very general 
proposition:— 

The rate of increase of any one component momentum, corre¬ 
sponding to any one of the co-ordinates, per unit of increase of 
any other co-ordinate, is equal to the rate of increase of the com¬ 
ponent momentum corresponding to the latter per unit increase 
or diminution of the former co-ordinate, according as the two co¬ 
ordinates chosen belong to one configuration of the system, or 
one of them belongs to the initial configuration and the other to 
the final. 


Let \jr and x he two out of the whole number of co-ordinates 
constituting the argument of the Hamiltonian characteristic 
function A ; and f, r\ the corresponding momentums. We have 
[§ 330 (18)] 

dA . dA 

the upper or lower sign being used according as it is a final or 
an initial co-ordinate that is concerned. Hence 


and therefore 


d 2 A _ ± dr) 

dxf/dx dx dxjr 9 
d$ _ dr] 
dx dnjr 9 


if both co-ordinates belong to one configuration, or 

d£ _ drj 
dx dxj/ ’ 

if one belongs to the initial configuration, and the other to the 
final, which is the second proposition. The geometrical inter¬ 
pretation of this statement for the case of a free particle, and two 
co-ordinates both belonging to one position, its final position, for 
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instance, gives merely tlie proposition of § 332 above, for the 
case of particles projected from one point, with, equal velocities 
in all directions; or, in other words, the case of the arbitrary 
surface of that enunciation, being reduced to a point. To com¬ 
plete the set of variational equations derived from § 330 we have 


dt 

d X 


dy] 

dE 


which expresses another remarkable property of con¬ 


servative motion. 


Slightly 337. By the help of Lagrange’s form of the equations of 
eqSubrlum. motion, § 318, we may now, as a preliminary to the considera¬ 
tion of stability of motion, investigate the motion of a system 
infinitely little disturbed from a position of equilibrium, and 
left free to move, the velocities of its parts being initially in¬ 
finitely small. The resulting equations give the values of the 
independent co-ordinates at any future time, provided the dis¬ 
placements continue infinitely small; and the mathematical 
expressions for their values must of course show the nature of 
the equilibrium, giving at the same time an interesting example 
of the coexistence of small motions , § 89. The method con¬ 
sists simply in finding what the equations of motion, and their 
integrals, become for co-ordinates which differ infinitely little 
from values corresponding to a configuration of equilibrium— 
and for an infinitely small initial kinetic energy. The solution 
of these differential equations is always easy, as they are linear 
and have constant coefficients. If the solution indicates that 
these differences remain infinitely small, the position is one of 
stable equilibrium; if it shows that one or more of them may 
increase indefinitely , the result of an infinitely small displace¬ 
ment from or infinitely small velocity through the position of 
equilibrium may be a finite departure from it—and thus the 
equilibrium is unstable. 

Since there is a position of equilibrium, the kinematic relations 
must be invariable. As before, 

4) *A 2+ W>> 4) <£ 2 + 2 (f, $) 4/<j> + e tc....}...(l), 

which cannot be negative for any values of the co-ordinates. 
Now, though the values of the coefficients in this expression are 
not generally constant, they are to be taken as constant in the 
approximate investigation, since their variations, depending on 
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the infinitely small variations of rfr, <f> ; etc., can only give rise to Slightly 
terms of the third or higher orders of small quantities. Hence equilibrium. 
Lagrange’s equations become simply 


dt\d^)~ ’ dt\d<j>)~ ’ 


etc. 


( 2 ), 


and the first member of each of these equations is a linear func¬ 
tion of if, <£, etc., with constant coefficients. 

How, since we may take what origin we please for the gene¬ 
ralized co-ordinates, it will be convenient to assume that \f/, <£, 6, 
etc., are measured from the position of equilibrium considered; 
and that their values are therefore always infinitely small. 

Hence, infinitely small quantities of higher orders being 
neglected, and the forces being supposed to be independent of the 
velocities, we shall have linear expressions for % <£, etc., in 
terms of ij/, <fi, etc., which we may write as follows 
ty = a\\f + bcj> +c0 + ...1 

$ = ci'if/ ±bcj>-hcd + «.. > .,.. (3). 

etc. etc. J 


Equations (2) consequently become linear differential equations 
of the second order, with constant coefficients; as many in 
number as there are variables i j/, <j>, etc., to be determined. 

The regular processes explained in elementary treatises on dif¬ 
ferential equations, lead of course, independently of any particu¬ 
lar relation between the coefficients, to a general form of solution 
(§343 below). But this form has very remarkable characteristics 
in the case of a conservative system; winch we therefore 
examine particularly in the first place. In this case we have 


= • 


dV 

‘dxj,’ 


* dV + 
*=-^> etc - 


where V is, in our approximation, a homogeneous quadratic 
function of ifr, <£, ... if we take the origin, or configuration of 
equilibrium, as the configuration from which (§ 273) the poten¬ 
tial energy is reckoned. How, it is obvious* from the theory 


* For in the first place any such assumption as 

+ + ... 

<p=A'ip i +B’<p,+ ... 
etc., etc. 

gives equations for <p, etc., in terms of etc., with the same coefficients 


Simultane¬ 
ous trans¬ 
formation 
of two 
quadratic 
functions 
to sums of 
> squares. 


A , B, etc., if these are independent of t. Hence (the coordinates being i in 
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Slightly- 

disturbed 

equilibrium. 


of the transformation of quadratic functions, that we may, by a 
determinate linear transformation of the co-ordinates, reduce the 


Simultane¬ 
ous trans¬ 
formation 
of two 
quadratic 
functions 
to sums of 
squares. 


number) we have i 2 quantities A, A', A ",... B, B ', J3",... etc., to be determined 
by i 2 equations expressing that in 2 T the coefficients of 0 , 2 , 0 y 2 , etc. are each 
equal to unity, and of 0,0, etc. each vanish, and that in V the coefficients of 
0 , 0 ,, etc. each vanish. Rut, particularly in respect to our dynamical problem, 
the following process in two steps is instructive:— 

(1) Let the quadratic expression for T in terms of 0 2 , 0 2 , 00, etc., be 
reduced to the form 0, 2 +0, 2 +... hy proper assignment of values to A, B, etc. 
This may be done arbitrarily, in an infinite number of ways, without the 
solution of any algebraic equation of degree higher than the first; as we may 
easily see by working out a synthetical process algebraically according to the 
analogy of finding first the conjugate diametral plane to any chosen diameter of 
an ellipsoid, and then the diameter of its elliptic section, conjugate to any 

chosen diameter of this ellipse. Thus, of the hi --- ^ equations expressing that 

the coefficients of the products 0 , 0 ,, 0 , 0 y , 0 , 0 ,, etc. vanish in T, take first the 
one expressing that the coefficient of 0 , 0 , vanishes, and by it find the value of 
one of the B' s, supposing all the A’s and all the R’s hut one to be known. 
Then take the two equations expressing that the coefficients of 0 , 0 , and 0 , 0 *, 
vanish, and hy them find two of the C’s supposing all the C’s hut two to be 
known, as are now all the M’s and all the B’ s: and so on. Thus, in terms of 
all the A% all the JB’s hut one, all the C’s hut two, all the D’s but three, and so 
on, supposed known, we find hy the solution of linear equations the remaining 
B% C’s, D’s, etc. Lastly, using the values thus found for the unassumed 
quantities, B, C , X>, etc., and equating to unity the. coefficients of 0 2 , 0 , 2 , 0 , 2 , 
etc. in the transformed expression for 2T, we have i equations among the squares 

and products of the * assumed quantities, (i) A 1 a, (i— 1) J?’s, (£-2) C’s, 
z 

etc., hy which any one of the M’s, any one of the B 1 s, any one of the C% and so 

i — X) 

on, are given immediately in terms of the -h——- ratios of the others to them. 


Thus the thing is done, and 


( 2 ) These quantities may he determined by the 


disposable ratios are left undetermined. 

svtviiTiArl Vvtt ^ ^omio+.inTifl othtp 


equations express- 


Generalized 
orthogonal 
transforma¬ 
tion of co¬ 
ordinates. 


ing that also in the transformed quadratic V the coefficients of 0,0,, 0,0,, 
0 , 0 ,, etc. vanish. 

Or, having made the first transformation as in (1) above, with assumed values 
for -L__J disposable ratios, make a second transformation determinately thus:, 
L —Let 

V / / = ^// + m< f>» + •• 

0 / = r 0 „ + ?7t'0„+... 
etc., etc. 

where the £ 2 quantities l, m, ..., V, m', ... satisfy the (£ + 1) equations 
IV + mm’- f ...= 0 , n" + m'm" + ...= 0 , etc., 
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expression for 2T, which, is essentially positive, to a sum of Simplified 
squares of generalized component velocities, and at the same f^thf 10nS 
time V to a sum of the squares of the corresponding co-ordi- potential 
nates, each multiplied by a constant, which may be either positive energles * 
or negative, but is essentially real. [In the case of an equality 
or of any number of equalities among the values of these con¬ 
stants (a, j3 } etc. in the notation below), roots as they are of a 
determinantal equation, the linear transformation ceases to be 
wholly determinate; but the degree or degrees of indeterminacy 
which supervene is the reverse of embarrassing in respect to 
either the process of obtaining the solution, or the interpretation 
and use of it when obtained.] Hence ijr, <j> } ... may be so chosen 
that 

T= \ O/' 2 + <j> 2 + etc.) .(4), 

and ( a V + + etc.).(5), 

a, f3, etc., being real positive or negative constants. Hence 
Lagrange’s equations become 

— <xt^, <£ — — /?/>, etc...,...,..—(G). 

The solutions of these equations are 

\lf = A COS (tja — e), /> = A! COS (i^J — e*), etc.(/ ), equations 

of motion, 

A, e, A etc., being the arbitrary constants of integration. tSfcfndS 
Hence we conclude the motion consists of a simple harmonic “SiSof 
variation of each co-ordinate, provided that a, /?, etc., are all vibration * 
positive. This condition is satisfied when V is a true minimum 
at the configuration of equilibrium; which, as we have seen 
(§ 292), is necessarily the case when the equilibrium is stable. 

If any one or more of a, f3 ,... vanishes, the equilibrium might 


and Z 2 + m 2 -f- ... = 1, Z' 2 +m 2 + ... = 1, etc., Simultane¬ 

ous trans- 

leaving J i (i — 1) disposables. formation 

We shall still have, obviously, the same form for 2 T, that is:— quadratic 

; o - „ functions 

<PjA+ ... ^ ^ to sums of 

And, according to the known theory of the transformation of quadratic functions, squares, 
we may determine the \ — 1) disposables of Z, m 3 V, m'} ... so as to make 

the products of the co-ordinates yp u9 etc. disappear from the ex¬ 

pression for V, and give 

2 7=aft*+j80 // s +..., 

where a, /?, 7, etc., are the roots, necessarily real, of an equation of the ith 
degree of which the coefficients depend on the coefficients of the squares and 
products in the expression for V in terms of \p it <f> n etc. Later [(7'), (S) and (9) 
of § 843/], a single process for carrying out this investigation will he worked out. 
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[337. 

be either stable or unstable, or neutral; but terms of higher 
orders in the expansion of 7 in ascending powers and products 
of the co-ordinates would have to be examined to test it; and if 
it were stable, the period of an infinitely small oscillation in the 
value of the corresponding co-ordinate or co-ordinates would be 
infinitely great. If any or all of a, /?, y, ... are negative, 7is 
not a minimum, and the equilibrium is (§ 292) essentially un¬ 
stable. The form (7) for the solution, for each co-ordinate for 
which this is the case, becomes imaginary, and is to be changed 
into the exponential form, thus; for instance, let -a=a positive 
quantity. Thus 

.( 8 ), 

which (unless the disturbance is so adjusted as to make the 
arbitrary constant C vanish) indicates an unlimited increase 
in the deviation. This form of solution expresses the approxi¬ 
mate law of falling away from a configuration of unstable equili¬ 
brium. In general, of course, the approximation becomes less 
and less accurate as the deviation increases. 


We have, by (5), (4), (7) and (8), 

7 = \clA 2 [1 4 cos 2 (tja — e )] 4 etc. 1 

or 7= - Ip [2 CK+ 4 JPc-^p] - etc.) 

and T- \aA* [1 - cos 2 (tja — e )] 4 etc. | 

or T= } iP [-2CX+C^p+1P€~Wp] +etc.j 


( 9 ). 


( 10)5 


and, verifying the constancy of the sum of potential and kinetic 
energies, 


or 


T+V = l (olA* + J3A /Z 4 etc.) 

T 4 7= - 2 (pCK+ qC r lP+ etc.) 


(ii). 


One example for the present will suffice. Let a solid, im¬ 
mersed in an infinite liquid (§ 320), be prevented from any 
motion of rotation, and left only freedom to move parallel to a 
certain fixed plane, and let it be influenced by forces subject to 
the conservative law, which vanish in a particular position of 
equilibrium. Taking any point of reference in the body, choosing 
its position when the body is in equilibrium, as origin of rect¬ 
angular co-ordinates OX , OY , and reckoning the potential energy 
from it, we shall have, as in general, 

2T = Ax 2 4 By* + 2 Cxy ; 27= ax* 4 by* 4 2 eery, 
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the principles stated in § 320 above, allowing us to regard the Example of 
co-ordinates x and y as fully specifying the system, provided tai modes.’ 
always, that if the body is given at rest, or is brought to rest, 
the whole liquid is at rest (§ 320) at the same time. By solving 
the obviously determinate problem of finding that pair of conju¬ 
gate diameters which are in the same directions for the ellipse 

Ax 2 + By 2 + 2 Gxy = const., 
and the ellipse or hyperbola, 

ax 2 + by 2 + 2 cxy = const., 

and choosing these as oblique axes of co-ordinates (x x , y x ), we 
shall have 

2 T= A x x 2 + B x y 2 , and 2 F = ci x x 2 + \y* m 

And, as A x , B x are essentially positive, we may, to shorten our 
expressions, take x x JA x = i[/ y y x .JB X = $; so that we shall have 

2T = ij/ 2 + (j> 2 , 2 V = a\j/ 2 + (3<f> 2 } 

the normal expressions, according to the general forms shown 
above in (4) and (5). 

The interpretation of the general solution is as follows :— 

338. If a conservative system is infinitely little displaced General 
from a configuration of stable equilibrium, it will ever after fundamen- 

^ ** 1&l 1 modes of 

vibrate about this configuration, remaining infinitely near it; infinitely 

° . . .... small 

each particle of the system performing a motion which is com- 
posed of simple harmonic vibrations. If there are i degrees of Jp 1 ^ 011 
freedom to move, and we consider any system (§ 202) of gene- librium, 
ralized co-ordinates specifying its position at any time, the 
deviation of any one of these co-ordinates from its value for the 
configuration of equilibrium will vary according to a complex 
harmonic function (§ 68), composed of i simple harmonics gene¬ 
rally of incommensurable periods, and therefore (§ 67) the whole 
motion of the system will not in general recur periodically 
through the same series of configurations. There are, however, 
i distinct displacements, generally quite determinate, which we 
shall call the normal displacements , fulfilling the condition, that Normal dis- 
if any one of them be produced alone, and the system then left tomequi- 
to itself for an instant at rest, this displacement will diminish 
and increase periodically according to a simple harmonic func- 
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Fundamen- tion of the time, and consequently every particle of the system 

talmodesof . i J 

vibration, will execute a simple harmonic movement m the same period. 
This result, we shall see later (Yol. il), includes cases in which 
there are an infinite number of degrees of freedom; as for in¬ 
stance a stretched cord; a mass of air in a closed vessel; waves 
in water, or oscillations of water in a vessel of limited extent, or 
of an elastic solid; and in these applications it gives the theory 
of the so-called “ fundamental vibration,” and successive “ har¬ 
monics” of a cord or organ-pipe, and of all the different possible 
simple modes of vibration in the other cases. In all these cases 
it is convenient to give the name “ fundamental mode 39 to any 
one of the possible simple harmonic vibrations, and not to 
restrict it to the gravest simple harmonic mode, as has been 
hitherto usual in respect to vibrating cords and organ-pipes. 

The whole kinetic energy of any complex motion of the sys¬ 
tem is [§ 337 (4)] equal to the sum of the kinetic energies of 
of potential the fundamental constituents; and [§ 337 (5)] the potential 
energy. ener gy 0 f any displacement is equal to the sum of the potential 
energies of its normal components. 

infinitesi- Corresponding theorems of normal constituents and funda- 
in neigh- mental modes of motion, and the summation of their kinetic 

coifigu?a-° f and potential energies in complex motions and displacements, 
stable equi- hold for motion in the neighbourhood of a configuration of un¬ 
stable equilibrium. In this case, some or all of the constituent 
• motions are fallings away from the position of equilibrium 
(according as the potential energies of the constituent normal 
vibrations are negative). 

339. If, as may be in particular cases, the periods of the 
vibrations for two or more of the normal displacements are equal, 
any displacement compounded of them will also fulfil the condi¬ 
tion of being a normal displacement. And if the system be dis¬ 
placed according to any one such normal displacement, and 
projected with velocity corresponding to another, it will execute 
a movement, the resultant of two simple harmonic movements 
in equal periods. The graphic representation of the variation 
of the corresponding co-ordinates of the system, laid down as 
two rectangular co-ordinates in a plane diagram, will conse¬ 
quently (§ 65) be a circle or an ellipse; which will therefore, 


Case of 
equality 
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Graphic 

representa¬ 

tion. 
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of course, be the form of the orbit of any particle of the system Graphic 
which has a distinct direction of motion, for two of the displace- ST 6013 " 
ments in question. But it must be remembered that some of 
the principal parts [as for instance the body supported on the 
fixed axis, in the illustration of § 319, Example (C)] may have 
only one degree of freedom; or even that each part of the 
system may have only one degree of freedom, as for instance if 
the system is composed of a set of particles each constrained to 
remain on a given line, or of rigid bodies on fixed axes, mutually 
influencing one another by elastic cords or otherwise. In such 
a case as the last, no particle of the system can move otherwise 
than in one line; and the ellipse, circle, or other graphical re¬ 
presentation of the composition of the harmonic motions of the 
system, is merely an aid to comprehension, and is not the orbit 
of a motion actually taking place in any part of the system. 

340. In nature, as has been said above (§ 278), every system 
uninfluenced by matter external to it is conservative, when 
the ultimate molecular motions constituting heat, light, and 
magnetism, and the potential energy of chemical affinities, 
are taken into account along with the palpable motions and 
measurable forces. But (§ 275) practically we are obliged to Dissipative 
admit forces of friction, and resistances of the other classes systems * 
there enumerated, as causing losses of energy, to be reckoned, 
in abstract dynamics, without regard to the equivalents of heat 
or other molecular actions which they generate. Hence when 
such resistances are to be taken into account, forces opposed 
to the motions of various parts of a system must be introduced 
into the equations. According to the approximate knowledge 
which we have from experiment, these forces are independent 
of the velocities when due to the friction of solids: but are 
simply proportional to the velocities when due to fluid viscosity 
directly, or to electric or magnetic influences; with corrections 
depending on varying temperature, and on the varying con¬ 
figuration of the system. In consequence of the last-mentioned 
cause, the resistance of a real liquid (which is always more or 
less viscous) against a body moving rapidly enough through it, 
to leave a great deal of irregular motion, in the shape of 
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views of “ eddies/ 5 in its wake, seems, when the motion of the solid has 

resistance been kept long enough uniform, to be nearly in proportion to 
moving the square of the velocity; although, as Stokes has shown, at 
& ia the lowest speeds the resistance is probably in simple proportion 
to the velocity, and for all speeds, after long enough time of 
one speed, may, it is probable, be approximately expressed as 
Stokes’ pro- the sum of two terms, one simply as the velocity, and the 
a ° aw * other as the square of the velocity. If a solid is started from 
rest in an incompressible fluid, the initial law of resistance is 
no doubt simple proportionality to velocity, (however great, if 
suddenly enough given;) until by the gradual growth of eddies 
the resistance is increased gradually till it comes to fulfil 
Stokes’ law. 

Friction of 341. The effect of friction of solids rubbing against one 
sohds * another is simply to render impossible the infinitely small 
vibrations with which we are now particularly concerned; and 
to allow any system in which it is present, to rest balanced 
when displaced, within certain finite limits, from a configuration 
of frictionless equilibrium. In mechanics it is easy to estimate 
its effects with sufficient accuracy when any practical case of 
finite oscillations is in question. But the other classes of dis¬ 
sipative agencies give rise to resistances simply as the velocities, 
Resistances without the corrections referred to, when the motions are in- 
veiocitfesf finitely small; and can never ‘ balance the system in a con¬ 
figuration deviating to any extent, however small, from a 
configuration of equilibrium. In the theory of infinitely small 
vibrations, they are to be taken into account by adding to the 
expressions for the generalized components of force, proper 
(§ 343 a , below) linear functions of the generalized velocities, 
which gives us equations still remarkably amenable to rigorous 
mathematical treatment. 

The result of the integration for the case of a single degree 
of freedom is very simple; and it is of extreme importance, 
both for the explanation of many natural phenomena, and for 
use in a large variety of experimental investigations in Natural 
Philosophy. Partial conclusions from it are as follows:— 

If the resistance per unit velocity is less than a certain 
critical value, in any particular case, the motion is a simple 
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harmonic oscillation, with amplitude decreasing in the same Resistances 
ratio in equal successive intervals of time. But if the re-veiSine^ 
sistance equals or exceeds the critical value, the system when 
displaced from its position of equilibrium, and left to itself, 
returns gradually towards its position of equilibrium, never os¬ 
cillating through it to the other side, and only reaching it after 
an infinite time. 

In the unresisted motion, let ?i 2 be the rate of acceleration, 
when the displacement is unity; so that (§ 57) we have 


27r 


T = —: and let the rate of retardation due to the resistance 
n 

corresponding to unit velocity be Jc. Then the motion is of the 
oscillatory or non-oscillatory class according as k? < (2 ?if or Effect of 
Jc 1 > (2 nf. In the first case, the period of the oscillation is va^ing 

V ^ velocity 

increased by the resistance from T to T — — 77 ^ 7 , and the rate motion? 


at which the Napierian logarithm of the amplitude diminishes 
per unit of time is \k. If a negative value be given to Jc, the 
case represented will be one in which the motion is assisted, 
instead of resisted, by force proportional to the velocity: but 
this case is purely ideal. 


The differential equation of motion for the case of one degree 
of motion is 

i jj 4 kip - 1 - n 2 \j/ = 0; 

of which the complete integral is 

ip = {A sin n't 4 B cos n't}€~» u , where n! — J ( n 2 — \k~), 
or, which is the same, 

ip = (Ce~ n ' f 4 (7W)e“* w , where n, = J(\k*-n% 

A and B in one case, or C and C in the other, being the arbitrary 
constants of integration. Hence the propositions above. In the Case^of^ 
case of k 2 = (2 n) 2 the general solution is \p = (C + C't) €“***. q a 

342. The general solution [§ 343 a (2) and § 345 1 ] of the infinitely 
problem, to find the motion of a system having any number,?, of « 

degrees of freedom, when infinitely little disturbed from a position system, 
of stable equilibrium, and left to move subject to resistances 
proportional to velocities, shows that the whole motion may be 
resolved, in general determinately, into 2 i different motions each 
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either simple harmonic with amplitude diminishing according 
to the law stated above, or noil-oscillatory and consisting of 
equi-proportionate diminutions of the components of displace¬ 
ment in equal successive intervals of time. 

343. It is now convenient to cease limiting our ideas to 
infinitely small motions of an absolutely general system through 
configurations infinitely little different from a configuration of 
equilibrium, and to consider any motions large or small of a 
system so constituted that the positional* forces are proportional 
to displacements and the motional* to velocities, and that the 
kinetic energy is a quadratic function of the velocities with 
constant coefficients. Such a system we shall call a cycloidal f 
system; and we shall call its motions cycloidal motions. A good 
and instructive illustration is presented in the motion of one 
two or more weights in a vertical line, hung one from another, 
and the highest from a fixed point, by spiral springs. 

343 a. If now instead of ip, </>,... we denote by \p 1 , ip 2 ,... the 
generalized co-ordinates, and if we take 11, 12, 21, 22..., n, 12 , 
21 , 2 2 ,... to signify constant coefficients (not numbers as in the 
ordinary notation of arithmetic), the most general equations of 
motions of a cycloidal system may be written thus : 


* Much trouble and verbiage is to be avoided by the introduction of these 
adjectives, which will henceforth be in frequent use. They tell their own 
meanings as clearly as any definition could. 

+ A single adjective is needed to avoid a sea of troubles here. The adjective 
1 cycloidal’ is already classical in respect to any motion with one degree of 
freedom, curvilineal or rectilineal, lineal or angular (Coulomb-torsional, for ex¬ 
ample), following the same law as tlie cycloidal pendulum, that is to say :—the 
displacement a simple harmonic function of the time. Tho motion of a particle 
on a cycloid with vertex np may as properly bo called cycloidal; and in it the 
displacement is an imaginary simple harmonic, or a real exponential, or the 
sum of two real exponentials of the time 

+C'e~ l ^ L t)- 

In cycloidal motion as defined in the text, each component of displacement is 

proved to be a sum of exponentials (Ce^q- C*e A ^q-etc.) real or imaginary, 
reducible to a sum of products of real exponentials and real simple harmonics 

[(7/^cos (at - e) + C'e m * cos (n'£ - e') q- etc.]. 
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d /dT\ ,. . , n . 

*(#;) +11,/ '' +12 ^ + - +ii ^ +I2 ^ + - =0 

. <11 

etc. etc. 

Positional forces of tlie non-conservative class are included by 
not assuming 12 = 21 , 13 = 31 , 23 = 32 , etc. 

The theory of simultaneous linear differential equations with 
constant coefficients shows that the general solution for each 
co-ordinate is the sum of particular solutions, and that every 
particular solution is of the form 

\j/ l — 1 j/ 2 = a,€ Kt .( 2 ). 

Assuming, then, this to be a solution, and substituting in the Their soiu- 
differential equations, we have tKm ' 


X 2 ^-b X (1 l&j 4- 1 2& 2 -4-...) + IIG& l +1 2CV 0 4- ... =0 

X 2 ^ +^(21^ 4- 22a„ 4 ...) 4 2 m, 4- 22 a a + ... -0 


etc. 


etc. 


•( 3 ), 


where ® denotes the same homogeneous quadratic function of 
a 2 ..., that T is of These equations, i in number, 

determine X by the determinantal equation 

(ii)X 2 4 11X4 11 , (i 2 )X 2 4- 12X + 12 ,... 

( 2 l)X 3 4- 21X 4 21 , (22)X 2 4- 22X4 22 ,... ~ 


where (n), ( 22 ), ( 12 ), ( 21 ), etc. denote the coefficients of squares 
and doubled products in the quadratic, 2 T; with identities 

( 12 ) = ( 21 ), ( 13 ) = ( 31 ), etc.(5). 

The equation (4) is of the degree 2i, in X; and if any one of its 
roots be used for X in the i linear equations (3), these become 
harmonized and give the i - 1 ratios a„ / a 1 , a z ja v etc .; and we 
have then, in ( 2 ), a particular solution with one arbitrary con¬ 
stant, a . Thus, from the 2i roots, when unequal, we have 2i 
distinct particular solutions, each with an arbitrary constant; 
and the addition of these solutions, as explained above, gives the 
general solution. 


24—2 
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343 b. To show explicitly the determination of the ratios 
a a /a l9 %/a^ etc. put for brevity 
(ii)X 2 + 11A+ ii = ri, ( 12 ) A 2 + 12A.+ 12 = 1 * 2 , etc., 

( 32 ) X s + 32X + 32 = 3 - 2 , etc.(5)'; 

and generally let j'k denote the coefficient of a k in the j th equa¬ 
tion of (3), or the k th term of the j ih line of the determinant (to 
be called D for brevity) constituting the first member of (4). 
Let M(j'k) denote the factor of j'k in D so that j'k.M(j-Jc) 
is the sum of all the terms of D which contain j'h y and 
we have 

.( 5 r> 

because in the sum 22 each term of D clearly occurs i times: 
and taking different groupings of terms, but each one only once, 
we have 

D= 1 -i M (ri) + i *2 if ( 1 * 2 ) + 1 -3 if ( 1 * 3 ) + etc.' 

= 2*1 if ( 2 *l) 4- 2*2 if ( 2 * 2 ) 4- 2*3 if ( 2 * 3 ) 4- etc. 

= 3*1 M ( 3 * 1 ) + 3*2 if ( 3 * 2 ) + 3*3 if ( 3 * 3 ) + etc. 

. >....(5 )"' 

= ri if (i*i) + 2*1 if ( 2 * 1 ) + 3*1 if ( 3 * 1 ) + etc. 

= i *2 if ( 1 * 2 ) + 2*2 if ( 2 * 2 ) 4 3*2 if ( 3 * 2 ) 4-etc. 

= 1*3 if ( 1 * 3 ) -f 2*3 if ( 2 * 3 )+ 3'3 if ( 3 * 3 ) + etc. 


Minor 

determi¬ 

nants. 


in all 2 i different expressions for D. 

Farther, by the elementary law of formation of determinants 
we see that 


M(j ~ ii- 1 ) = (- 1 ) ({_lX/+ * ) 


j-k, j-(k+i), j-(k+ 2 ), ...j-i, j-i, j- 2 , ..., f(k- 2 ) 

. 

U+2Y&, . 


I 'ICj 

2'k, 




, <j-2y(k-2)\ 

.(«r. 
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or 

or 


The quantities if(ri), if ( 1 * 2 ), .if {j'k), thus defined Minors of 

are what are commonly called the first minors of the determi- ^ e t termi " 
nant D, with jusfc this variation from ordinary usage that the 
proper signs are given to them by the factor 

in 5 iv so that in the formation of D the ordinary complication of 
alternate positive and negative signs when i is even and all 
signs positive when i is odd is avoided. In terms of the nota¬ 
tion (5)' the linear equations (3) become 


rioq + i*2a 2 +.+1^ = 0"] 

2'ia x 4- 2 * 2^2 +. + 2’ia. = 0 I 

i'ia x 4 - i' 2 a 2 4 -. 4- i'icii = 0 ^ 




and when D = 0, which is required to harmonize them, they 
may be put under any of the following i different but equivalent 
forms, 

_ a 2 __ _ _ a s __ e + c 

M{ i*i) M (1*2) M (1-3) 

a 1 __ a 2 _ a 3 _ , 

M (2*1) ” if (2*2) if (2-3) e C# f . 


= - > -7 3 = etc. 


if (3*1) if (3*2) if (3-3) 


from which we find 

0. M(T2) if (2*2) if (3*2) 

M{vi) if( 2'l) if (3*1) 

_ if (1*3) __ if (2- 3 ) _ jf( 3 ‘ 3 ) _ ctc 
~ if (i*i) ~ if (2*1) ~~ if (3*1) 


( 5 )™ 


The remarkable relations here shown among the minors, due Relations 

. among tlio 

to the evanescence of the major determmant are well known minors of 

in algebra. They are all included in the following formula, cent V deter- 

0 minant. 

M(J-k) . M{ln)-M{j-n) . if {lie) = 0.(5)^, 

which is given in Salmon’s Higher Algebra (§33 Ex. 1), as a 
consequence of the formula 

if {yk) . if {In) - if (i*w). if {Ik) = D .if (i, f&, »)... (5)**, . . 

where M{j,l%n) denotes the second minor formed by sup¬ 
pressing the j th and columns and the k th and n th lines. 
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343 c. When there are equalities among the roots the 
problem has generally solutions of the form 

ft = + & 2 ) * xt , ft = (c 2 t 4 6j) e^, etc.(6). 

To prove this let X, X' be two unequal roots which become 
equal with some slight change of the values of some or all of the 
given constants (n), 11, n, ( 12 ), 12, 12 , etc.; and let 

ft = Aj€ yt — A^, ft — — A 2 * x \ etc.(6)' 

be a particular solution of (1) corresponding to these roots. 

Now let 

c^A/(X'-X), c 2 = A'(X'-X), etc. "I 
and = A[ - A lf b 2 = A 2 ' — A 2 , etc. J.' ' * 

Using these in (6)' we find 

gX t jAj gX t H gXi 

ft = + W ft = C a y" y + etc.. .(6)'". 

To find proper equations for the relations among b l9 b 2 ,.. .c x , c 2 , ... 
in order that (6) /// may be a solution of (1), proceed thus:—first 
write down equations (3) for the X' solution, with constants ft', ft', 
etc.: then subtract from these the corresponding equations for 
the X solution: thus, and introducing the notation (6)", we find 

{(ii)X' a + IIX'4- ii}c x + {(i 2 )X /2 + 12X' + i 2 }c 2 + etc> =0| 

{( 21 )X' 2 + 21X' + 21 } c x + {(2 2 )X' S + 22X' + 22 }c 2 + etc. = 0|...(6) iv , v 
etc. etc. J 

and 


{(11) X' s 4 11X'4 11} b x + {(12) X' 2 4- 12X'+ 12} b 2 + etc. 

= -K-6 1 (V-X)]{(ii)(X + A') + 11} 

— [c, - b 3 (V - X)] {(12) (X + X') + 12} - etc. 

{(21)X' 2 4 21X'+ 21} 6 X + {(22)X' 2 4 22X' 4 - 22} b 2 + etc. 

= (X r —X)]{(21) (X+ X') + 21} 

- [c 2 - b 2 (X' - X)] {(22) (X 4- X') 4 22} 4- etc. 

etc. etc. 


..(6) v 


Case of 
equal roots. 


Equations (6) !v require that X' be a root of the determinant, and 
i- 1 of them determine i- 1 of the quantities c 1? c s , etc. in terms 
of one of them assumed arbitrarily. Supposing now c 1} c 2 , etc. 
to be thus all known, the i equations (6) v fail to determine the i 
quantities b u b 2 , etc. in terms of the right-hand members 
because X' is a root of the determinant. The two sets of 
equations (6) iv and (6) v require that X be also a root of the de¬ 
terminant : and i - 1 of the equations (6) v determine i - 1 of the 
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quantities 5 1? b. 2i etc. in terms of c l9 c. 2 , etc. (supposed already Case of 
known as above) and a properly assumed value of one of the b J s. W0t8 ’ 

343 d. When A' is infinitely nearly equal to A, (6)'" becomes 
infinitely nearly the same as (6), and (6) iv and (6) v become in 
terms of the notation (5)' 

i*i c, + i *2 c 2 + etc. = Ol , 

2 *i Cj + 2*2 c 2 + etc. = 0 >.(G) vi , 

etc. etc. 


i*i b l - s r i*2 b 2 + etc. = 

2 *i &!+ 2*2 5 2 + etc. = 
etc. 


C?I*I cfa*2 

-Ci_ 5r~ C2- 5r 

*?2*I C?2*2 

Cl dA ° 2 dA 
etc. 


— etc. 


— etc. 


1 

‘.(er. 


i 

j 


These, (6)*, (6) vu , are clearly the equations which we find 
simply by trying if (6) is a solution of (1). (6)" requires that A 

be a root of the determinant D; and they give by (5) vi with c 
substituted for a the values of i - 1 of the quantities c 1? q>, etc. 
in terms of one of them assumed arbitrarily. And by the way 
we have found them we know that (6)™ superadded to (6)^ 
shows that A must be a dual root of the determinant. To verify 
this multiply the first of them by J/(i*i), the second by 
M( 2 *i), etc., and add. The coefficients of 5 2 , & 3 , etc. in the sum. 
are each identically zero in virtue of the elementary constitution 
of determinants, and the coefficient of b 1 is the major determinant 
D . Thus irrespectively of the value of A we find in the first place, 

-c 2 {if (ri) +i/(2-1)+ etc.|-etc.(6)*. 

Now in virtue of (6) vl and (5) v we have 


°> 2 

ci. 


— = — 3 , etc. 
c, a, 


Using successively the several expressions given by (5) vU for 
these ratios, in (6) Yiii , and putting D= 0, we find 


0 = 2/S/if(j-X-)U, 


n cW 
or0 = ^’ 


which with D = 0 show T s that A is a double root. 

Suppose now- that one of the c’s has been assumed, and the 
others found by (6) vi : let one of the 5’s be assumed : the other 
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i~l 6’s are to be calculated by i - 1 of the equations (6) vii . Thus 
for example take b x = 0 . In the first place use all except the 
first of equations (6)^ to determine b 2 , & 3 , etc.: we thus 
find 


-|i7(i,2-i,2)^+i¥(x,2-i,3)^+etc.jc 2 - etc. ' 

•f Jf(ri)5 3 =etc. if(i*i) 5 4 =etc. etcu etc. 

Secondly, use all except the second of (6) vU to find b 2 , b 3 , etc.: 
we thus find 

M (2-1) b 2 = etc., M (2*i) b 3 = etc., M (2*1) b 4 = etc.(6) x . 

Thirdly, by using all of (6) vii except the third, fourthly, all 
except the fourth, and so on, we find 

if(3*1) b 2 = etc., M (3-1) b 3 = etc., if(3*1) b 4 = etc.(6) xi . 

J!k 343 a In certain cases of equality among the roots (343 m) 

is found that values of the coefficients (11), 11, n ? etc. 
W'X'-X ^(/) i* , ^*difiering infinitely little from particular values which give the 

£ ive val - ucs a i ancl a i> a z an(i a 2> et °., which are 
x"not infinitely nearly equal. In such cases we see by (6)" that 
^ 6 2 , etc. are finite, and c x , c 2 , etc. vanish : and so the solution 

52. - ek* does not contain terms of the form U xt : but the requisite number 


JJL jhUic < ' 0 PU^b0 

fc A t I y 


of arbitrary constants is made up by a proper degree of inde- 




•*&« aAJL terminateness in the residuary equations for the ratios b 2 /b x) 
b 3 1 b x , etc. 

Now when c x = 0, c 2 =0, etc. the second members of equa¬ 
tions (6) ix , (6) x , (6) xi , etc. all vanish, and as b 2 , b 3 , & 4 , etc. do not all 
vanish, it follows that we have 

M(r i) = 0 , M( 2 *i) = 0 , if (3*1) = 0 , etc. (6f\ 

Case of Hence by ( 5 )™ or ( 5 )™ we infer that all the first minors are 

and evanes- zero for any value of A which is doubly a root, and which yet 
does not give terms of the form te u in the solution. This 
important proposition is due to llouth*, who, escaping the errors 
of previous writers (§ 343 m below), first gave the complete 
theory of equal roots of the determinant in cycloidal motion. 


* Stability of Motion (Adams Prize Essay for 1877), chap. 1 . § 5. 

Y (?**') ^ (fr,? * /,$} fit ojf, m (v. £- > y 7 ^ 
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He also remarked that the factor t does not necessarily imply 
instability, as terms of the form U~ v \ or te~ pt cos ( nt-e ), when p 
is positive, do not give instability, but on the contrary corre¬ 
spond to non-oscillatory or oscillatory subsidence to equilibrium. 


343/ We fall back on the case of no motional forces by 
taking 11 = 0, 12 = 0, etc., which reduces the equations (3) for 
determining the ratios a 2 [ a z [ cq, etc. to 


A 2 ^ + i ia x + 1 2 a z + etc. = 0, A 2 ^ + 21 ^ + 22 ^ + etc. = 0, etc. (7), 
cwq wcq 


or, expanded, 

[( 11 ) A 2 + 11 ] cq + [( 12 ) A 2 -f 12 ] eq 4 - etc. = 0 1 
[( 21 ) A 2 + 21 ] +[( 22 ) A 2 -f 22 ] <q + etc. = 0 J '* 

The determinantal equation (4) to harmonize these simplified 
equations (7) or (7') becomes 


(ii)A 2 +ii, (12) A 2 + 12, ... 
(21) A 2 + 21, (22) A 2 + 22,... 


= 0 . 


.( 8 ). 


This is of degree i, in A 2 : therefore A has % pairs of oppositely 
signed equal values, which we may now denote by 
sis A, sfc A', ^ A", ... * 


and for each of these pairs the series of ratio-equations (7') are 
the same. Hence the complete solution of the differential equa¬ 
tions of motion may be written as follows, to show its arbitraries 
explicitly :— 

*1 = 

j, = - 3 (4e« + Be-U) + ^ (AW + BW‘) +%, (A’W* +B’W t )+e tc. 

3 cq a 1 c\ 

etc. etc. etc. 


(Ac** + Be-**) + (AW + B , €- xt ) + (iV *+B''e-x «) + etc/] 

a 2 , , t , wx a a ' , Jr ™ ^ aj 

a , 


(Atu + Bt-u) +^,(AW + BU-M)+^,(A'Wt+B'’ ( -M)+e tc. i 


where A, B; A', i>'j A ", B" j etc. denote 2i arbitrary constants, 
and 


a 2 

a. 


<h 

a . 


5 / 

a! 


7 , ... , etc., 


are i sets of i - 1 ratios each, the values of which, when all the 
i roots of the determinantal equation in A 2 have different values, 
are fully determined by giving successively these i values to A 2 


Routh’s 

theorem. 


Case of no 

motional 

forces. 


(9), 



w 
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343 g. When there are equal roots, the solution is to be 
completed according to § 343 d or e , as the case may be. The 
case of a conservative system (343 h) necessarily falls under § 343 e, 
as is proved in § 343 m. The same form, (9), still represents the 
complete solutions when there are equalities among the roots, but 
with changed conditions as to arbitrariness of the elements appear¬ 
ing in it. Suppose X 2 = V 2 for example. In this case any value 
may be chosen arbitrarily for a 2 /a l9 and the remainder of the 
set a s /a l9 a 4 /a x ... are then fully determined by (7'); again 
another value may be chosen for a 2 ja ', and with it a 3 '/a x9 
a A / a' 9 ... are determined by a fresh application of ( 7 ') with 
the same value for X 2 : and the arbitrages now are A + A', 
JB + B', 


-'A + % A’, ^B + %£’, A", B", A’", B"\ andJO-D, 

Cl , Cl. Cl. &. 


numbering still 2 i in all. Similarly we see how, beginning 
with the form (9), convenient for the general case of i different 
roots, we have in it also the complete solution when X 2 is triply, 
or quadruply, or any number of times a root, and when any 
& other root or roots also are double or multiple. 


Cycloidal 
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343 h. For the case of a conservative system, that is to say, 
the case in which 

12 = 21 , 13 = 31, 23 = 32 , etc., etc.( 10 ), 

the differential equations of motion, ( 1 ), become 

d fdT\ dV A d (dT\ dV n 

+ . < 0) ' 

and the solving linear algebraic equations, (3), become 

+ * + ^-0 .( 10 "), 

da x dci l da 2 da 2 

where 


(n</q 2 +2. 121 /^+etc.), and V'=^(iia 1 2 +2. i2a 1 a 2 +etc.)...(I0 f/ '). ■ 


In this case the i roots, X 2 , of the determinantal equation are the 
negatives of the values of a, of our first investigation; and 
fee atftnfc* thus in ( 10 "), ( 8 ), and (9) we have the promised solution by one 

TWiJl >3%3.y completely expressed process. From § 337 and its footnote we 

infer that in the present case the roots X 2 are all real, whether 
negative or positive. 

■AS- lAstcu. fcra, at Ha. -ttafc ^ Wwrf) 
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In § 337 it was expressly assumed that T (as it must be in Cycloidal 
the dynamical problem) is essentially positive; but the investiga- Conserva¬ 
tion was equally valid for any case in which either of the quad- tionaTand 
ratios T or V is incapable of changing sign for real values of the forces. 11 ’ 
variables (i^ 1? etc. for T, or i/q, ^ 2 , etc. for F). Thus we 
see that the roots A 2 are all real when the relations (5) and (9) 
are satisfied, and when the magnitudes of the residual indepen¬ 
dent coefficients (n), ( 22 ), ( 12 ), ... and 11 , 22 , 12 , ... are such 
that of the resulting quadratics, U, one or other is essen¬ 
tially positive or essentially negative. This property of the 
determinantal equation (7' ) is very remarkable. A more direct 
algebraic proof is to be desired. Here is one:— 

343 Jc. Writing out (7 r ) for A 2 , and for A' 2 , multiplying the 
first for A 2 by the second by \a t and so on, and adding; 
and again multiplying the first for A' 2 by the second by 
and so on, and adding, we find 

A 2 ® (a, a') + 17(&, a) = 0| /m 

and A /2 ®(a, a') + ?P(a, a') = 0) . ( h 

where 

® (a, <*)=i {(11) a l a 1 ' + (i 2 )(cc 1 a 2 '+ a 2 a') + etc. ft 
and 17 (a, a') = \ { 11 a 1 a/+ 12 (a x a 2 + a 2 a{) + etc.}J *’* 

Remark that according to this (12) notation ® (a, a) means 
the same thing as ® simply, according to the notation of (3) etc. 
above, and ® (i£, \fr) the same thing as T. Remark farther that 
® (a, a') is a linear fimction of a 1} a 2 , ... with coefficients each 
involving a x a 0 ', ... linearly; and that it is symmetrical with 
reference to a xJ a/, and a 2 , a 2 \ etc.; and that we therefore 
have 

®(mp, y) = m®(/;, y>')=®(y>, nip 1 ) and ) ...(13). 

® (mp + nq, m'p -hn'q) = mm ®(^, p) + (mu' -f m'n) ® (p, q) J rmi ® (q, q)j 

Precisely similar statements and formulas hold for 17 (a, a'). 

Prom (11) we infer that if A 2 and A' 2 be unequal we must 
have 

® (c&, a') = 0, and 17 (a, a') - 0.(14). 

Now if there can be imaginary roots, A", let A - = p + <r */— 1 
and A /2 = p - tr J— 1 be a pair of them, p and cr being real. And, 

£>,, VdP*’ etc. being real > let^ + ^y-l, Pi — Qi s/“ i? be 
arbitrarily chosen values of a l9 a,', and let 

2 ? 3 4 '9 r 9N/" 1 >l ? 3 + 2 f 3*7“ ^ **• 
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i 


i 


Case of 
equal roots. 


be the determinately deduced values* of a 2 , a z , a', a ', ... 
according to (7'); we have, by (13), with 

m = m' = 1 , n = J— 1 , n' = -J— 1 , 

® (a, a ') = ® (p, p) + ® (q, ?)) 

and V (a, a!) =3? (p, p) + V{q, q) I . (U 

Now by hypothesis either ® (x, x), or 3T (x, x) is essentially of 
one sign for all real values of x l7 x a , etc. Hence the second 
member of one or other of equations (14') cannot be zero, because 
p l9 and q v q 2 ,... are all real. But by (14) the first 

member of each of the equations (14') is zero if A 2 and A' 2 are 
unequal: hence they are equal: hence 4 either p x - 0, p 2 = 0, etc., 
or <7 =0, q 2 = 0, etc., that is to say the roots A 2 are all necessarily 
real, whether negative or positive. 

343 l . Farther we now see by going back to (11):— 

(a) if for all real values of x v x 2 ,... the values of ® (sc, x) 
and Tff (x, x) have the same unchanging sign, the roots A 2 are all 
negative; 

(b) if for different real values of x v x 2 , etc., one of the two 
® (sc, x), TP (sc, x) has different signs (the other by hypothesis 
having always one sign), some of the roots A 2 are negative and 
some positive; 

(c) if the values of ® and Tff have essentially opposite signs 
(and each therefore according to hypothesis unchangeable in 
sign), the roots A 2 are all positive. 

The (a) and (c) of this tripartite conclusion we see by taking 
A' 2 = A 2 in (11), which reduces them to 

A 2 ® (a, a) + TP (a, a) = 0.(15), 

and remarking that a 8i a B , etc. are now all real if we please to 
give a real value to cq. The (b) is proved in § 343 o below. 

343 m. From (14) we see that when two roots A 2 , A' 2 , are 
infinitely nearly equal there is no approach to equality between 

and a', a 2 and a 2 , and therefore, when there are no motional 
forces, and when the positional forces are conservative, equality 
of roots essentially falls under the case of § 343 e above. This 
may be proved explicitly as follows :—let 

•A. = ( a i l + h i) * U > <A,= («,< + K) etc .(15)' 


* Cases of equalities among the roots are disregarded for the moment merely 
to avoid circumlocutions, but they obviously form no exception to the reasoning 
and conclusion. , j 
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be the complete solution corresponding to the root X supposed to 
be a dual root. Using this in equations (1) and equating to zero 
in each equation so found the coefficients of U u and of with 
the notation of (12) we find 
x 9 dZ (a, a) t dV (a, a) A ^ 2 dZ(a, a) t dW (a, a) 
da x da x ~ 9 dco 2 + da 2 

x * dZ(b,b) j 

db x da x db x 9 

+ o, et , 

db 2 da 2 db 2 

Multiplying the first, second, third, etc. of (15)" by b v b 3 , etc. 


and adding we find 

X 2 ® (a,6) + F(a, b) = Q .(15) iv ; 

and similarly from (15)'" with multipliers a v a 2 , etc. 

X 2 ® (a, b) + F (a, b) + 2XZ (a, a) = 0.(15)\ 


Subtracting (15) iv from (15) v we see that Z (a, a) — 0. Hence we 
must have a x = 0, a 2 — 0, etc., that is to say there are no terms of 
the form te u in the solution. It is to be remarked that the in¬ 
ference of a x — 0, a 3 = 0, etc. from Z (a, a) = 0, is not limited to 
real roots X because X 2 in the present case is essentially real, and 
whether it be positive or negative the ratios ujcv v aja v etc., are 
essentially real. 

It is remarkable that both Lagrange and Laplace fell into 
the error of supposing that equality among roots necessarily 
implies terms in the solution of the form te xt (or t cos pt), and 
therefore that for stability the roots must be all unequal. This 
we find in the Mecanique Analytique , Seconde Partie, section VI. 
Art. 7 of the second edition of 1811 published 4hjee- years before 
Lagrange’s death, and repeated without change in the posthu¬ 
mous edition of 1853. It occurs in the course of a general 
solution of the problem of the infinitely small oscillations of a 
system of bodies about their positions of equilibrium, with 
conservative forces of position and no motional forces, which 
from the “ Avertissement” (p. vi.) prefixed to the 1811 edition 
seems to have been first published in the 1811 edition, and not 
to have appeared in the original edition of 17SS*. It would be 

* Since this statement was pnt in type, the first edition of the Mecanique 
Analytique (which had been inquired for in vain in the University libraries of 
Cambridge and Glasgow) has been found in the University library of Edinburgh, 


U (15)'". 
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[343 m. 

curious if such an error had remained for twenty-three years in 
Lagrange’s mind. It could scarcely have existed even during 
the writing and printing of the Article for his last edition if he 
had been in the habit of considering particular applications of 
his splendid analytical work: if he had he would have seen that 
a proposition which asserted that the equilibrium of a particle 
in the bottom of a frictionless bowl is unstable if the bowl be 
a figure of revolution with its axis vertical, cannot be true. 
No such obvious illustration presents itself to suggest or prove 
the error as Laplace has it in the Mecanique Celeste (Premiere 
Partie, Livre n. Art. 57) in the course of an investigation of the 
secular inequalities of the planetary system. But as [by a 
peculiarly simple case of the process of § 345^ (54)] he has 
reduced his analysis of this problem virtually to the same as 
that of conservative oscillations about a configuration of equili¬ 
brium, the physical illustrations which abound for this case 
suffice to prove the error in Laplace’s statement, different and 
comparatively recondite as its dynamical subject is. An error 
the converse of that of Laplace and Lagrange occurred in page 
278 of our First Edition where it was said that “ Cases in which 
“ there are equal roots leave a corresponding number of degrees 
“ of indeterminateness in the ratios l : m, l : n, etc., and so allow 
“the requisite number of arbitrary constants to be made up,” 
without limiting this statement to the case of conservative 
positional and no motional forces, for which its truth is obvious 
from the nature of the problem, and for which alone it is obvious 
at first sight; although for the cases of adynamic oscillations, 
and of stable precessions, § 345 3exiv , it is also essentially true. 
The correct theory of equal roots in the generalized problem 
of cycloidal motion has been so far as we know first given by 
Routh in his investigation referred to above (§ 343 e). 

343 n. Returning to § 343 l , to make more of (5), and to 
understand the efficiency of the oppositely signed roots, X 2 , as¬ 
serted in it, let a 2 —— X 2 in any case in which X 2 is negative, and let 

^ = r 1 cos (at - e ), i J/ 2 - r a cos (ot — e), etc.(16), 

be the corresponding particular solution in fully realized terms, 

and it does contain tlie problem of infinitely small oscillations, with the 
remarkable error referred to in the text. 
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jj as in § 337 (^) above but with somewhat different notation. 
' By substituting in (1) and multiplying the first of the resulting 
equations by the second by r 2 , and so on and adding, virtually 
as we found (15), we now find 

— o- 2 ® (r, r) + 3J (r, r) = 0.(17). 

Adopting now the notation of (9) for the real positive ones of 
the roots X 2 , but taking, for brevity, a x = 1, cq' = 1. a" = 1, etc., 
we have for the complete solution when there are both negative 
and positive roots of the determinantal equation (7'); 
xf/ % = (Ae ki +Be~ xt )+ (^ , e^+A'€“ Vz5 )+etc.+r 1 cos(o'25-e)+r 1 / cos(cr^-e / )+etc.j 
xj/^alAe^+Be^+a^A'e^+B'e^^+etc.+r^osicrt-e^r^co^at-e^-heto/r 
= etc., i/q - etc. etc. etc. ) 

343 o. Using this in the general expressions for T and T, 
with the notation (12), and remarking that the products e** x e yt , 
etc. and €** x sin (at - e), etc., and sin (c rt-e) x sin (c rt - e'), etc., 
disappear from the terms in virtue of (11), we find 
T= X s ® (a, a) (A & - Be~^f + X' 2 ® (a', a') (A - B’^tf + etc. j 
+ o- 2 ® (r, r) sin 2 (at -e) + a*® (r', r) sin 2 (at - e') + etc. J 
and 

V=&(a, a)(Ae x UBe-^f+'^r(a , i a')(A'&+B'c-™)*+etc.\ 

+ IcT (r, r) cos 2 (at - e) + 3? (r', r) cos 2 (o-'2 - e') + etc. J ^ 

The factors which appear with 

® (a, a), ® («', a'), ■ * - ® ( r > r )> ® ( r '> r ') 

in this expression (19) for T are all essentially positive; and the 
same is true of U in (20) for V. Now for every set of real 
co-ordinates and velocity-components the potential and kinetic 
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no motion¬ 
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energies are expressible by the formulas (20) and (19) because 
(18) is the complete solution with 2 i arbitrages. Hence if the 
value of V can change sign with real values of the co-ordinates, 
the quantities TP (a, a), U (a' } a'), etc., and IT (r, r), 3J (/, r), 
etc., for the several roots must be some of them positive and 
some of them negative; and if the value of T could change sign 
with real values of the velocity-components, some of the quan¬ 


tities ® (a, a ), ® (a\ a '), etc., and ® (r, r), ® (?*', r), etc. would 
need to be positive and some negative. So much being learned 
from (20) and (19) we must now recal to mind that according 
to hypothesis one only of the two quadratics T and Y can change 
sign, to conclude from (15) and (17) that there are both positive 
and negative roots X 2 when either T or J can change sign. Thus 
(b) of the tripartite conclusion above is rigorously proved. 
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343 p. A short algebraic proof of (b) could no doubt be easily 
given; but our somewhat elaborate discussion of the subject is im¬ 
portant as showing in (15)...(20) the whole relation between 
the previous short algebraic investigation, conducted in terms 
involving quantities which are essentially imaginary for the 
case of oscillations about a configuration of stable equilibrium, 
and the fully realized solution, with formulas for the potential 
and kinetic energies realized both for oscillations and for 
fallings away from unstable equilibrium. 

We now see definitively by (15) and (17) that, in real dynamics 
(that is to say T essentially positive) the factors TP (a, a), 
TP ( aa'), etc., are all negative, and TP (r, r), TP (r\ /), etc., all 
positive in the expression (20) for the potential energy. Adding 
(20) to (19) and using (15) and (17) in the sum, we find 
T + r= - 4 ABX 2 ® {a, a) - 4AI3T 2 ® (a, a ), etc. ) 

+ cr 2( 2T (r, r) + cr' 2 ® (/, r) + etc. J '•*( r 

It is interesting to see in this formula how the constancy of 
the sum of the potential and kinetic energies is attained in any 
solution of the form 4 - Be~ Kt [which, with X-aJ-1 , 
includes the form r cos (at - e)], and to remark that for any single 
solution a€. xt , or solution compounded of single solutions depend¬ 
ing on unequal values of X- (whether real or imaginary), the sum 
of the potential and kinetic energies is essentially zero. 


344. When the positional forces of a system violate the law 
of conservatism, we have seen (§ 272) that energy without limit 
may be drawn from it by guiding it perpetually through a 
returning cycle of configurations, and we have inferred that in 
every real system, not supplied with energy from without, the 
positional forces fulfil the conservative law. But it is easy to ar¬ 
range a system artificially, in connexion with a source of energy, 
so that its positional forces shall be non-conservative; and the 
consideration of the kinetic effects of such an arrangement, es¬ 
pecially of its oscillations about or motions round a configura¬ 
tion of equilibrium, is most instructive, by the contrasts which it 
presents to the phenomena of a natural system. The preceding 
formulas, (7)...(9) of § 343/ and § 343 g , express the general 
solution of the problem—to find the infinitely small motion of a 
cycloidal system, when, without motional forces, there is devia¬ 
tion from conservatism by the character of the positional forces. 
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In this case [(10) not fulfilled,] just as in the case of motional Arundai 
forces fulfilling the conservative law (10), the character of the cumulative 

^ ^ system. 

equilibrium as to stability or m stability is discriminated accord- criterion of 
ing to the character of the roots of an algebraic equation of stablllty * 
degree equal to the number of degrees of freedom of the system. 

If the roots (A. 2 ) of the determinantal equation § 343 (8) are 
all real and negative, the equilibrium is stable: in every other 
case it is unstable. 

345. But although, when the equilibrium is stable, no 
possible infinitely small displacement and velocity given to 
the system can cause it, when left to itself, to go on moving 
farther and farther away till either a finite displacement is 
reached, or a finite velocity acquired; it is very remarkable 
that stability should be possible, considering that even in the 
case of stability an endless increase of velocity may, as is easily 
seen from § 272, be obtained merely by constraining the system 
to a particular closed course, or circuit of configurations, no¬ 
where deviating by more than an infinitely small amount from 
the configuration of equilibrium, and leaving it at rest anywhere 
in a certain part of this circuit. This result, and the distinct 
peculiarities of the cases of stability and instability, will be 
sufficiently illustrated by the simplest possible example, that of 
a material particle moving in a plane. 

Let the mass be unity, and the components of force parallel 
to two rectangular axes be ax + by, and a'x + b'y, when the 
position of the particle is (x, y). The equations of motion 
will be 

x-ax + by, i) = ax + b'y .(1). 

Let | (a! + b) = c , and (a - b) = e : 

the components of the force become 

ax + cy — ey, and cx + b'y + ex , 
clY . dV 

or —- ey, and — + ex, 

dx J dy 

where V = - (ax 3 + b'y 2 + 2cxy). 

The terms — ey and + ex are clearly the components of a force 
e (x 3 + y 2 )^, perpendicular to the radius-vector of the particle. 

Hence if we turn the axes of co-ordinates through any angle, the 



Artificial 
or ideal ac¬ 
cumulative 
system. 


386 PRELIMINARY. [345 

corresponding terms in the transformed components are still 
— ey and + ex. If, therefore, we choose the axes so that 

y=H ax>2+ ^f) .( 2 ), 

the equations of motion become, without loss of generality, 
x = -ax — ey, y = - f3y + ex. 

To integrate these, assume, as in general [§ 343 (2)], 
x = Ic**, y = mz Kt . 

Then, as before [§ 343 (7)], 

(X 2 + a) l 4- em = 0, and - el + (A. 2 + (3) m = 0. 

Whence (X 2 + a) (A 2 + /3) = - e 2 .(3), 

which gives 

X* = -|(a + 0)*{l(a-j8) , -« , } i . 

This shows that the equilibrium is stable if both a/3 + e 2 and 
a + ft are positive and e 2 < £ (a — (3f but unstable in every other 
case. 

But let the particle be constrained to remain on a circle, of 
radius r. Denoting by 6 its angle-vector from OX, and trans¬ 
forming (§ 27) the equations of motion, we have 

0 = - (/3 - a) sin 0 cos 0 + e - — |(/3 - a) sin 20 + e .(4). ^ 

If we had e = 0 (a conservative system of force) the positions of 
equilibrium would be at 0 — 0, 0 = J 7 r, 0 — 7T, and 6 = § 7 r; and 
, the motion would be that of the quadrantal pendulum. But 
when e has any finite value less than £ (/3 — a) which, for conve¬ 
nience, we may suppose positive, there are positions of equili¬ 
brium at 

a 

6 = &, 0 = ~ — 3, 6 =7r + S, and 

/ where 3 is half the acute angle whose sine is ■ : the first and 

p — a 

third being positions of stable, and the second and fourth of un¬ 
stable, equilibrium. Thus it appears that the effect of the con¬ 
stant tangential force is to displace the positions of stable and 
unstable equilibrium forwards and backwards on the circle 
through angles each equal to 3. And, by multiplying (4) by 
* 20 dt and integrating, we have as the integral equation of energy 


6* = C + 1 2 (13 - a) cos 2 6 + 2 e0 .(5). 

1 Alt /I ^ iH <1 A 


A 
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From this we see that the value of 0, to make the particle Artificial 01 
just reach the position of unstable equilibrium, is cumulative 

system. 

C = - \ (J$ - a) cos (it - 2 $) -e (tt ~ 2c), 



and by equating to zero the expression (5) for 0 2 , with this value 
of C substituted, we have a transcendental equation in 0, of 
which the least negative root, gives the limit of vibrations on 
the side reckoned backwards from a position of stable equilibrium. ^ 

If the particle be placed at rest on the circle at any distance less 

7 T 

than - - 25- before a position of stable equilibrium, or less than 

3- - 0 y behind it, it will vibrate. But if placed anywhere beyond 
those limits and left either at rest or moving with any velocity 
in either direction, it will end by flying round and round 
forwards with a periodically increasing and diminishing velocity, 
but increasing every half turn by equal additions to its squares. ^ tooxrrw 
If on the other hand e>^(J3 — a), the positions both of stable ^ 
and unstable equilibrium are imaginary; the tangential force 
predominating in every position. If the particle be left at 
rest in any part of the circle it will fly round with continually 
increasing velocity, but periodically increasing and diminishing 
acceleration. 


345 1 . Leaving now the ideal case of positional forces violat¬ 
ing the law of conservatism, interestingly curious as it is, and 
instructive in respect to the contrast it presents with the 
positional forces of nature which are essentially conservative, let 
us henceforth suppose the positional forces of our system to be 
conservative and let us admit infringement of conservatism only 
as in nature through motional forces. "We shall soon see (§ 345 vu 
and vm ) that we may have motional forces which do not violate 
the law of conservatism. At present we make no restriction Cycloidal 

. . . system with 

upon the motional forces and no other restriction on the posi- conserva- 

1 # tive posi¬ 
tional forces than that they are conservative. tionai forces 

J and un¬ 

restricted 

The differential equations of motion, taken from (1) of 343a 
above, with the relations (10), and with V to denote the potential 
energy, are, 
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dt \ 

Vll^ + 12^+...+—=0 

~df/ 



,ive posi* 
ional forces 
md unre- 
itricted 
notional 

-i 

dV 

f ^P) +21^ + 2^+ -+~ = 0 

►. 

.(1). 

’orccs. 


etc. etc. J 



Multiplying the first of these by \fr l9 the second by ^ 2 , adding 
and transposing, we find 


where 

Q = ll^ 2 + (12 + 21) i^ 2 + 22i j/* + (13 + 31) + etc.(3). 


345 H . The quadratic function of the velocities here denoted 

by Q has been called by Lord Rayleigh* the Dissipation Func- 

Disaipa- tio'n. We prefer to call it Dissipativity . It expresses the rate 

Quid. de " at which the palpable energy of our supposed cycloidal system is 

lost, not, as we now know, annihilated but (§§ 278, 340, 341, 

342) dissipated away into other forms of energy. It is essentially 

Lord positive when the assumed motional forces are such as can exist 
Rayleigh’s . . 1 . . 

nissfpa ° f na ^ ure ' That it is equal to a quadratic function of the velo- 
tivity. cities is an interesting and important theorem. 


Integral 
equation of 
energy. 


Multiplying (2) by dt, and integrating, we find 

T + V = I 0 - l* Qdb . (4), 

Jo 

where I Q is a constant denoting the sum of the kinetic and 
potential energies at the instant t = 0. Now T and Q are each 
of them essentially positive except when the system is at rest, 

and then each of them is zero. Therefore [ Qdt must increase 

Jo 

to infinity unless the system comes more and more nearly to rest 
as time advances. Hence either this must be the case, or V 
must diminish to - co . It follows that when V is positive for all 
real values of the co-ordinates the system must as time advances 
come more and more nearly to rest in its zero-con figuration, 
whatever may have been the initial values of the co-ordinates 
and velocities. Even if V is negative for some or for all values 
of the co-ordinates, the system may be projected from some given 

* Proceedings of the London Mathematical Society, May, 1873/ Theory of 
Sound , Vol. i. § 81. 
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configurations with such velocities that when t = oo it shall be g/ s c ^with 

at rest in its zero configuration: this we see by taking, as a conserva- 
° j 03 tive posi- 

particular solution, the terms of (9) § 345 iv below, for which m is ^nd unre CeS 

negative. But this equilibrium is essentially unstable, unless F stricted 
it motional 

is positive for all real values of the co-ordinates. To prove this forces. 

imagine the system placed in any configuration in which F is 
negative, and left there either at rest or with any motion of 
kinetic energy less than or at the most equal to — F: thus E 0 
will be negative or zero 3 T+ F will therefore have increasing 
negative value as time advances; therefore F must always re¬ 
main negative; and therefore the system can never reach its 
zero configuration. It is clear that — F and T must each on the 
whole increase though there may be fluctuations, of T diminish¬ 
ing for a time, dining which — F must also diminish so as to 
make the excess (- F) — T increase at the rate equal to Q per 
unit of time according to formula ( 2 ). 

345 Ui . To illustrate the circumstances of the several cases let 
X = m + nj— 1 be a root of the determinantal equation, m and n 
being both real. The corresponding realized solution of the 
dynamical problem is 

^ = r x z mt cos (nt - e x ), 1 j/ 2 = r 2 * mt cos (nt - e 2 ), etc.(5), 

where the differences of epochs e 2 — e 1} e 3 - e 1} etc. and the ratios 
r a / r x , etc., in all 2i- 2 numerics *, are determined by the 
2i simultaneous linear equations (3) of § 343 harmonized by 
taking for \ — m + 1, and again \ = m-nJ~ 1. Using 

these expressions for i/q, if/ 2 , etc. in the expressions for F, Q, T, 
we find,— 

F = €' mt (0 + A cos 2nt + B sin 2 nt) \ 

Q = € 2mt (O' + A! cos 2 nt + B' sin 2 nt) >■.( 6 ), 

T = i mt (G" + A" cos 2 nt + B" sin 2 nt )) 

* The term numeric has been recently introduced by Professor James Thom¬ 
son to denote a number, or a proper fraction, or an improper fraction, or an 
incommensurable ratio (such as t or e). It must also to be useful in mathe¬ 
matical analysis include imaginary expressions such as m+n J-1, where 
m and n are real numerics. “Numeric” maybe regarded as an abbreviation 
for “numerical expression.” It lets us avoid the intolerable verbiage of integer 
or proper or improper fraction which mathematical writers hitherto are so often 
compelled to use; and is more appropriate for mere number or ratio than the 
designation “quantity,” which rather implies quantity of something than the 
mere numerical expression by which quantities of any measurable things are 
reckoned in terms of the unit of quantity. 
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where G, A, B, G\ A', B' y G" y A", B", are determinate constants : 
and in order that Q and T may be positive we have 

C f > + J(A' 2 + B' 2 ), and 0" > + J(A" 2 + B" 2 ) .(7). 

Substituting these in (2), and equating coefficients of corre¬ 
sponding terms, we find 

2 m (C + C")=-C\ 

2 {m (A + A") +n(B + B")}=-A'l .(8). 

2 {m (B + B") —n(A+ A")} = - B') 

The first of these shows that G + C" and m must be of contrary 
signs. Hence if V be essentially positive [which requires that G 
be greater than + J(A 2 +B 2 )] ) every value of m must be negative. 

345 lv . If V have negative values for some or all real values 
of the co-ordinates, m must clearly be positive for some roots, but 
there must still, and always, be roots for which m is negative. 

To prove this last clause let us instead of (5) take sums of par-,, 
ticular solutions corresponding to different roots 1 ; 

\ = m±n J— 1, A' = m' ± n' J- 1, etc., 
m and n denoting real numerics. Thus we have 

i/q — r x € mt cos (nt — e x ) + cos (n't — e\) + etc.) 

2 = r^ mt cos {nt — e 2 ) + cos (n't - e' 2 ) + etc. I (9). 

etc. ) 

Suppose now m , m', etc. to be all positive : then for £ = - oo , we 
should have ^=0, i/^ 2 =0, ^=0, \j/ 2 = 0, etc., and therefore F=0, ^=0. 
Hence, for finite values of t , T would in virtue of (4) be less 
than — V (which in this case is essentially positive): but we 
may place the system in any configuration and project it with 
any velocity we please, and therefore the amount of kinetic 
energy we may give it is unlimited. Hence, if (9) be the com¬ 
plete solution, it must include some negative value or values of 
m, and therefore of all the roots A, A', etc. there must be some of 
which the real part is negative. This conclusion is also obvious 
on purely algebraic grounds, because the coefficient of A 2 * -1 in 
the determinant is obviously 11 + 22 + 33 + ..., which is essentially 
positive when Q is positive for all real values of the co-ordinates. 


345 v . It is an important subject for investigation, interesting 
both in mere Algebra and in Dynamics, to find how many roots 
there are with m positive, or how many with m negative in any 
particular case or class of cases; also to find under what con- 
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ditions n disappears [or the motion non-oscillatory (compare 
§ 341)]. We hope to return to it in our second volume, and 
ji/,'. should be very glad to find it taken up and 'worked out fully by 
mathematicians in the mean time. At present it is obvious that 
if Fbe negative for all real values of \f/ v xj/. 2J etc., the motion must 
be non-oscillatory for every mode (or every value of X must be 
real) if Q be but large enough : but as we shall see immediately 
with Q not too large , n may appear in some or in all the roots, 
even though F be negative for all real co-ordinates, when there 
are forces of the gyroscopic class [§ 319, Examp. (G) above and 
§ 345 x below). When the motional forces are wholly of the 
viscous class it is easily seen that n can only appear if F is 
positive for some or all real values of the co-ordinates: n must 
disappear if F is negative for all real values of the co-ordinates 
? >; (again compare § 341). 

345 vi . A chief part of the substance of §§ 345 u ... 345 v 
above may be expressed shortly without symbols thus :—When 
there is any dissipativity the equilibrium in the zero position is 
stable or unstable according as the same system with no motional 
forces, but with the same positional forces, is stable or unstable. 
The gyroscopic forces which we now proceed to consider may 
convert instability into stability, as in the gyrostat § 345 x below, 
when there is no dissipativity: —but when there is any dissi¬ 
pativity gyroscopic forces may convert rapid falling away from an 
unstable configuration into falling by (as it were) exceedingly 
gradual spirals, but they cannot convert instability into stability 
if there be any dissipativity. 

The theorem of Dissipativity [§ 345 1 , ( 2 ) and (3)] suggests the 
following notation,— 

(12 + 21)= [ 12 ] or [ 21 ], J (13+ 31) = [ 13 ] or [ 31 ], etc.j 
and \ (12-21) = 12 ] or -* 21 ], \ (13-31) = 13 ] or- 31 ], etc. J 

so that the symbols [ 12 ], [ 21 ], [ 13 ], etc., and 12 ], 21 ], 13 ], etc. 
denote quantities which respectively fulfil the following mutual 
relations, 

[ 12 ] = [ 21 ], [ 13 ] = [ 31 ], [ 23 ] = [ 32 ], etc.|. 

12 ]=- 21 ], 13 ] = - 31 ]? 23 ] = - 32 ], etc.] . } ' 

Thus (3) of § 345 1 becomes 

Q = Ihpi + 2 [ 12 ] ^ 2 + 22i ^ 2 2 + 2 [ 13 ] \jrj}j / 3 + etc.(12), 
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and going back to (1), with (10) and (12) we have 

ddT ,dQ .. , , , dV -i 

•j + I2]^+I3]^ , ii + etC.+ — =0 

dtdfr A £% T J 1 

d dT dQ i .* . 

j ^ -+£77-+ 3 1 1 + 3 2 3 &+ etc - + j~- = 0 

dxfr 3 dif/ 2 d\j/ 2 


.(13). 


In these equations the terms 12 ]^, 21 ]^, 13 ] ^ 3 , 31 ] 
SghiTof etc * represent what we may call gyroscopic forces, because, as we 
tlrms c01>ic have seen m § 319 > Ex * G ’ tliey occur when %- wliee l s each given 

in a state of rapid rotation form part of the system by being 

mounted on frictionless bearings connected through framework 
with other parts of the system; and because, as we have seen 
in § 319, Ex. F, they occur when the motion considered is 

; - motion of the given system relatively to a rigid body revolving 

with a constrainedly constant angular velocity round a fixed 
axis. This last reason is especially interesting on account of 
Laplace’s dynamical theory of the tides at the foundation of 
which it lies, and in which it is answerable for some of the most 
curious and instructive results, such as the beautiful vortex 
problem presented by what Laplace calls “ Oscillations of the 
First Species*.” 

345 vii . The gyrostatic terms disappear from the equation of 
energy as we see by § 345*, (2) and (3), and as we saw pre¬ 
viously by § 319, Example G (19), and in § 319, Ex. F' (/). 
Equation of Comparing § 319 (/) and (< 7 ), we see that in the case of motion 
energy. re i a tively to a body revolving uniformly round a fixed axis it is 
not the equation of total absolute energy but the equation of 
energy of the relative motion that the gyroscopic terms disappear 
from, as (/) of § 319; and (2) and (3) of § 345* when the 
subject of their application is to such relative motion. 


* The integrated equation for this species of tidal motions, in an ideal ocean 
equally deep over the whole solid rotating spheroid, is given in a form ready for 
numerical computation in “ Note on the ‘ Oscillations of the First Species’ in 
Laplace’s Theory of the Tides” (W. Thomson), Phil. Mag. Oct. 1875. 
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345 Ui . To discover something of the character of the gyro- Gyrostatic 

. n ,, ,. „ , , conservative 

scopic influence on the motion of a system, suppose there to be system: 
no resistances (or viscous influences), that is to say let the 
dissipativity, Q, be zero. The determinantal equation (4) becomes r*- ! -‘" 


(11)A 2 +11, (12)A 2 + 12 ] A + 12,... 
(21) A 2 + 21 ] A+ 21, (22)A 2 +22.... 


(14). 


Now by the relations ( 12 ) = ( 21 ), etc., 12 = 21 , etc., and 12 ] =- 21 ], 
we see that if A be changed into — A the determinant becomes 
altered merely by interchange of terms between columns and 
rows, and hence the value of the determinant remains unchanged. 
Hence the first member of (14) cannot contain odd powers of A, 
and therefore its roots must be in pairs of oppositely signed 
equals. The condition for stability of equilibrium in the zero 
configuration is therefore that the roots A 2 of the determinantal 
equation be each real and negative. 


345 ix . The equations are simplified by transforming the co- stmpiifica- 
ordinates (§ 337) so as to reduce T to a sum of squares with equation! 
positive coefficients and V to a sum of squares with positive or 
negative coefficients as the case may be, or which is the same 
thing to adopt for co-ordinates those displacements which would 
correspond to “fundamental modes” (§ 338), if the positional 
forces were as they are and there were no motional forces. 

Suppose farther the unit values of the co-ordinates to be so 
chosen that the coefficients of the squares of the velocities in 
2 T shall be each unity; and let us putsq, *zzr 2 , or 3 , etc. instead of 
the coefficients 11, 22, 33, etc., remaining in 2 V. Thus we have 

T = £ (i^ 2 + \jfz + etc.), and V = J (rap/^ 2 + zsv/q 2 + etc.).(15). 

If now we omit the half brackets ] as no longer needed to avoid 
ambiguity, and understand that 12 = - 21 , 13 = ~ 31 ? 23 = - 32 , 
etc., the equations of motion are 

^+ 12 ^+ 13 ^ 3 +. +^,=0 • 

^ 3 + 21 ^+ 23 ^ 3 + .+GU/r,= 0 I .(JQ) 

ft s + 3 II A + 3 2 'A 1 +. 
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and the determinant^ equation becomes 

A 2 + 12X, 13X,... 


2 i A, 
3 iA -> 


A 2 + CT a3 2 3 A,... 


3 2 A? A 2 4 - . 


= 0 . 


■ (IT). 


Determi¬ 
nant of 
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conservative 
system. 


The determinant (which for brevity we shall denote by D) in 
this case is what has been called by Cayley a skew determinant. 
What it would become if zero were substituted for A 2 + nr u 
A 2 +^ 2 j etc. in its principal diagonal is what is called a skew 
symmetric determinant. The known algebra of skew and skew 
symmetric determinants gives 

Z) = (A 2 + BTj) (A 2 + «r a )... (A . 2 + 'nr i ) ^ 

+ A“2 (X“ + ^ 3 ) (A." + ... (At 4- w.^) i 2 2 

+ A 4 2(A. 2 +w 5 )(A 2 +ro' a )...(A 2 +TO- i )( 12 - 34 + 31 .24+23. 14) 2 
+ A 6 2 (X 2 + ^* 7 ) (X 2 + tD-g)... (X 2 + bt 4 ) (S12.34.56) 2 + etc. 

+ A < (2i2.34.s6. i- 1 , if 


(IS), 


i/ when i is even. For example see (30) below. When is odd 
the last term is 


V 1 S(X 2 +W (2 12 . 34- 5 6 * 


i ) 2 


.(18'), 


: Ota %4 *h. 

^ CQsJZ. tbfr* 


Square 
roots of 
skew sym¬ 
metries. 


, t. C, y <%4" 

9 i_ tM* 


and no other change in the formula is necessary. In each case 
the small 2 denotes the sum of the products obtained by 
making every possible permutation of the numbers in the line of 
factors following it, with orders chosen acccording to a proper 
rule to render the sign of each product positive (Salmon’s Higher 
Algebra , Lesson v. Art. 40). This sum is in each case the square 
root of a certain corresponding skew symmetric determinant. 

An easy rule to find other products from any one given to 
begin with is this:—Invert the order in any one factor, and 
make a simple interchange of any two numbers in different 
factors. Thus, in the last 2 of (18) alter i - 1 , i to i, i— 1 , and 

interchange i - 1 with 3 : so we find 12 . i - 1 , 4.56 . i, 3 for 

a term : similarly 12 . 64.53 ...i, i— 1 , and 62 . 14.5 3 ... £ - 1 , % 
for two others. The same number must not occur more than 
once in any one product. Two products differing only in the 
orders of the two numbers in factors are not admitted. If n be 
the number of factors in each term, the whole number of factors 
is clearly 1 . 3.5 ••• ( 2n ~ J ), an d they may be found in regular 
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progression thus: Begin with, a single factor and single term 12. Square 
Then apply to it the factor 34, and permute to suit 24 instead skew sym- 
of 34, and permute the result to suit 14 instead of 24. Thirdly, metrics * 
apply to the sum thus found the factor 56, and permute suc¬ 
cessively from 56 to 46, from 46 to 36, from 36 to 26, and 
from 26 to 16. Fourthly, introduce the factor 78; and so on. 

Thus we find 


j °> 12 

21, o 


J\ 


J 


O, 12, 13, 14 
21 , O, 23 , 24 
31, 32, o, 34 
41, 42, 43, O 

o, 12, 13, 14, rs, 16 
21, O,. 23, 24, 25, 26 
31, 32, o, 34, 35, 36 
41, 42, 43, o, 45, 46 

5 b 5 2 > 53 . 54 . o, 56 
61, 62, 63, 64, 65, o 


= 12.34 + 31. 24 + 23.14 


= (12.34 + 31.24 + 23.14)56 

+ C 12 -53 + ^3-52 + 23.51)46 
+ (12.45+41.52+42.51)36 
+ (3i-4S + 4 I -3S + 34-S 1 ) 26 
+ (23 • 45 + 2 4-3S + 34-25) *6 


( 19 ). 


3 if 

V 


4-2. 

The second member of the last of these equations is what is Ha - > 

denoted by Si2.34.56 in ( 18 ). ' 

Bach term of the determinant D except fF 

(A 2 + *z2r x ) (A 2 + 2c*o)... (A 2 + -coj 

a top I. * 


345 x . 


contains A 2 as a factor. Hence, when all are expanded in powers Gyrostai 
of A 2 , the term independent of A is sr 1 * If this be two free¬ 
negative there must be at least one real positive and one real 


negative root A 2 . Hence for stability either must all of 




( 20 ), 


zu .,,.... m. be positive or an even number of them negative. 
Ex.:—Two modes of motion, x and y the co-ordinates. Let the 
equations of motion be 

Ix + gy + Ex = 0 
Jij-gx + Fy = 0 
and the determinantal equation is 

(IX 2 ^E) (JX 2 + F) + £fA 2 = 0 . 

If we put 

x = £IJi> .(2i)» 

and 

E = ■ml, F=tJ, and g = y J(IJ) . (22), 

. /. 1 . /I. /I . ' A--* 


% . 
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[ 345 * 


equations (20) and the detenninantal equation become 
l + r i + tz-£=0 \ 

$-y$+&7= 0 ) . (j 

and (X 2 4- m) (A. 2 + £) 4- y 2 X 2 = 0.(24). 

The solution of this quadratic in X 2 may be put under the 
following forms,— 

-^(/+^)*|{[/+(v/W£) 2 ] [/+O-V0*]} 4 ) 

-x s =H/+®+0*^[v-(n/ z ^+n/ = ^) 2 ][/-(n/ = ^-V = ^ ) 2 ]} 4 ) 


To make both values of — X 2 real and positive w and £ must 
be of the same sign. If they are both positive no farther condi¬ 
tion is necessary. If they are both negative we must have 

y> J — tz + J — £.(26). ^ 

These are the conditions that the zero configuration may be stable. 
Bemark that when (as practically in all the gyrostatic illustra¬ 
tions) y 2 is very great in comparison with *]{&£), the greater 
value of — X 2 is approximately equal to y 2 , and therefore (as the 
product of the two roots is exactly ®r£), the less is approximately 
equal to /y 2 . Bemark also that 2 tt /Jm and 2 tt ] are the 
periods of the two fundamental vibrations of a system otherwise 
the same as the given system, but with y = 0. Hence, using the 
word irrotational to refer to the system with g = 0 , and gyroscopic, 
or gyrostatic, or gyrostat, to refer to the actual system; 

From the preceding analysis we have the curious and in¬ 
teresting result that, in a system with two freedoms, two 
irrotational instabilities are converted into complete gyrostatic 
stability (each freedom stable) by sufficiently rapid rotation; 
but that with one irrotational stability the gyrostat is essentially 
unstable, with one of its freedoms unstable and the other 
stable, if there be one irrotational instability. Yarious good 
illustrations of gyrostatic systems with two, three, and four free¬ 
doms (§§ 345 x , ** and xii ) are afforded by the several different 
modes of mounting shown in the accompanying sketches, ap¬ 
plied to the ordinary gyrostat* (a rapidly rotating fly-wheel 
pivoted as finely as possible within a rigid case, having a convex 
curvilinear polygonal border, in the plane perpendicular to the 
axis through the centre of gravity of the whole). 

* Nature, No. 379, Vol. 15 (February 1, 1877), page 297. 

v„ .. . M- 






(Translational motions not considered) there are two freedoms, one azimuthal the other inclinational; the first neutral the other unstable when fly-wheel not 
rotating; the first still neutral the second stable wften fly-wheel in rapid rotation. Equations (23) with £ = Q express the problem, and (24) and (25) its solution. 
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on universal- 
flexure-joiut 
(§ 109) in 
place of gim¬ 
bals ; consti¬ 
tuting an 
inverted 
gyroscopic 
pendulum 
(§ 319, Ex. D). 


Gyrostat on knife-edge gimbals with its axis vertical. Two freedoms; each unstable without 
rotation of the fly-wheel; each stable when it is rotating rapidly. Neglecting inertia of the knife- 
edges and gimbal-ring we have I*= J in (20), and supposing the levels of the knife-edges to be the 
same, we have E = F. Thus its dcterminantal equation is (b\ 2 + E)2 + < 72*2 = 0 . A. similar result, 
expressed by the same equations of motion, is obtained by supporting the gyrostat on a little elastic 
universal flexure-joint of, for example, thin steel piano forte-wire one or two centimetres long ^ 
between end clamps or solderings. A drawing is unnecessary. 



Two freedoms, one azimuthal 
rapid rotation of the fly-wheel. 

Cput-ff <=*_/■» 


the other inclinational, both unstable without, both stable with, 
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Four freedoms, reducible to three if desired by a third thread in each case, diagonal in the first 
and second, lateral in the third and fourth, the freedom thus annulled being in each case stable and 
independent of the rotation of the fly-wheel. Three modes essentially involved in the gyrostatic 
system in each case, two inclinational and one azimuthal. 

No. 1.—Azimutlially stable without rotation; with rotation all three modes stable. 

No. 2.—Azimutlially stable, one inclinational mode unstable the other stable without rotation; 
with rotation two unstable, one stable. ^ 

No. 8.—The azimuthal mode unstable, two inclinational modes stable the other unstable; without 
rotation; with rotation We azimuthal mode and one inclinational mode unstable, and one inclina¬ 
tional mode stable. 

No. 4.—Azimutlially and one inclinational mode unstable, one inclinational mode stable, without 
rotation; with rotation all three stable. 


315 xi . Take for another example a system having three Gyrostatic 
freedoms (that is to say, three independent co-ordinates t^reefree- 
’/'i. t*)* O 6 ) become doms ' 

^ + | .( 2? )> 

'fz + ffd 1 -s r A + =y/ , 3 =° ' 

where g v g 0 , g z denote the values of the three pairs of equals 
23 or -32, 31 or - 13, 12 or -21. Imagine i/q, \f/ 3 , \f/ s to be 
rectangular co-ordinates of a material point, and let the co¬ 
ordinates he transformed to other axes OX, 0 F, OZ, so chosen 
that OZ coincides with the line whose direction cosines rela¬ 
tively to the if/-, i/q-, 1^3- axes are proportional to g x , g a , g 3 . The ; * - * 
equations become 

x — 2 ay = 1 1 
y 4- 2 wx - Y i 

B -*J 


( 28 ), 
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where <o = + gf + y 3 2 ), and the force-components parallel 


to 


dV 


the fresh axes are denoted hy X, F, Z (instead of 

dx 

dV dV 

— j — > because the present transformation is clearly in¬ 

dependent of the assumption we have been making latterly that 
the positional forces are conservative). These (28) are simply 
the ecpiations [§ 319, Ex. (E)] of the motion of a particle rela¬ 
tively to co-ordinates revolving with angular velocity co round 
the axis 0Z, if we suppose X, F, Z to include the components 
of the centrifugal force due to this rotation. 


mi need to Hence the influence of the gyroscopic terms however ori- 
rotating ginating in any system with three freedoms (and therefore also 
in any system with only two freedoms) may be represented by 
the motion of a material particle supported by massless springs 
attached to a rigid body revolving uniformly round a fixed axis. 
It is an interesting and instructive exercise to imagine or to 
actually construct mechanical arrangements for the motion of a 
material particle to illustrate the experiments described in 
§ 343*. 


345 xil . Consider next the case of a system with four free¬ 
doms. The equations arc 

6+12^+136,+‘4^ + ^=° 1 

6 , + 2 * 6 . + 236 , + =0 I . (29). 

+ 3 1 •A" 1 + 3 2 ' l '» + 34^. + = 0 | 

+ 416 + 426 , + 436 ) + = 0 J 

Denoting hy I) the determinant we have, by (18), 

D - - (X 2 4- •ar i ) (X 2 + cr a ) (X 2 + *zr ;i ) (X 2 + x v (1 ) 1 

+ A 2 {34 3 (A 2 4 ra-,)(A. 2 +ro,) + 12 2 (A 2 +ra- 3 )(A !i + ct 1 )+42 2 (A s + m l )( X ‘+ ja a ) l_. ^ 
+ X3 s (A 2 4 ra- 4 )(A 2 +ra- 3 )+23 2 (X s +or 1 )(A !! +CT 4 )+i4 2 (A 2 H-ra-.,)(A ! '+o' 3 )} | 

+ A 1 (12,34 f 13.42+14.23) 2 J 

If ©r a , TtT.j, -uj 4 be each zero, L becomes 
X n + (i2 2 + i3 2 -i-i4 2 + 23 2 +42 2 +34 2 ) X 0 + (12 34+ 13 42+ 14 23) 2 X\ 

This equated to zero and viewed as an equation for X 2 lias two 

t ’Tie -putolr ^ a# i '' 2 ~ Mx A ^ ~ X 
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roots each equal to 0 , and two others given 
quadratic 

syst-e: 

X 4 +(i2 3 +i3 2 +i4 2 + 23 2 + 24 2 + 34 2 )A. 2 + (12 34+1342 + 1423) 2 =0...( 31 ). force 


Liiu resiuuaj. ^uaarupjy 
free gyro- 
static 
system 
without 


Now remarking that the solution of s 2 + 4 -g 2 = 0 may be 

written 


- * = i iP P + 2 ?) (P ~ 2 ?)} = i U(P + 2?) * J(p - S?)} 2 , 
we have from (31) 

- X 2 = I (I2 2 + I3 2 + I4 2 + 23 2 + 24 s + 34 s ± Js) 


-i (*-«)* 


.( 32 ), 


where r = N /{(x2 + 34) 2 + (i 3 +42) 2 +(i4+23) 2 } 1 
and s = N /{(i2-34) 2 + (i 3 - 42 ) 2 +(x 4 - 23 ) 2 } ) . { 

As 12 , 34 , 13 , etc. are essentially real, r and s are real, and 
(unless 12 43 - 4 - 13 42 + 14 23 = 0, when one of the values of X s is Erapt ed^ 
zero, a case which must be considered specially, but is excluded ing|yro- 
for the present,) they are unequal. Hence the two values of dominance. 

— A . 2 given by (32) are real and positive. Hence two of the 
four freedoms are stable. The other two (corresponding to 

- X 2 = 0) are neutral. 


345^. Now suppose tzq, m a9 sr 3 , ar 4 to be not zero, but each Quadruple 
very small. The determinantal equation will be a biquadratic System!* 1 ' 
in A 2 , of which two roots (the two which vanish when xs l , etc. Sylfomi- 
vanish) are approximately equal to the roots of the quadratic nated ‘ 

(l2 34 4 - 13 42 4 - 14 23) 2 A 4 4 - (l2V 8 Z3- 4 4- 13*®^ 4 - I 4 3 ' aT 2 7 o 3 

4 - 23*®-^+ 24 3 cr l sr 8 + 34^^)A 2 4 - = 0 ...( 34 ), 

and the other two roots are approximately equal to those of the 
previous residual quadratic (31). 


To solve equation (34), first write it thus :— 
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Quadruply 
free cycloid¬ 
al system, 
gyrostati- 
eally domi¬ 
nated. 


Thus, taken as a quadratic for A -2 , it has the same form as (31) 
for A 2 , and so, as before in (32) and (33), we find 

^ = i(»-' ±s 7.(37) 


•where r' = > /{(i 2 '+ 34 / ) 2 +( I 3 /+ 4 2 )“ + ( I 4 + 2 3 )“} | /gov 

and s'= A }{(i2'-34 , ) 2 +( I 3 / -4 2 ') 2 + ( I 4'- 2 3T} J ^ ' 



Now if w a , fcr 3 , *zr 4 he all four positive or all four negative, 
12 , 34 ', 13 ', etc. are all real, and therefore both the values of 

- \ given by ( 37 ) are real and positive (the excluded case 
X 

referred to at the* end of § 345*“ which makes 


i 2 '34 /+ *3'4 2 '+ i4'2 3'=0, 

and therefore the smaller value of — ™ = 0 , being still excluded). 

Hence the corresponding freedoms are stable. But it is not 
necessary for stability that m i: m 2 , rar 3 , ar 4 be all four of one 
sign: it is necessary that their product be positive: since if it 
were negative the values of X 3 given by (34) would both be 
real, but one only negative and the other positive. Suppose two 
of them, cr 3 , for example, be negative, and the other two, 
r us 1 , r us 0 , positive: this makes and negative, 

and therefore 13 ', 14 ', 23 ', and 24 ' imaginary. Instead of four 
of the six equations (36), put therefore 


13 =~ 


*3 


j (- 14 */(-^*0 5 


14 


23 =- 


2 3 


, 24 = 


2 4 




(39). 


Thus 13 " etc. arc real, and 13 '= 13 "^/-1 etc., and (38) become 

r'= N /{(i 2 ' + 34 ') 2 -(i 3 " + 4 2 ") 2 - ( 14 "+ 23 ") 2 }) ,, m 

s' = V{(i2' - 34') 2 - ( 13 " - 42'T- (X4 W - 2 3 ") 2 }1. m 


Hence for stability it is necessary and sufficient that 


( 12 '+ 347 > ( 13 " + 42 "/ + ( 14 " + 2 3 ") 2 \ 
and ( 1 2 ' - 347 > ( 13 " - 42") 2 + ( 14 " - 23 ") 2 J 


(41). 


Combined If these inequalities are reversed, the stabilities due to ® 1# ns t 

anlfgyro- an ^ 34 ’ a *e undone by the gyrostatic connexions 13 ", 42 ", 14 " 

static sta- and 23 ". 
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345 xiv . Going back to (29) we see that for the particular bility gyro- 


solution i}/ 2 = a 2 € kf , etc., given by the first pair of roots counter - 7 

of (32), they become approximately acted * 


\a x + 12 a 2 + 13 a 3 + 14 a 4 = 0 " 
\a z + 2 i a x - 1 - 23 a 3 + 24 a 4 = 0 
A^ + 31 a x + 32 & 2 + 34 a 4 =0 
Xa^ + 41 a x + 42 a 2 + 43 a 3 = 0 . 


(42); 


being in fact the linear algebraic equations for the solution in Completed 
the form e Kt of the simple simultaneous differential equations 
(53) below. And if we take 

& = «“> etc..(43), 

for either particular approximate solution of (29) corresponding 
to (37), we find from (29) approximately 

+ i 2 \ + 13 ^ + 14 % = 0 *] 

X~ l b 2 + 2 i'b 1 + 2 $'h 3 + 24'^ = 0 
+ 3 i'b l + 32 \ + 34 \ = 0 
\~\ + 41 % + 42 ^ + 43 ^ 3=0 

Remark that in (42) the coefficients of the first terms are 
imaginary and those of all the others real. Hence the ratios 
aja 2 , etc., are imaginary. To realize the equations put 

\ = nj~ T, a, =?, + ?, 7“^ «s = ? , a + ?s7- 1 » etc....(45), 



and let p v q x , p 2 , etc. be real; we find, as equivalent to (42), 


-mg,+ 12 ^+ 13 ^+ 14^=0 
. mp x +12 g 2 + 13 ^ + I 4 <? 4 = 0 
- mg 2 + 21 p 1 + 23 p 3 + 24 p t =0 
. «p 2 + 21 g, + 23 g 3 + 24g 4 = 0 
etc. etc. 


(46). 


Realization 
of complet¬ 
ed solution. 


Eliminating q 19 q oi etc. from the seconds by the firsts of these 
pairs, we find 


(■n 2 4- n)jo I 4 - 12 p 2 4- 13 p 3 + u p 4 = 0 

2! P x 4- (: n 2 4 - 22 )p 2 + 23 p 3 4- 24 p 4 = 0 

31 p x 4- 32 p 2 +(n 2 +33)p 3 4- 34 p* = 0 

41 p x 4- 42y> 2 4- 43 y> 3 4- (n 2 + u)p 4 = 0 - 




and by eliminating p }) p„, etc. similarly we find similar equations 

26—2 
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Realization 
of complet¬ 
ed solution. 


for the with the same coefficients 11, 12, etc., given by the 
following formulas:— 


11= 12 21 + 13 31 + 14 41' 
12=13 32 + 1442 
13=12 23 + 1443 ► 
21=23 31 +2441 
etc. etc. „ 


( 48 ). 


Remember now that 


12 = — 21, 13 = — 31, 32 = -23, etc.(49), 

and we see in ( 48 ) that 


12 = 21, 13 = 31 , 23 = 81 , etc.( 50 ); 

and farther, that 11, 12, etc. are the negatives of the coefficients 
of \a 2 > a j& 2 , etc. in the quadratic 

|{(12 <z 2 + 13 a 3 + 14 « 4 ) 2 + (21 a 2 + 23 a 3 + 24 a A ) 2 + etc.}...( 51 ) 


Resultant 
motion re¬ 
duced to 
motion of a 
conserva¬ 
tive system 
with four 
fundamen¬ 
tal periods 
equal two 
and two. 


Algebraic 

theorem. 


Details of 

realized 

solution 


expanded. Hence if G (aa) denote this quadratic, and G (pp), 
G (qq) the same of the p's and the q 1 s, we may write ( 47 ) and 
the corresponding equations for the q’s as follows: 


2 ( PP) A 

■ n P' + -^ u=0 ’ 


. dG(pp) n 1 

dp 3 '^ 0 ’ ctc - 1 


, dG (qq) n 2 dG (qq) n 
- n q y + —, 7 = 0, ~ wV + — 7 V —= 0, etc. 

dq l dq 3 


( 52 ). 


These equations are harmonized by, and as is easily seen, only 
by, assigning to n 2 one or other of the two values of - X 2 given 
in ( 32 ), above. Hence their determinantal equation, a bi¬ 
quadratic in n 2 , has two pairs of equal real positive roots. "We 
readily verify this by verifying that the square of the deter- 
7 minant of ( 42 ), with X 2 replaced by — n 3 , is equal to the deter¬ 
minant of ( 47 ) with 11, 12, ctc. replaced by their values ( 48 ). 
Hence (§ 343 $) there is for each root an indeterminacy in the 
ratios pjp 2 , pjp^ according to which ono of them may be 
assumed arbitrarily and the two others then determined by two 
of the equations ( 47 ); so that with two of the p's assumed 
arbitrarily tbe four are known: then the corresponding set of 
four q's is determined explicitly by the firsts of the pairs ( 46 ). 
Similarly the other root, n' 2 , of the determinantal equation gives 
another solution with two fresh arbitraries. Thus we have the 
complete solution of the four equations 
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-^ + 12^+13 1^3+ 14^=0 

d\l/ 0 * 

-^-+21^+23^3+24^=0 

etc. etc. 


(53), 


Details of 

realized 

solution 


with its four arbitraries. The formulas (4-6)...(52) are clearly 
the same as we should have found if we had commenced with 
assuming 

^ ~p x sin^ + q l cos nt, \j/ a —p 2 sin nt + q 3 cos nt, etc,...(54), 
as a particular solution of (53). 


345 xv . Important properties of the solution of (53) are found Orthogo- 

nalities 

thus:— proved 


(а) Multiply the firsts of (46) by p l9 p 3 , p 3 , p^ and add: 

or the seconds by q x , q 2 , q 3 , q 4 and add : either way we find two^com- 

ponents of 

pa +pa a+ m=o.(55). SSSS: 

(б) Multiply the firsts of (46) by q 1} q 2 , q s , q i and add: ciUation - 
multiply the seconds by p x , p 2 , p 3 , y> 4 and add: and compare the 
results: we find 


= n%q- = 2 12 (p^ - p,q 2 ) .(56), anAe^aamy 

where 2 of the last member denotes a sum of such double enersles ‘ 
terms as the sample without repetition of their equals, such as 
21 


(c) Let n 2 , n' 2 denote the two values of — \ 2 given in (32), Orthogo- 
and let (54) and proved 

between 

x j/ i =p' i sin n't 4 - q\ cos n't, \j/ 2 = p' 2 sin n't + q' 2 cos n't, etc.... (57) ^ndSmen- 

oscilla- 

be the two corresponding solutions of (53). Imagine (46) to be tions. 
written out for n 2 and call them (46'): multiply the firsts of (46) 
by p\, p' 2 , p\, p\ and add: multiply the firsts of (46') by p 1 , p 2 , p 3 , p 4 
and add. Proceed correspondingly with the seconds. Proceed 
similarly with multipliers q for the firsts and p for the seconds. 

By comparisons of the sums we find that when n' is not equal 
to n we must have 


2 p'2'=0, 2i 2 (p\p 2 -p'p^ = 0 
Jq'p = 0 , 2 12 (q\q 2 - q'.qj = 0 

Si2 (2'> 2 -?>i) = °> 2i2(p> 2 -p' 2 ?,) = 0^ 

■mP p oj 


(58). 
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Case of 

equal 

periods. 


345 xvi . The case of n = n' is interesting. The equations 
2^ = 0, Sjp'jp^O, Sp'y^O, %q’p^Q, when n differs however 
little from n\ show (as we saw in a corresponding case in § 343 m) 
that equality of n to n' does not bring into the solution terms 
of the form Gt cos nt, and it must therefore come under § 343 e. 
The condition to be fulfilled for the equality of the roots is seen 


from (32) and (33) to be 

12 = 34 , 13 = 42 , and 14 = 23 .(59): 

and to give 

w 2 = i2 2 + i3 2 + 14 2 .( 60 ) 


for the common value of the roots. It is easy to verify that >/ 
these relations reduce to zero each of the first minors of (42), as 
they must according to Kouth’s theorem (§ 343 e), because each 
root, A., of (42) is a double root. According to the same theorem 
all the first, second and third minors of (47) must vanish for 
each root, because each root, n 2 , of (47) is a quadruple root: 
for this, as there are just four equations, it is necessary and 
sufficient that 

11 = 22 = 33 = 41 and 12 = 0, 13 = 0, 14=0, 23=0, etc....(60'), 
which we see at once by (48) is the case when (59) are fulfilled. ^ 
In fact, these relations immediately reduce (51) to 

<?(aa) = J(i2 2 + i3 2 +i4 J )«+a/+a 3 2 + «/).(Gl). ^ 

In this case one particular solution is readily seen from (52) and 
(46) to be 


*>! = !> A = A = °> -P« = ° 


o' 

11 


12 


13 


14 

?.= 

n ’ 


n ’ 

S ' 4 = - 

n 

= sin nt, 


12 

-cos nt. 

n 

11 

1 

it 

— cos nt, 
n 

1 

11 

14 , 

— cos nt 
n . 


Completed 
solution for 
case of 
equal 
periods. 


Hence the general solution, with four arbitraries^,^, p z) p 0 is 


^ =p i sin nt + ~ (i 2 p 2 + i 3£> 3 + 14 cos nt 

^ 2 =p 2 sin nt 4 - - (— 12 p l + i 4 p 3 — 13 ^) cos nt 
n 

1 ^ 3 = p z sin nt 4 - i (- 1 $p l - 14 + 12 pj cos nt 


(63). / 


forth L . Zxft } 1 


^4“ A nt + - (- I 4P 1 + 1 3P 2 ~ 1 m) cos Kt J 

It is easy to verify that this satisfies the four differential J 


equations (53). 

.. A ' 
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345 xvii . Quite as we have dealt with (42), (45), (53), (54) in Two higher, 
§ 345 X1V , we may deal with. (44) and the simple simultaneous equa¬ 
tions for the solution of which they serve, which are 


12 


dt +l 3dt +1 4it +v & = °> 

. d\b o d\b. y . 

+ 2 3 ~7g’ + 2 4 -j? + 'Mg'l'a ~ 0, I 


#, . --dhjuvA 

dt 

^ +2 ,^ + 24^ 

3 dt 4 dt 
etc. etc. J 


.(64); 


and two 
lower, of the 
four funda¬ 
mental os¬ 
cillations. 


and all the formulas which we meet in so doing are real when similarly 
^ 3) are all of one sign, and therefore 12', 13', etc., all b^iutiSi 
real. In the case of some of the nfs negative and some positive similar 
there is no difficulty in realizing the formulas, but the con- quadratlcs ' 
sideration of the simultaneous reduction, of the two quadratics, 


1 ( (12 a 8 +i 3 0 lt + 14 Q 2 + (21^+23^ + 24 q 4 ) 2 

2 1 

and \ + ^ 2 a 2 2 + + ^A 2 ) 



/ 


to which we are led when we go back from the notation 12', etc. 
of ( 36 ), is not completely instructive in respect to stability, as 
was our previous explicit working out of the two roots of the 
determinantal equation in ( 37 ), ( 38 ), and ( 40 ). 


$*e 


345 xviii . The conditions to be fulfilled that the system may be provided 
dominated by gyrostatic influence are that the smaller value of static!™’ 

-A 2 found from (31) and the greater found from (34) be re- £iiydomt 
spectively very great in comparison with the greatest and very nant ' 
small in comparison with the smallest, of the four quantities . 

'ut 1 , m 2 , 'zu'o, w 4 irrespectively of them signs. Supposing nr to be 
the greatest and n r 4 the smallest, these conditions are easily 
proved to be fulfilled when, and only when, #z 


and 


(12.34 + 13 • 42 + 14 ■ 23) 2 

a O 2 o o o * Vu 

I2 2 +13" + 14 + 34 - + 42“ + 23“ 1 


( 66 ), 


(12.34+13.42+14.2 sY 


I2“'cr 3 'ur 4 + 13'^+ 14 -nr a nr 8 + 34“^^+ 42^^^ 2$~nr 1 nr 4i 


•(67). 


where » denotes “ very great in comparison with.” When these 
conditions are fulfilled, let 12, 13, 23, etc., be each increased in 
the ratio of W to 1. The two greater values of n (or A J~ 1) 
■will be increased in the same ratio, N to 1 ; and the two smaller 

StjicA, T* <**4 ? K 
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will be diminished each in the inverse ratio, 1 to JV. Again, 
let ^e each diminished in the 

ratio M to 1; the two larger values of n will he sensibly 
unaltered; and the two smaller will be diminished in the ratio 
M 2 to 1. 


Limits of 
smallest 
and second 
smallest 
of the four 
periods. 


345 xtt . Remark that 

(a) When ( 66 ) is satisfied the two greater values of n are 
< *y{(i 2 2 + 13 2 + 14° + 34 2 + 42* + 23 2 )} J 

, 12.34 + 13.42 + 14-23 l. (68); + 

anCl > V(i2 a + r 3 2 +i4 2 +34 2 + 42 2 + 23 2 ) j 


's y ^ 

-fork. tin# 


and that when they are very unequal the greater is approxi- 


t, (Jy' 

► J -fjkt+y 
ZtiXif&vHx 

tit C- 


mately equal to the former limit and the less to the latter. 

(5) When (67) is satisfied, and when the equilibrium is stable, 
the two smaller values of n are each 

^(12^3^+ i4 a w 2 w a +34V,gr !! +42 i! CT 1 gr 3 +23V 1 w 4 ) 1 

12 . 34 + 13 . 42 + 14.23 


and 


N /{(i2 2 'CT 3 ® 4 +X3 2 ® 1 ro 2 +l4 2 w 2 w 3 +34V l ra- 2 +42 2 2;r 1 ro3+23 2 w 1 ro 4 )} J 


( 69 ). 


y 


Limits of 
the next 
greatest and 
greatest of 
the four 
periods. 


and that when they are very unequal the greater of the two is 
approximately equal to the former limit, and the less to the 
latter. 

345 xx . Both ( 66 ) and (67) must be satisfied in order that the . 
four periods may be found approximately by the solution of the 
two quadratics (31), (34). If ( 66 ) is satisfied but not (67), the 
biquadratic determinant still splits into two quadratics, of which 
one is approximately (31) but the other is not approximately 
(34). Similarly, if (67) is satisfied but not ( 66 ), the biquad¬ 
ratic splits into two quadratics of which one is approximately 
(34) but the other not approximately (31). 


Quadruple 
free cycloi¬ 
dal system 
with non¬ 
dominant 
gyrostatic 
influences. 


345 xxi . When neither ( 66 ) nor (67) is fulfilled there is not 
generally any splitting of the biquadratic into two rational quad¬ 
ratics; and the conditions of stability, the determination of the 
fundamental periods, and the working out of the complete so¬ 
lution depend essentially on the roots of a biquadratic equation. 
When 'ui 2 , iu 3 , r m 4 are all positive it is clear from the equation 
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of energy [ 345 “, ( 4 ), with <2 = 0 ] that the motion is stable what- 

»*■ ItyU-Sj, ever be the values of the gyrostatic coefficients 12, 34, 13, etc. dal system 

M ' a . and therefore in this case each of the four roots X 2 of the biquad- dominant 
fc h .c«iw y . , # x gyrostatic 

ratic is real and negative, a proposition included in the general influences. 

+' ut * theorem of § 345 xxvi below. To illustrate the interesting questions 

which occur when the cr’s are not all positive put 

12 = 1 #, 34 — 3 #, I 3 = I 39 , etc.(70), 

where 12 , 34 , x 3 , etc. denote any numerics whatever subject only 
to the condition that they do not make zero of 

12 .34 +13. 42 +14 .23. 

When zeTj, m a , ®r 3 , ®p 4 , are all negative each root X s of the bi¬ 
quadratic is as we have seen in § 345 3dii real and negative when 
the gyrostatic influences dominate. It becomes an interesting 
question to be answered by treatment of the biquadratic, how 
small may g be to keep all the roots X s real and negative, and 
how large may g be to render them other than real and positive 
as they are when g^Q'l Similar questions occur in connexion 
with the case of two of the •zzr’s negative and two positive, 
when the gyrostatic influences are so proportioned as to fulfil 
345 xm so that when g is infinitely great there is complete 
gyrostatic stability, though when g = 0 there are two instabilities 
and two stabilities. 

345 xxii . Returning now to 345 x and 345™, 345™*, and 345 1X , Gyrostatic 

0 7 7 system 

for a gyrostatic system with any number of freedoms, we see by with ^any f 

345 vi that the roots X 2 of the determinantal equation (14) or (17) freedoms, 
are necessarily real and negative when sq, zet 2 , zet 3 , z sr 4 , etc. are 
all positive. This conclusion is founded on the reasoning of 
§ 345 u regarding the equation of energy (4) applied to the case 
Q = Q, for which it becomes T 4 - F=^ 0 , or the same as for the 
case of no motional forces. It is easy of course to eliminate 
dynamical considerations from the reasoning and to give a purely 
algebraic proof that the roots X 3 of the determinantal equation ** 

(14) of 345 '™ are necessarily real and negative, provided both of 
the two quadratic functions ( 11 ) a 2 + 2 ( 12 ) a x a 2 + etc., and 
lla 1 3 +2 12 ^^+ etc. are positive for all real values of a v a 2 , etc. • 

But the equations (14) of § 343 (k), which we obtained and used 
in the course of the corresponding demonstration for the case of 
no motional forces, do not hold in our present case of gyrostatic 
motional forces. Still for this present case we have the con- 
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elusion of § 343 (m) that equality among the roots falls essentially 
under the case of § 343 ( e) above. For we know from the con¬ 
sideration of energy, as in § 345 u , that no particular solution 
can be of the form U kt or t sin <rt, when the potential energy is 
positive for all displacements: yet [though there cannot he 
equal roots for the gyrostatic system of two freedoms (§ 345 x ) 
as we see from the solution (25) of the determinantal equation 
for this case] there obviously may be equality of roots* in a 
quadruply free gyrostatic system, or in one with more than four 
freedoms. Hence, if both the quadratic functions have the 
same sign for all real values of a 1} a 2 , etc., all the first minors 

* Examples of this may he invented ad libitum by commencing with pairs of 
equations such as (23) and altering the variables by (generalized) orthogonal 
transformations. Eor one very simple example put and take (23) as one 
pair of equations of motion, and as a second pair take 

rf-yg +'UJ7)' = 0. 

The second of (23) and the first of these multiplied respectively by cos a and 
sin a, and again by sin a and cos a, and added and subtracted, give 

— 7 cos a£ + 7 sin a if + t*r ^ 2 = 0 » 
and ^ 3 +7 sin a ^+7 cos a^+ < zzr^ iJ ; =0, 

where %=£' sin a + 97 cos a, 

and ^3 = ^ cos a~ rj sin a. 

Eliminating £' and o? by these last equations, from the first and fourth of 
the equations of motion, and for symmetry putting fa instead of £, and fa 
instead of tj', and for simplicity putting 7 cos a =#, and 7 sin a= h 9 and collecting 
the equations of motion in order, we have the following,— 

fa ~ Ofa + Mi + V?fa = 0 , 

• #3+ Mi+0 $ 4 +-^3= 

fa ~ Hz ~ #3 + Vlfa= 0, 

for the equations of motion of a quadruply free gyrostatic system having two 
equalities among its four fundamental periods. The two different periods are 
the two values of the expression 

Zn/Wilg* +J7i 2 ) ±V(i{/ 2 4- P 2 + '&r)}« 

When these two values are unequal the equalities among the roots do not 
give rise to terms of the form teM or t cos at in the solution. But if 
V = - (!<jf 2 +^ft, 2 ), which makes these two values equal, and therefore all four 

' roots equal, terms of the form t cos at do appear in the solution, and the equili¬ 
brium is unstable in the transitional case though it is stable if - rn be less than 
ig 2 + by ever so small a difference. 

4* -UZUm S3o7 . ^ \ I* * 34 ~ 


Case of 
equal roots 
with sta¬ 
bility. 


Application 
of Routh’s 
theorem. 
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of the determinantal equation (14), § 345 viii , must vanish for each Application 
double, triple, or multiple root of the equation, if it has any theorem, 
such roots. 

It will be interesting to find a purely algebraic proof of this 
theorem, and we leave it as an exercise to the student; remarking 
only that, when the quadratic functions have contrary signs for 
» y some real values of a l9 etc., there may be equality among the 
7 . 4 , roots without the evanescence of all the first minors; or, in Equal roots 
dynamical language, there may be terms of the form U kt , or bmtyhi ta ~ 
t sin art, in the solution expressing the motion of a gyrostatic ^est?e° nal 
system, in transitional cases between stability and instability. bUity and* 
It is easy to invent examples of such cases, taking for instance- mstabillty * 
the quadruply free gyrostatic system, whether gyrostaticaily 
dominated as in § 345*^, but in this case with some of the four ” * * 
quantities negative, and some positive; or, as in § 345 X3d , not 
gyrostaticaily dominated, with either some or all of the quantities 
w l3 sr 2 , ..., 'zsr < negative. All this we recommend to the student 
as interesting and instructive exercise. 


345 xxHi . When all the quantities t sr l9 m 2 , ..., m i are of the Conditions 
same sign it is easy to find the conditions that must be fulfilled static do- 
in order that the system may be gyrostaticaily dominated. For 
if p l9 ..., p n are the roots of the equation 

c 0 z" + Cf*- 1 + ... + c^z + c n = 0, 

we have 

- (p +p + ... + p„) = —, and -(- + 1+ ... +1) =-=i. 

2 \P, p 2 pj c„ 

Hence if—p l5 -p 2 , ...-p n be each positive, c x / nc Q is their arithmetic 
mean, and nc n j c n-1 is their harmonic mean. Hence c l j 71 c, is 
greater than nc n jc n _ l9 and the greatest of — p l9 — p 2 ,..., — p n is 
greater than cJnc Q , and the least of them is less than nc n j c B _ x . 

Take now the two following equations: 


X' + V^ia' + X 1 ' 


©'♦sr 


2 l 2 ' 2 + 


2(2i2.34) 2 + X* 5 2 (S12.34. 56) 2 + etc. = 0 .( 71 ), 

0 ‘' 4 2 ( 5 i 2 '. 34 'r+(x )" 6 2 (St2'. 34'. 5 6') 2 +etc. = 0 ( 72 ), 


where 


12 


’ 13 ^ \/K^) 


13 


34=- 


34 


1 , % 

yivi) 


(73). 


L-r* 
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Suppose for simplicity i to be even. All the roots A 2 of (71) 
are (§ 345 xxvi below) essentially real and negative. So are those of 
(72) provided^, -sr 2 ,...j ®r 4 are all of one sign as we now suppose 
them to be. Hence the smallest root - A 2 of (71) is less than 


^E( I 2 -34*56v 5 
S’(Si 2 . 34 .56,..., £- 3 , i- 2) 2 . 

and the greatest root - A 2 of (72) is greater than 

2 (Si2 , .34 / . 56',.-, 2')® 

iiS(i2 / .34 , .S 6 V-j 


( 74 ), 


(75). 


Hence the conditions for gyrostatic domination are that (74) must 
be much greater than the greatest of the positive quantities ±®r 
±ra;,..., ± ra*., and that (75) must be very much less than the 
least of these positive quantities. When these conditions are 
fulfilled the % roots of (18) § 345 ix equated to zero are separable 
into two groups of roots which are infinitely nearly equal to 
the roots of equations (71) and (72) respectively, conditions 
of reality of which are investigated in § 345 xxvi below. The 
interpretation leads to the following interesting conclusions:— 


Gyrostatic 345^. Consider a cycloidal system provided with non- 
piained. rotating flywheels mounted on frames so connected with the 
moving parts as to give infinitesimal angular motions to the 
axes of the flywheels proportional to the motions of the system. 
Let the number of freedoms of the system exclusive of the 
ignored co-ordinates [§ 319, Ex. (G)] of the flywheels relatively 
to their frames be even. Let the forces of the system be such 
that when the flywheels are given at rest, when the system is 
at rest, the equilibrium is either stable for all the freedoms, or 
unstable for all the freedoms. Let the number and connexions 
of the gyrostatic links be such as to permit gyrostatic domina¬ 
tion (§ when each of the flywheels is set into sufficiently 

Gyrostati- rapid rotation. Now let the flywheels be set each into suf- 
minated ficiently rapid rotation to fulfil the conditions of gyrostatic 
domination (§ 345 xxi ): the equilibrium of the system becomes 
stable: with half the whole number i of its modes of vibration 
exceedingly rapid, with frequencies equal to the roots of a cer¬ 
tain algebraic equation of the degree Ji; and the other half of 
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its modes of vibration very slow, with frequencies given by the Gyrostati- 
roots of another algebraic equation of degree ^i . The first class minated 
of fundamental modes may be called adynamic because they 
are the same as if no forces were applied to the system, or 
acted between its moving parts, except actions and reactions in its adyna- 
the normals between mutually pressing parts (depending on the iations C (very 
inertias of the moving parts). The second class of fundamental rapid) * 
modes may be called precessional because the precession of the and pre¬ 
equinoxes, and the slow precession of a rapidly spinning top oscuiauons 
supported on a very fine point, are familiar instances of it. (very sl ° w) * 
Remark however that the obliquity of the ecliptic should be 
infinitely small to bring the precession of the equinoxes pre-jp^'^’ 
cisely within the scope of the equations of our “ cycloidal ^ 
system.” % - Ar*. 

345 xxv . If the angular velocities of all the flywheels be 
altered in the same proportion the frequencies of the* adynamic 
oscillations will be altered in the same proportion directly, and 
those of the precessional modes in the same proportion in¬ 
versely. Now suppose there to be either no inertia in the 
system except that of the flywheels round their pivoted axes 
and round their equatorial diameters, or suppose the effective 
inertia of the connecting parts to be comparable with that of 
the flywheels when given without rotation. The period of each ^^ ison 
of the adynamic modes is comparable with the periods of the ^ e ^^f es 
flywheels. And the periods of the precessional modes are com- 
parable with a third proportional to a mean of the periods of 
the flywheels and a mean of the irrotational periods of the sys- 
tern, if the system be stable when the flywheels are deprived 
of rotation. For the last mentioned term of the proportion we ^ncfes 
may, in the case of irrotational instability , substitute the time of ofthe 
increasing a displacement a thousandfold, supposing the system 
to be falling away from its configuration of equilibrium pSof 
according to one of its fundamental modes of motion (< e kt ). r0tatl011. 
The reciprocal of this time we shall call, for brevity, the 
rapidity of the system, for convenience of comparison with the 
frequency of a vibrator or of a rotator, which is the name com¬ 
monly given to the reciprocal of its period. 
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Proof of 
reality of 
idynamic 
find of pre- 
cessional 
periods 
when 
system’s 
irrotational 
periods are 
sither all 
real or all 
imaginary. 


* 


345 xxvi . It remains to prove that the roots X 2 of (71), and of ^ 
(72) also when ®,, sr 4 are all of one sign, are essentially 

real and negative. (71) is the determinantal equation of 
§ 345 5dv (42) with any even number of equations instead of only 
four. The treatment of §§ 345 xiv and 345 xv is all directly ap¬ 
plicable without change to this extension; and it proves that the 
roots X 3 are real and negative by bringing the problem to that of 
the orthogonal reduction of the essentially positive quadratic 
function 


^(aa)=|{(i 2 ^ 2 +i 3 ^ 8 +etc.) 2 +( 2 xa 1 + 23 ^ 3 +etc .) 2 +(3 irq+ 32 a 2 +etc.) 2 +etc.} (76): 

it proves also the equalities of energies of (56), § 345 xv , and the 

orthogonalities of (55), (58) § 345* v : also the curious algebraic 

Algebraic theorem that the determinantal roots of the quadratic function 
theorem. . , „ , . . » 

consist of \% pairs of equals. 

Inasmuch as (72) is the same as (71) with \~ l put for X and 
12 ', 13 *, 23 ', etc. for 12 , 13 , 23 , etc., all the formulas and propo¬ 
sitions which we have proved for (71) hold correspondingly for 
(72) when 12 ', 13 ', 23 ', etc. are all real, as they are when 
'sr 2 ,...'sr i are all of one sign. 


345 xxvii . Going back now to § 345 ym , and taking advantage of 
what we have learned in § 345 5x and the consequent treatment .of 
the problem, particularly that in § 345 xiv , we see now how to 
simplify equations (14) of § 345 viii otherwise than was done in 
§ 345% by a new method which has the advantage of being 
applicable also to materially simplify the general equations (13) 
of § 345 vi . Apply orthogonal transformation of the co-ordinates 
to reduce to a sum of squares of simple co-ordinates, the quad¬ 
ratic function (76). Thus denoting by G^ifnj/) what G (aa) 
becomes when xp 1 , etc. are substituted for a x , a 2 , etc.; and 
/ denoting by n the values of the pairs of roots of the 

determinantal equation of degree i, which are simply the negative 
the roots X 2 of equation (71) of degree in X 2 ; and denoting 
^7 by £ 2 , the fresh co-ordinates, we have 

G(W) = £{<(£/ + o + <(!/+ v) + •..+»«*(&* + m‘)} -(77). 

. It is easy to see that the general equations of cycloidal motion 
(13) of § 345 vi transformed to the ^-co-ordinates come out in \i 
pairs as follows: 4 jf** tl 6p-L 


345*”“.] 


DYNAMICAL LAWS AND PRINCIPLES. 


415 



d dT tiQ dV n 

dtd^ k d^ 11 

d dT idQ : dV n 

dt n & + d7,~° 


dT jdQ . dV 

«£. A <K_ C 


r <2 rfr jdQ 
dt di 2 ^4 
cZr *$3 
- cfo. Aefo. 


d dT jdQ i dV . 
dt d% ddr], n & + d v ~° 


r d dT jdQ . dV n 

. 5 4.% + ”"’“ +3 5 

L dt di] U + *di]u ~ n l& {+ drjii ~ _ 


Cycloidal 

motion. 


(78). 


a* Qsgg; « 

c?*y ? ^ 

L. 


345 xxvm . Considerations of space and time prevent ns from 
detailed treatment at present of gyrostatic systems with odd 
numbers of degrees of freedom, but it is obvious from § 345 xxvU and 
345™ that tbe general equations (13) of § 345* may, when i tlie 
number of freedoms is odd, by proper transformation from co¬ 
ordinates i j/ iy if/ 2 , etc. to a set of co-ordinates £, £ l3 
r]h{i-i) be reduced to tbe following form: 


f d dT idQ dV A 

_ dt d£ t k dt ^ 

I***® *r =0 

L dt drj x *di] l n A + dq l 

r d dT IdQ . dV n 

_ dt dt k dt d ^. 

d dT jdQ , dV . 

1 dt d% h dq, - - di 


r d dT ,/ dQ . . , d7 _ n 


t j d dT 
V '■dtdiiui- 1) ' 




dTjdQ+dT^Q 

dt di +k di dt 
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346. There is scarcely any question in dynamics more im¬ 
portant for Natural Philosophy than the stability or instability 
of motion. We therefore, before concluding this chapter, pro¬ 
pose to give some general explanations and leading principles 
regarding it. 

A “ conservative disturbance of motion’’ is a disturbance 
in the motion or configuration of a conservative system, not 
altering the sum of the potential and kinetic energies. A 
conservative disturbance of the motion through any particular 
configuration is a change in velocities, or component velocities, 
not altering the whole kinetic energy. Thus, for example, a 
conservative disturbance of the motion of a particle through 
any point, is a change in the direction of its motion, unaccom¬ 
panied by change of speed. 

347. The actual motion of a system, from any particular 
configuration, is said to be stable if every possible infinitely 
small conservative disturbance of its motion through that con¬ 
figuration may be compounded of conservative disturbances, 
any one of which would give rise to an alteration of motion 
which would bring' the system again to some configuration 
belonging to the undisturbed path, in a finite time, and without' 
more than an infinitely small digression. If this condition is 
not fulfilled, the motion is said to be unstable . 

348. For example, if a body, A, be supported on a fixed 
vertical axis; if a second, B, be supported on a parallel axis 
belonging to the first; a third, (7, similarly supported on B, and 
so on; and if B, G, etc., be so placed as to have each its centre 
of inertia as far as possible from the fixed axis, and the whole 
set in motion with a common angular velocity about this axis, 
the motion will be stable, from every configuration, as is evi¬ 
dent from the principles regarding the resultant centrifugal 
force on a rigid body, to be proved later. If, for instance, each 
of the bodies is a flat rectangular board hinged on one edge, it 
is obvious that the whole system will be kept stable by centri¬ 
fugal force, when all are in one plane and as far out from the 
axis as possible. But if A consist partly of a shaft and crank, 
as a common spinning-wheel, or the fly-wheel and crank of a 
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steam-engine, and if B be supported on tlie crank-pin as axis. Examples, 
and turned inwards (towards the fixed axis, or across the fixed 
axis), then, even although the centres of inertia of G, B y etc., 
are placed as far from the fixed axis as possible, consistent with 
this position of B } the motion of the system will be unstable. 

349. The rectilinear motion of an elongated body lengthwise, 
or of a fiat disc edgewise, through a fluid is unstable. But the 
motion of either body, with its length or its broadside perpen¬ 
dicular to the direction of motion, is stable. This is demon¬ 
strated for the ideal case of a perfect liquid (§ 320), in § 321, 

Example (2); and the results explained in § 322 show, for a Kinetic sta- 
solid of revolution, the precise character of the motion con- drodynamic 
sequent upon an infinitely small disturbance in the direction example * 
of the motion from being exactly along or exactly perpendicular 

to the axis of figure; whether the infinitely small oscillation, 
in a definite period of time, when the rectilineal motion is 
stable, or the swing round to an infinitely nearly inverted po¬ 
sition when the rectilineal motion is unstable. Observation 
proves the assertion we have just made, for real fluids, air and 
water, and for a great variety of circumstances affecting the 
motion. Several illustrations have been referred to in § 325; 
and it is probable we shall return to the subject later, as being 
not only of great practical importance, but profoundly interest¬ 
ing although very difficult in theory. 

350. The motion of a single particle affords simpler and 
not less instructive illustrations of stability and instability. 

Thus if a weight, hung from a fixed point by a light inexten- circular 
sible cord, be set in motion so as to describe a circle about a pendulum, 
vertical line through its position of equilibrium, its motion is - 
stable. For, as we shall see later, if disturbed infinitely little 

in direction without gain or loss of energy, it will describe a 
sinuous path, cutting the undisturbed circle at points succes¬ 
sively distant from one another by definite fractions of the cir¬ 
cumference, depending upon the angle of inclination of the 
string to the vertical. When this angle is very small, the 
motion is sensibly the same as that of a particle confined to 
one plane and moving under the influence of an attractive 
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force towards a fixed point, simply proportional to the distance; 
and the disturbed path cuts the undisturbed circle four times 
in a revolution. Or if a particle confined to one plane, move 
under the influence of a centre in this plane, attracting with a 
force inversely as the square of the distance, a path infinitely 
little disturbed from a circle will cut the circle twice in a re¬ 
volution. Or if the law of central force be the ?zth power 
of the distance, and if n 4* 3 be positive, the disturbed path will 
cut the undisturbed circular orbit at successive angular in¬ 
tervals, each equal to nr/Jn + S. But the motion will be 
unstable if n be negative, and - n > 3. 


The criterion of stability is easily investigated for circular 
motion round a centre of force from the differential equation of 
the general orbit (§ 36), 

d a u __ P 
W +U ~ffu*’ 


Let the value of h be such that motion in a circle of radius a~ l 
satisfies this equation. That is to say, let P /h 2 u 2 = u, when u = a. 
Let now u = a + p, p being infinitely small. "We shall have 

M ~AV =ap ’ 


if a denotes the value of 


when u —a: and therefore 


d_( P V 
du \ A V/ 

the differential equation for motion infinitely nearly circular is 


cFp_ 

dd 2 


+ ap = 0. 


The integral of this is most conveniently written 
p = A sin (0 Ja + 13) 
when a is positive, and 

p = Ce 0 ^ + 

when a is negative. 

Hence we see that the circular motion is stable in the former 
case, and unstable in the latter. 
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For instance, if P = p,r" = u-u ", we have 
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cular orbit. 


and putting ^2 = w = a, in this we find a = n + 3; whence the 
result stated above. 

Or, taking Example (B) of § 319, and putting mP for P, and 
mil for h, 

p _ m ' (9 ..- 2 , .A 


h 2 u 2 m + m \Ju 


hoU + u ], 




Hence, putting u-a, and making h 2 ~gm jmcP so that motion 
in a circle of radius a' 1 may be possible, we find 


Hence the circular motion is always stable; and the period of 
the variation produced by an infinitely small disturbance from 
it is 


351. The case of a particle moving on a smooth fixed surface Kinetic sta- 
under the influence of no other force than that of the con- particle 
straint, and therefore always moving along a geodetic line of “smooth 11 
the surface, affords extremely simple illustrations of stability sur 
and instability. For instance, a particle placed on the inner 
circle of the surface of an anchor-ring, and projected in the 
plane of the ring, would move perpetually in that circle, but 
unstably, as the smallest disturbance would clearly send it 
away from this path, never to return until after a digression 
round the outer edge. (We suppose of course that the particle 
is held to the surface, as if it were placed in the infinitely 
narrow space between a solid ring and a hollow one enclosing 
it.) But if a particle is placed on the outermost, or greatest, 

27—2 
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inetie , circle of the ring, and projected in its plane, an infinitely small 

ability o! . ° . 7 n .. . . 

particle disturbance will cause it to describe a sinuous path cutting the 
smooth c i r ole at points round it successively distant by angles each equal 
to 7 rjb/a, or intervals of time, 7r Jb/co Ja, where a denotes 
the radius of that circle, co the angular velocity in it, and b the 
radius of the circular cross section of the ring. This is proved 
by remarking that an infinitely narrow band from the outer¬ 
most part of the ring has, at each point, a and b for its principal 
radii of curvature, and therefore (§ 150) has for its geodetic 
lines the great circles of a sphere of radius Vai, upon which 
(§.152) it may be bent. 

352. In all these cases the undisturbed motion has been 
circular or rectilineal, and, when the motion has been stable, the 
effect of a disturbance has been periodic , or recurring with the 
same phases in equal successive intervals of time. An illus¬ 
tration of thoroughly stable motion in which the effect of a 
disturbance is not “ periodic,” is presented by a particle sliding 
down an inclined groove under the action of gravity. To take 
the simplest case, we may consider a particle sliding down 
along the lowest straight line of an inclined hollow cylinder. 
If slightly disturbed from this straight line, it will oscillate 
on each side of it perpetually in its descent, but not with a 
uniform periodic motion, though the durations of its excursions 
to each side of the straight line are all equal. 

u?ty! c fnT 353. A very curious case of stable motion is presented by 
Xte oscn- a P ar ti c l e constrained to remain on the surface of an anchor- 
atioHs. ring g xe( j j n a y er ti ca l pl an e ; and projected along the great 
circle from any point of it, with any velocity. An infinitely 
small disturbance will give rise to a disturbed motion of which 
the path will cut the vertical circle over and over again for 
ever, at unequal intervals of time, and unequal angles of the 
circle; and obviously not recurring periodically in any cycle, 
except with definite particular values for the whole energy, 
some of which are less and an infinite number are greater than 
that which just suffices to bring the particle to the highest 
point ot the ring. The full mathematical investigation of these 
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circumstances would afford an excellent exercise in the theory 
of differential equations, but it is not necessary for our present 
illustrations. 

334. In this case, as in all of stable motion with only two Oscillatory 

1 • -i _ kinetic sta- 

degrees of freedom, which we have just considered, there has 
been stability throughout the motion; and an infinitely small 
disturbance from any point of the motion has given a disturbed 
path which intersects the undisturbed path over and over again 
at finite intervals of time. But, for the sake of simplicity at 
present confining our attention to two degrees of freedom, we 
have a limited stability in the motion of an unresisted pro- Limited 

. *' r kinetic sta- 

jeetile, which satisfies the criterion of stability only at points 
of its upward, not of its downward, path. Thus if MOPQ be 



the path of a projectile, and if at 0 it be disturbed by an infi- Enefo 
nitely small force either way perpendicular to its instantaneous a projectile, 
direction of motion, the disturbed path will cut the undisturbed 
infinitely near the point P where the direction of motion is per¬ 
pendicular to that at 0: as we easily see by considering that 
the line joining two particles projected from one point at the 
same instant with equal velocities in the directions of any two 
lines, will always remain perpendicular to the line bisecting the 
angle between these two lines. 
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merai 355 . The principle of varying action gives a mathematical, 
criterion for stability or instability in every case of motion 
Thus in the first place it is obvious, and it will be proved below 
(§§ 358, 361), that if the action is a true minimum in the motion 
of a system from any one configuration to the configuration 
reached at any other time, however much later, the motion is 
samples, thoroughly unstable. For instance, in the motion of a particle 
constrained to remain on a smooth fixed surface, and unin¬ 
fluenced by gravity, the action is simply the length of the path, 
multiplied by the constant velocity. Hence in the particular 
case of a particle uninfluenced by gravity, moving round the 
inner circle in the plane of an anchor-ring considered above, the 
action, or length of path, is clearly a minimum from any one 
point to the point reached at any subsequent time. (The action 
is not merely a minimum, but is the smaller of two minimums, 
when the course is from any point of the circular path to any 
other, through less than half a circumference of the circle.) 
On the other hand, although the path from any point in the 
greatest circle of the ring to any other at a distance from it 
along the circle, less than iT'Jab, is clearly least possible if along 
the circumference; the path of absolutely least length is not 
along the circumference between two points at a greater circular 
distance than 7 rVaJ from one another, nor is the path along the 
circumference between them a minimum at all in this latter 
lotion on case. On any surface whatever which is everywhere anticlastic, 
He surface or along a geodetic of any surface which passes altogether 
table. through an anticlastic region, the motion is thoroughly un¬ 
stable. For if it were stable from any point 0 , we should have 
the given undisturbed path, and the disturbed path from 0 
cutting it at some point Q ;—two different geodetic lines join- 
lotion of a ing two points; which is impossible on an anticlastic surface, 
-n anticias- inasmuch as the sum of the exterior angles of any closed 
mstabie; figure of geodetic lines exceeds four right angles (§ 136) 
when the integral curvature of the enclosed area is negative, 
which (§§ 138, 128) is the case for every portion of surface 
thoroughly anticlastic. But, on the other hand, it is easily 
proved that if we have an endless rigid band of curved surface 
everywhere synclastic, with a geodetic line running through its 
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middle, the motion of a particle projected along this line will on a syn- 

, . , . n n .. _ , ... clastic sur- 

be stable throughout, and an infinitely slight disturbance will face, stable, 
give a disturbed path cutting the given undisturbed path again 
and again for ever at successive distances differing according to 
the different specific curvatures of the intermediate portions of 
the surface. If from any 
point, N, of the undis¬ 
turbed path, a perpen¬ 
dicular be drawn to cut 
the infinitely near dis¬ 
turbed path in E } the 
angles OEN and NOE 
must (§ 138) be toge¬ 
ther greater than a right angle by an amount equal to the in- ^fferentiai 
teoral curvature of the area EON. From this the differential disturbed 

& pJLtiil* 

equation of the disturbed path may be obtained immediately. 

Let zEON = a, ON = s, and NE = u; and let S, a known 
function of s, be the specific curvature (§ 136) of the surface in 
the neighbourhood of N. Let also, for a moment, <£ denote the 
complement of the angle OEN We have 



f 

Jo 


Suds. 


Hence 


But, obviously, 


dcj) 

ds 




■ $u. 


du 

ds’ 


hence 


d 2 u 

ds 2 


+ §u = 0 . 


Wlien & is constant (as in the case of the equator of a surface of 
revolution considered above, § 3ol), this gives 
u = A cos (s JS + E) y 

agreeing with the result (§ 351) which we obtained by develop¬ 
ment into a spherical surface. 

The case of two or more bodies supported on parallel axes 
in the manner explained above in § 348, and rotating with the 
centre of inertia of the whole at the least possible distance from 
the fixed axis, affords a very good illustration also of this pro¬ 
position which may be safely left as an exercise to the student. 
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356. To investigate the effect of an infinitely small con¬ 
servative disturbance produced at any instant in the motion 
of any conservative system, may bo reduced to a practicable 
problem (however complicated the required work may be) of 
mathematical analysis, provided the undisturbed motion is 
thoroughly known. 

(a) First, for a system having but two degrees of freedom to 
move, let 

2T = Pp 2 + Q<t> 2 +2Rp<p .(1), 


where F , Q y R are functions of the co-ordinates not depending 
on the actual motion. Then 


d dT 
dt dij/ 


dT 

dF 


dT 
dtf> 
dP dR\ 


Q<j> + Rip 


dV t>y dF ,*2 f dP dF \ n dF i 


....( 2 ); 


and the Lagrangian equations of motion [§318 (24)] are 




0 dR dQ 
2 dj> 

d Q : 


d\p 


_ d Q\ 72 ) 

dQ i*) 

) 


= 


...(3). 




J 


We shall suppose the system of co-ordinates so chosen that 
none of the functions F, Q } R, nor their differential coefficients 


dF 

d<j> 


, etc., can ever become infinite. 


(b) To investigate the effects of an infinitely small disturbance, 
we may consider a motion in which, at any time t, the co-ordi¬ 
nates are 1 p+p and </> 4- q, <p and q being infinitely small; and, by 
simply taking the variations of equations (3) in the usual manner, 
we arrive at two simultaneous differential equations of the second 
degree, linear with respect to 


F <b P> P, <h 

but having variable coefficients which, when the undisturbed 
motion ip, <f> is fully known, may be supposed to be known 
functions of t. In these equations obviously none of the coeffi- 
, ; cients can at any time become infinite if the data correspond to 
% - v; a real dynamical problem, provided the system of co-ordinates is 
* S properly chosen («); and the coefficients of p and q are the 
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values, at the time t, of P, R , and R } Q, respectively, in the General in- 
order in which they appear in (3), P, Q, R being the coefficients of disturbed 
of a homogeneous quadratic function (1) which is essentially PAth ' 
positive. These properties being taken into account, it may be 
shown that in no case can an infinitely small interval of time be 0: -Pr —- ‘ 
the solution of the problem presented (§ 347) by the question of ' ‘ r 
kinetic stability or instability, which is as follows :— 

(c) The component velocities if/, <f> are at any instant changed 
to ijz+a, cfr + P, subject to the condition of not changing the 
value of T . Then, a and j3 being infinitely small, it is required 

to find the interval of time until qjp first becomes equal to <f>/\ (r. c f . /. 

(d) The differential equations in p and q reduce this problem, 
and in fact the full problem of finding the disturbance in the 
motion when the undisturbed motion is given, to a practicable 
form. But, merely to prove the proposition that the disturbed 
course cannot meet the undisturbed course until after some finite 
time, and to estimate a limit which this time must exceed in any 
particular case, it may be simpler to proceed thus :— 

( e) To eliminate t from the general equations (3), let them 
first be transformed so as not to have t independent variable. 

We must put 


•• dtd 2 if/ - dij/dH •• dtd 2 <f> - dcf>d 2 t 

i!r = -■-. (T) =--- 


dt Z 


df 


.(4). 




•(5), 


And by the equation of energy we have 
f (Pdif/ 2 4 - Qdcj> 2 4 %Rd\j/d(fp 

^ {2 (E-V)$ . 

it being assumed that the system is conservative. Eliminating 
dt and dH between this and the two equations (3), we find a 
differential equation of the second degree between if/ and </>, 
which is the differential equation of the course. For simplicity, 
let us suppose one of the co-ordinates, <j> for instance, to be inde¬ 
pendent variable; that is, let d 2 cf> = 0. We have, by (4), 


d 2 t — ~ <f> 


dP 

d^ 


I j/dt 2 = d 2 ip 4- ^ M 


and therefore 
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and the result of the elimination becomes 


(p% + 2 ^ +q)\( 

ivn V cI 4 d <t> /L\ \ d4> ) 

U*/ 


2(^ T - F) 


.( 6 ), ✓ 


denotins; a function of ~ of the third degree, with vari- 
\dcf>J G dcj> G 

^ able coefficients, none of which can become infinite as long as 

‘ • w.; E -V, the kinetic energy, is finite. 

fi j. r ^ p', 1 


1 :r 


^ (/) Taking the variation of this equation on the supposition 

that \f/ becomes xjf+p, where p is infinitely small, we have 


U 



i 

it 


'■■3 


. m. 

% 

where L and M denote known functions of <£, neither of which 
has any infinitely great value. This determines the deviation, p, 
of the course. Inasmuch as the quadratic (1) is essentially 
always positive, PQ — R 2 must be always positive. Hence, if 

for a particular value of <£, p vanishes, and has a given value 

u<p 

which defines the disturbance we suppose made at any instant, 

<jf> must increase by a finite amount (and therefore a finite time 
must elapse) before the value of p can be again zero; that is to # 
say, before the disturbed course can again cut the undisturbed 
course. 

(g) The same proposition consequently holds for a system 
having any number of degrees of freedom. For the preceding 
proof shows it to hold for the system subjected to any frictionless 
constraint, leaving it only two degrees of freedom; including 
that particular frictionless constraint which would not alter either 
the undisturbed or the disturbed course. The full general inves¬ 
tigation of the disturbed motion, with more than two degrees of 
freedom, takes a necessarily complicated form, but the principles 
on which it is to be carried out are sufficiently indicated by 
what we have done. 


(h) If for L/(PQ-R*) we substitute a constant 2a, less than 
its least value, irrespectively of sign, and for a 
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constant (3 greater algebraically than its greatest value, we 
have an equation 


d 3 p 

d $ 2 


+ 2 a^+ja-o 

d<j> n • 


( 8 ). 


General in¬ 
vestigation 
of disturbed 
path. 


Here the value of p vanishes for values of successively ex- r 

ceeding one another by tt/J/3 — a 2 , which is clearly less than ; ' t 

the increase that must have in the actual problem before p • * m .f r 

vanishes a second time. Also, we see from this that if a 2 > /S 

the actual motion is unstable. It might of course be unstable 

even if a 2 < /?; and the proper analytical methods for finding 

either the rigorous solution of (7), or a sufficiently near practical 

solution, would have to be used to close the criterion of stability 

or instability, and to thoroughly determine the disturbance of 

the course. 


(i) When the system is only a single particle, confined to a Differential 
plane, the differential equation of the deviation may be put diSbed° f 
under a remarkably simple form, useful for many practical skfgkpar- 
problems. Let A be the normal component of the force, per plane? a 
unit of the mass, at any instant, v the velocity, and p the radius 
of curvature of the path. We have (§ 259) 



Let, in the diagram, ON be the undisturbed, and OE the 
disturbed path. Let 
EN, cutting ON at 
right angles, be de¬ 
noted by u, and ON 
by s. If further we 
denote by p the 
radius of curvature 
in the disturbed path, 

remembering that u is infinitely small, we easily find 



1 1 d\i + u 

p p ds 2 p" 


.(9). 


Hence, using 8 to denote variations from A to A, we have 


8A-S 


XT 


m 


+ V 




f d 2 u u\ 
\d? + p*J ‘ 


.( 10 ). 
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But, by the equation of energy, 

v 2 = 2 (E- F), 

and therefore 

8(» 2 ) = -2SF=2^m= — u. 

P 

Hence (10) becomes 

drv, 3 u BN" A 

~T9 •!—s —t == 6 . 


(11), 


or, if we denote by £ the rate of variation of N, per unit of dis¬ 
tance from the point JSf in the normal direction, so that BN = gu, 


du? 

dF 


+ 



( 12 ). 


This includes, as a particular case, the equation of deviation 
from a circular orbit, investigated above (§ 350). 


357. If, from any one configuration, two courses differing 
infinitely little from one another have again a configuration in 
common, this second configuration will be called a kinetic focus 
relatively to the first: or (because of the reversibility of the 
motion) these two configurations will be called conjugate kinetic 
foci. Optic foci, if for a moment we adopt the corpuscular 
theory of light, are included as a particular case of kinetic foci 
in general. By § 356 ( g) we see that there must be finite in¬ 
tervals of space and time between two conjugate foci in every 
motion of every kind of system, only provided the kinetic 
energy does not vanish. 

358. Now it is obvious that, provided only a sufficiently 
short course is considered, the action , in any natural motion of 
a system, is less than for any other course between its terminal 
configurations.' It will be proved presently (§ 361) that the first 
configuration up to which the action, reckoned from a given 
initial configuration, ceases to be a minimum, is the first kinetic 
focus; and conversely, that when the first kinetic focus is 
passed, the action, reckoned from the initial configuration, ceases 
to be a minimum; and therefore of course can never again be a 
minimum, because a course of shorter action, deviating infi¬ 
nitely little from it, can be found for a part, without altering the 
remainder of the whole, natural course. 

•*.**. */ *, -l '>*? - ’ .. S*. ^ . 
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359. Ia such statements as this it will frequently he con- Notation 

. . t . 'i j for con¬ 

venient to indicate particular configurations of the system by figurations, 

-*• ° _ J J courses, and 

single letters, as 0, P, Q, B ; and any particular course, in 
which it moves through configurations thus indicated, will be 
called the course 0...P...Q...P. The action m any natural 
course will be denoted simply by* the terminal letters, taken in 
the order of the motion. Thus OB will denote the action from 
0 to R; and therefore OB = — BO. When there are more 
real natural courses from 0 to B than one, the analytical 
expression for OB will have more than one real value; and it 
may be necessary to specify for which of these courses the 
action is reckoned. Thus we may have 
OB for O...P...P, 

OB for O...E'...B, 

OB for O...E"...R , 

three different values of one algebraic irrational expression. 

360. In terms of this notation the preceding statement Theorem of 
(§ 358) may be expressed thus :—If, for a conservative system, action, 
moving on a certain course 0...P...(7...P', the first kinetic 

focus conjugate to 0 be 0\ the action OP*, in this course, will 
be less than the action along any other course deviating in¬ 
finitely little from it: but, on the other hand, OF is greater than 
the actions in some courses from 0 to P' deviating infinitely 
little from the specified natural course O...P...O'...P'. 

361. It must not be supposed that the action along OP is Twoormore 
necessarily the least possible from 0 to P. There are, in fact, minimum 
cases in which the action ceases to be least of all possible , before possible. 
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Twoorraore a kinetic focus is reached. Thus if OEAPQ’E'A ' be a sinuous 
minimum geodetic line cutting the outer circle of an anchor-ring, or 
possible, the equator of an oblate spheroid, in successive points 0 , 
A, A', it is easily seen that O', the first kinetic focus 
conjugate to 0, must lie somewhat beyond A. But the 
length OEAP, although a minimum (a stable position for a 
Case of two stretched string), is not the shortest distance on the surface 

minimum, _ , . ... . . . 

and one not f r0 m 0 to P, as this must obviously be a line lying entirely on 

minimum, . . J 

Ces e be C one S ^ e § rea "^ circ l e * From 0, to any point, Q, short of 

points tw ° the distance along the geodetic OEQA is clearly the least 

possible: but if Q be near enough to A (that is to say, between 
A and the point in which the envelope of the geodetics drawn 
from 0, cuts OEA ), there will also be two other geodetics from 
0 to Q. The length of one of these will be a minimum, and 
that of the other not a minimum. If Q is moved forward to A, 
the former becomes 0E t A , equal and similar to OEA, but on the 
other side of the great circle: and the latter becomes the great 
circle from 0 to A. If now Q be moved on, to P, beyond A, 
the minimum geodetic OEAP ceases to be the less of the two 
minimums, and the geodetic OFP lying altogether on the other 
side of the great cirde becomes the least possible line from 0 to P 
But until P is advanced beyond the point, O', in which it is cut 
by another geodetic from 0 lying infinitely nearly along it, the 
length OEAP remains a minimum, according to the general 
proposition of § 358, which we now proceed to prove. 


Difference 
between two 
sides and 
the third of 
a kinetic 
triangle. 


(a) Referring to the notation of § 360, let P t be any configura¬ 
tion differing infinitely little from P, but not on the course 
0 ...P ...O’ ...P '; and let S be a configuration on this course, 
reached at some finite time after P is passed. Let if/, be 
the co-ordinates of P, and i ]/ j9 those of P y , and let 

Thus, by Taylor’s theorem, 


(d 2 (OP + PS) 


m+ 


,d a (OP+PS) 




+ etc. 
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But if i, 7},... denote the components of momentum at P in the 
course O...P , which are the same as those at P in the continua¬ 
tion, P...S, of this course, we have [§ 330 (18)] 

= __dOP_ dPS 

cty “ dty ’ v ~ d<j> ~ ~d4’ •" 


Hence the coefficients of the terms of the first degree of 8 ip, Sep, 
in the preceding expression vanish, and we have 


OP^P^-OS 


(b) How, assuming 




+ etc. 

x l = afixp + /^Scjk + ... 
x s = a 2 ty + p£<l> + ... 
etc. etc. 


•( 2 ), 


according to the known method of linear transformations, let 
a lf a 2 , /5 2 ,... be so chosen that the preceding quadratic 

function be reduced to the form 

A x x x 2 + A 2 x 2 2 + ... + A& 8 , 

the whole number of degrees of freedom being i. 

This may be done in an infinite variety of ways; and, towards 
fixing upon one particular way, we may take <** = »£, & = <£, etc.; 
and subject the others to the conditions 

\pa x + <pfi 1 + ... = 0, \j/a 2 + <f>j3 2 + ... = 0, etc. 

This will make ^ = 0: for if for a moment we suppose P t to be 
on the course 0...P...0 we have 
Sip _ Sc/> _ 
ip cj> 

and therefore 

^ = ^(^ + 8 ^“+...), = 0 , ... x 2 — 0 , x 1 = 0 . 

But in this case OP, + P;S = OS; and therefore the value of the 
quadratic must be zero; that is to say, we must have -4* = 0. 
Hence we have 

OP t + PJS- OS= i (A x x? + A a x* + ... + A^x^*) | 3) 

where R denotes a remainder consisting of terms of the third 
and higher degrees in Sip, S<£, etc., or in x x , x 2 , etc. 


Difference 
between two 
sides and 
the third of 
a kinetic 
triangle. 
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(c) Another form, which will be used below, may be given to 
the same expression thus:—Let (f,, £,,...) and (£/, -q', 

be the components of momentum at P„ in the courses OP t and 
P t S respectively. By § 330 (18) we have 
^ dOP' 


and therefore by Taylor’s theorem 

, dOP (POP s <P0i» 


Similarly, 


., dPS d'PS s tPPS 


and therefore, as 


dOP 

dif/ 




dJPS 
df ’ 

d 2 (0P + PS ) 
d\j/d<fi 


4 - .. 4 - etc...(4), 


and so for 77/ — 97^ etc. Hence ( 1 ) is tlie same as 

0P J + P J S-0S=-1 {(£/ -1') fy + 0?/ - 1 ?,) ^ + • ■ •}}. (5)j 

+ i2 J. 


where R denotes a remainder consisting of terms of the third and 
higher degrees. Also the transformation from B\j/, B<j>, ... to 
x ii x 2 i •••» gi yes clearly 

f/- i = - (AVh + + • • • + 

v ;- v =-(A l P l x l + A 2 l3 1! x 2 + ... +A 1 _ l A_ 1 * J _,)|--.( 6 )- 

etc. etc. * 


(<^) Now for any infinitely small time the velocities remain 
sensibly constant; as also do the coefficients ( 1 p, \jj), ($, </>), etc., 
in the expression [§313 (2)] for T\ and therefore for the action 
we have 

fiTdt = JlT$JWdt 

= J*T {(^5 ty) - V'o )* + 2 O/S - to) ~ ^ 0 ) + ctc *}' J 

where (i^ 0 , ...) are the co-ordinates of the configuration from 

which the action is reckoned. Hence, if P, P f 1 P" he any three 
configurations infinitely near one another, and if Q, with the 
proper differences of co-ordinates written after it, he used to 
denote square roots of quadratic functions such as that in the 
preceding expression, we have 
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Iii the particular case of a single free particle, these expressions 
become simply proportional to the distances PP', P'P", FF • 
and by Euclid we have 

FP + PF f < FF' 
unless P is in the straight line FP". 

The verification of this proposition by the preceding expressions 
(7) is merely its proof by co-ordinate geometry with an oblique 
rectilineal system of co-ordinates, and is necessarily somewhat 
complicated. If (fi/, <£) = (<£, 0) = ( 0 , ij/) = 0, the co-ordinates be¬ 
come rectangular and the algebraic proof is easy. There is no 
difficult}", by following the analogies of these known processes, to 
prove that, for any number of co-ordinates, if/, <£, etc., we have 
P'P + PP">PF", 

unless 

if/ ~\f/' cf> — <j>' 0 — 0' 

i ]/' — \j/ f <p" — <// 0" — O' 

(expressing that P is on the course from P to P"), in which case 
FP + PP" = FP", 

P’P, etc., being given by (7). And further, by the aid of (1), 
it is easy to find the proper expression for PF + PP" — PF", 
when P is infinitely little off the course from F to P" : but it is 
quite unnecessary for us here to enter on such purely algebraic 
investigations. 

( e ) It is obvious indeed, as has been already said (§ 358), that 
the action along any natural course is the least possible between 
its terminal configurations if only a sufficiently short course is 
included. Hence for all cases in which the time from 0 to S is 
less than some particular amount, the quadratic term in the ex¬ 
pression (3) for OP i + P,S- OS is necessarily positive, for all 
values of x lt x 2 , etc.; and therefore A x , A 2 ,...A i _ 1 must each be 
positive. 

(/) Let now S be removed further and further from 0, along Actions on 
the definite course O..F...O', until it becomes O'. When it is courses in- 
0', let P t be taken on a natural course through 0 and O', de- onfanother 

ir 9 Si 


P'P" = ,j2T.Q{W -f), (<t>’ ...} 

P'P = J'1T. Q{(\p" —ij / 1 ), . 


..(7). 
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viating infinitely little from the course OPO'. Then, as OPfi' 
is a natural course, 

and therefore (5) becomes 

0P t + Pfi'-00' = R 9 

which proves that the chief, or quadratic, term in the other ex¬ 
pression (3) for the same, vanishes. Hence one at least of the 
i*, coefficients A lt A at ... must vanish, and if one only, A i _ 1 = 0 for 
instance, we must have 

®i = 0, 0,...cc i _ 2 = 0. 

These equations express the condition that P J lies on a natural 
course from 0 to O'. 

(g) Conversely if one or more of the coefficients A x , A 2 , etc., 
vanishes, if for instance A i _ 1 = 0, S must be a kinetic focus. Tor 
if we take P t so that 

^ = 0 , x 2 -0,...x i _ 2 = 0, 

we have, by (6), 

( [h ) Thus we have proved that at a kinetic focus conjugate to 
0 the action from 0 is not a minimum of the first order*, and 
that the last configuration, up to which the action from 0 is a 
minimum of the first order, is a kinetic focus conjugate to 0. 

( i ) It remains to be proved that the action from 0 ceases to 
be a minimum when the first kinetic focus conjugate to 0 is 
passed. Let, as above (§ 360), 0 ... P ... O' ... P' be a natural course 
extending beyond O', the first kinetic focus conjugate to 0. Let 
P and P’ be so near one another that there is no focus conjugate 
to either, between them; and let O...P r ..O' be a natural course 
•from 0 to O' deviating infinitely little from O...P...O'. By what 
we have just proved (e), the action 00' along O...P r ..O r differs 
only by R, an infinitely small quantity of the third order, from 
the action 00' along 0...R...0', and therefore 

Ac.(0...P...0'..'P') = Ac.(0...P r ..0') + 0'P' + R 
= 0P, + P,0' + 0'P' + B. 

* A maximum or minimum “of the first order” of any function of one or 
more variables, is one in which the differential of the first degree vanishes, but 
not that of the second degree. 
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But, by a propel- application of (e) we see that Natural 

course 

PO' + OF' = P P'-bQ proved not 

' ' ^ a course of 

where Q denotes an infinitely small quantity of the second order, action, 

which is essentially positive. Hence kmetic a 

Ac{O...P...O'...F) = OP i + P / F + Q + E, 
and therefore, as R is infinitely small in comparison with Q, 

Ac (0. ..P...O'...F) > OP, + PF. 


Hence the broken course 0...P, P r ..F has less action than 
the natural course 0...P...0' ...P\ and therefore, as the two 
are infinitely near one another, the latter is not a minimum. 


362. As it has been proved that the action from any con- a course 

. . . , . . . n . _ . . which in- 

figuration ceases to be a minimum at the first comugate kinetic eludes no 

o o focus con- 

focus, we see immediately that if 0' be the first kinetic focus jugate*> 

/-y . either ex- 

conjugate to 0, reached after passing 0 , no two configurations ggjjty ' 
on this course from 0 to O' can be kinetic foci to one another. no P air 

. . conjugate 

For, the action from 0 just ceasing to be a minimum when O' focL 
is reached, the action between any two intermediate configura¬ 
tions of the same course is necessarily a minimum. 

363. When there are i degrees of freedom to move there How many 

. , . , n .. , kinetic foci 

are m general, on any natural course trom any particular con- in any case, 
figuration, 0, at least i - 1 kinetic foci conjugate to 0. Thus, 
for example, on the course of a ray of light emanating from 
a luminous point 0, and passing through the centre of a con¬ 
vex lens held obliquely to its path, there are two kinetic foci 
conjugate to 0, as defined above, being the points in which the 
line of the central ray is cut by the so-called "‘focal lines ,, * of 
a pencil of rays diverging from 0 and made convergent after 
passing through the lens. But some or all of these kinetic foci 
may be on the course previous to 0; as for instance in the 
case of a common projectile when its course passes obliquely 
downwards through 0. Or some or all may be lost; as when, 
in the optical illustration just referred to, the lens is only 
strong enough to produce convergence in one of the principal 
planes, or too weak to produce convergence in either. Thus 

•* In our second volume we hope to give all necessary elementary explanations 
on this subject. 
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low many also in the case of the undisturbed rectilineal motion of a 
nanycase 1 . point, or in the motion of a point uninfluenced by force, on 
an anticlastic surface (§ 355), there are no real kinetic foci. 
In the motion of a projectile (not confined to one vertical plane) 
there can only be one kinetic focus on each path, conjugate 
to one given point; though there are three degrees of freedom. 
Again, there may be any number more than z — 1, of foci in 
one course, all conjugate to one configuration, as for instance 
on the course of a particle uninfluenced by force, moving round 
the surface of an anchor-ring, along either the outer great 
circle, or along a sinuous geodetic such as we have considered 
in § 361, in which clearly there are an infinite number of foci 
each conjugate to any one point of the path, at equal successive 
distances from one another. 

Referring to the notation of § 361 (/), let S he gradually 
moved on until first one of the coefficients, A imml for instance, 
vanishes; then another, A._ 2 , etc.; and so on. We have seen 
that each of these positions of $ is a kinetic focus: and thus hy 
the successive vanishing of the i — 1 coefficients we have ^ -1 
foci. If none of the coefficients can ever vanish, there are no 
kinetic foci. If one or more of them, after vanishing, comes to 
a minimum, and again vanishes, as S is moved on, there may be 
any number more than i— 1 of foci each conjugate to the same 
configuration, 0. 

Theorem of 364. If i — 1 distinct* courses from a configuration 0, each 
action. differing infinitely little from a certain natural course 

•cut it in configurations 0 l5 0 2 , 0 3 ,...0 i _ l , and if, besides these, 
there are not on it any other kinetic foci conjugate to 0, between 
0 and Q, and no focus at all, conjugate to E, between E and Q, 
the action in this natural course from 0 to Q is the maximum 
for all courses 0...P,, P y ...Q- } P t being a configuration infinitely 
nearly agreeing with some configuration between E and 0 1 of 
the standard course 0...P...0 1 ...0 2 ...0 f _ 1 ... Q, and 0...P,, P,...Q 

* Two courses are not called distinct if they differ from one another only in 
the absolute magnitude, not in the proportions of the components, of the 
deviations by which they differ from tlie standard course. 
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denoting the natural courses between 0 and P, and P 1 and Q, Theorem of 
which deviate infinitely little from this standard course. S“ um 

In § 361 (i), let O' be any one, O v of the foci 0 X , 0 o , ... O t _ l} 
and let P, be called P, in this case. The demonstration there 
given shows that 

OQ>OP l + P 1 Q. 

Hence there are i - 1 different broken oourses 

O...P l9 P x •». Q; 0 ... P 2) P 2 ... Q; etc. 
in each of which the action is less than in the standard course 
from 0 to Q. But whatever be the deviation of P„ it may 
clearly be compounded of deviations P to P l3 P to P 2 , P to P 3 , 

P to P._ x , corresponding to these i-l cases respectively; 
and it is easily seen from the analysis that 
OP, + Pfi -OQ = (< OP, +P 1 Q - OQ) + (0P 2 + P 2 Q — OQ) + ... 

Hence OP, + P,Q<OQ, which was to be proved. 

365. Considering now, for simplicity, only cases in which Appiica- 
there are but two degrees (§§ 195, 204) of freedom to move, degrees oF 0 
we see that after any infinitely small conservative disturbance freedon1, 
of a system in passing through a certain configuration, the 
system will first again pass through a configuration of the 
undisturbed course, at the first configuration of the latter at 
which the action in the undisturbed motion ceases to be a 
minimum. For instance, in the case of a particle, confined to 
a surface, and subject to any conservative system of force, an 
infinitely small conservative disturbance of its motion through 
any point, 0 , produces a disturbed path, which cuts the un- 
distui'bed path at the first point, O ', at which the action in the 
undisturbed path from 0 ceases to be a minimum. Or, if 
projectiles, under the influence of gravity alone, be thrown from 
one point, (9, in all directions with equal velocities, in one 
vertical plane, their paths, as is easily proved, intersect one 
another consecutively in a parabola, of which the focus is 0 , 
and the vertex the point reached by the particle projected 
directly upwards. The actual course of each particle from 0 
is the course of least possible action to any point, P } reached 
before the enveloping parabola, but is not a course of minimum 
action to any point, Q, in its path after the envelope is passed. 
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366. Or again, if a particle slides round along the greatest 
circle of the smooth inner surface of a hollow anchor-ring, the 
“ action,” or simply the length of path, from point to point, will 
be least possible for lengths (§ 351) less than irfab. Thus, if 
a string be tied round outside on the greatest circle of a 
perfectly smooth anchor-ring, it will slip off unless held in 
position by staples, or checks of some kind, at distances of not 
less than tt Va& from one another in succession round the circle. 
With reference to this example, see also § 3G1, above. 

Or, of a particle sliding down an inclined cylindrical groove, 
the action from any point will be the least possible along the 
straight path to any other point reached in a time less than 
that of the vibration one way of a simple pendulum of length 
equal to the radius of the groove, and influenced by a force 
equal g cos i, instead of g the whole force of gravity. But the 
action will not be a minimum from any point, along the straight 
path, to any other point reached in a longer time than this. 
The case in which the groove is horizontal (i — 0) and the par¬ 
ticle is projected along it, is particularly simple and instructive, 
and may be worked out in detail with great ease, without as¬ 
suming any of the general theorems regarding action. 

367. In the preceding account of the Hamiltonian principle, 
and of developments and applications which it has received, we 
have adhered to the system (§§ 328, 330) in which the initial 
and final co-ordinates and the constant sum of potential and 
kinetic energies are the elements of which the action is supposed 
to be a function. Another system was also given by Hamilton, 
according to which the action is expressed in terms of the initial 
and final co-ordinates and the time prescribed for the motion; 
and a set of expressions quite analogous to those with which 
we have worked, are established. For practical applications 
this method is generally less convenient than the other; and 
the analytical relations between the two are so obvious that we 
need not devote any space to them hero. 

368. We conclude by calling attention to a very novel 
analytical investigation of the motion of a conservative system, 
by Liouville (Comptes Rendus , June 16, 1856), which leads im- 
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mediately to the principle of least action, and the Hamiltonian 
principle with the developments by Jacobi and others; hut 
which also establishes a very remarkable and absolutely new 
theorem regarding the amount of the action along any con¬ 
strained course. For brevity we shall content ourselves with 
giving it for a single free particle, referring the reader to the 
original article for Liouville’s complete investigation in terms 
of generalized co-ordinates, applicable to any conservative 
system whatever. 


Let (x, y , z) be the co-ordinates of any point through which 
the particle may move: V its potential energy in this position: 
E the sum of the potential and kinetic energies of the motion in 
question : A the action, from any position (x 0 , y 0 , z 0 ) to ( x , y, z) 
along any course arbitrarily chosen (supposing, for instance, the 
particle to be guided along it by a frictionless guiding tube). 
Then (§ 326), the mass of the particle being taken as unity, 


A = Jvds = jJ-2 (E - V) J(dx° + df + <fe 2 ). 

Now let 5- be a function of x , y, z, which satisfies the partial 
differential equation 


Then 


dtf 

dx 2 + dy 2 + dz 2 


2 (E - V). 


f [(d& d % 2 d% 2 \ 

AVW + df + ^) ( 


lx 2 + dy 5 + cb 2 ) 


f /\d% 

]\J dx 




dy 


Y (d§ . dS 7 Y 

) + {te dz -te d V 


/cl& 1 


But 


d$ 7 d% 7 d& j 


and, if x , y, z denote the actual component velocities along the 
arbitrary path, and S the rate at which $ increases per unit of 
time in this motion, 


dx = xdt , dy = ydt , dz = zdt , d$ = $dt. 
Hence the preceding becomes 


A = fd$ 



LiouviUe’s 

kinetic 

theorem. 



CHAPTER III. 


EXPERIENCE. 

369. By the term Experience, in physical science, we desig¬ 
nate, according to a suggestion of Herschehs, our means of 
becoming acquainted with the material universe and the laws 
which regulate it. In general the actions which we see ever 
taking place around us are complex, or due to the simultaneous 
action of many causes. When, as in astronomy, we endeavour 
to ascertain these causes by simply watching their effects, we 
observe; when, as in our laboratories, we interfere arbitrarily 
with the causes or circumstances of a phenomenon, we are said 
to experiment. 

370. For instance, supposing that we are possessed of instru¬ 
mental means of measuring time and angles, we may trace out 
by successive observations the relative position of the sun and 
earth at different instants; and (the method is not susceptible 
of any accuracy, but is alluded to here only for the sake 
of illustration) from the variations in the apparent diameter 
of the former we may calculate the ratios of our distances from 
it at those instants. We have thus a set of observations in¬ 
volving time, angular position with reference to the sun, and 
ratios of distances from it: sufficient (if numerous enough) to 
enable us to discover the laws which connect the variations 
of these co-ordinates. 

Similar methods may be imagined as applicable to the 
motion of any planet about the sun, of a satellite about its 
primary, or of one star about another in a binary group. 

371. In general all the data of Astronomy are determined 
in this way, and the same may be said of such subjects as 
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Tides and Meteorology. Isothermal Lines, Lines of Equal Dip, Obaerva- 
Lines of Equal Intensity, Lines of Equal “Variation” (or “Deeli- l ° n ’ 
nation” as it has still less happily been sometimes called), 
the Connexion of Solar Spots with Terrestrial Magnetism, 
and a host of other data and phenomena, to he explained 
under the proper heads in the course of the work, are thus 
deducible from Observation merely. In these cases the apparatus 
for the gigantic experiments is found ready arranged in Nature, 
and all that the philosopher has to do is to watch and measure 
their progress to its last details. 

372. Even in the instance we have chosen above, that of 
the planetary motions, the observed effects are complex; because, 
unless possibly in the case of a double star, we have no instance 
of the undisturbed action of one heavenly body on another; 
but to a first approximation the motion of a planet about the 
sun is found to be the same as if no other bodies than these 
two existed; and the approximation is sufficient to indicate 
the probable law of mutual action, whose full confirmation is 
obtained when, its truth being assumed, the disturbing effects 
thus calculated are allowed for, and found to account com¬ 
pletely for the observed deviations from the consequences of 
the first supposition. This may serve to give an idea of the 
mode of obtaining the laws of phenomena, which can only be 
observed in a complex form—and the method can always be 
directly applied when one cause is known to be pre-eminent. 

373. Let us take cases of the other kind—in which the effects Experi¬ 

ment. 

are so complex that we cannot deduce the causes from the 
observation of combinations arranged in Nature, but must en¬ 
deavour to form for ourselves other combinations which may 
enable us to study the effects of each cause separately, or at 
least with only slight modification from the interference of 
other causes. 

374. A stone, when dropped, falls to the ground; a brick 
and a boulder, if dropped from the top of a cliff at the same 
moment, fall side by side, and reach the ground together. But 
a brick and a slate do not; and while the former falls in a 
nearly vertical direction, the latter describes a most complex 
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Experi- path. A sheet of paper or a fragment of gold leaf presents even 
greater irregularities than the slate. But by a slight modifica¬ 
tion of the circumstances, we gain a considerable insight into 
the nature of the question. The paper and gold leaf, if rolled 
into balls, fall nearly in a vertical line. Here, then, there are 
evidently at least two causes at work, one which tends to make 
all bodies fall, and fall vertically; and another which depends 
on the form and substance of the body, and tends to retard 
its fall and alter its course from the vertical direction. How 
can we study the effects of the former on all bodies without 
sensible complication from the latter? The effects of Wind, 
etc., at once point out what the latter cause is, the air (whose 
existence we may indeed suppose to have been discovered by 
such effects); and to study the nature of the action of the former 
it is necessary to get rid of the complications arising from the 
presence of air. Hence the necessity for Experiment By means 
of an apparatus to be afterwards described, we remove the 
greater part of the air from the interior of a vessel, and in that 
we try again our experiments on the fall of bodies; and now a 
general law, simple in the extreme, though most important in 
its consequences, is at once apparent—viz., that all bodies, of 
whatever size, shape, or material, if dropped side by side at the 
same instant, fall side by side in a space void of air. Before 
experiment had thus separated the phenomena, hasty philo¬ 
sophers had rushed to the conclusion that some bodies possess 
the quality of heaviness , others that of lightness , etc. Had this 
state of confusion remained, the law of gravitation, vigorous 
though its action be throughout the universe, could never have 
been recognised as a general principle by the human mind. 

Mere observation of lightning and its effects could never have 
led to the discovery of their relation to the phenomena pre¬ 
sented by rubbed amber. A modification of the course of 
nature, such as, the collecting of atmospheric electricity in 
our laboratories, was necessary. Without experiment we could 
never even have learned the existence of terrestrial magnetism. 

Rules for 375. When a particular agent or cause is to be studied, 

the conduct 

merits 61 * 1 " ex P enmen f s should be arranged m such a way as to lead it 
possible to results depending on it alone; or, if this cannot be 
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done, they should be arranged 
duced by varying it. 


so as to show differences 


pro- Rules for 
the conduct 
of experi¬ 
ments. 


376. Thus to determine the resistance of a wire against the 
conduction of electricity through it, we may measure the whole 
strength of current produced in it by electromotive force between 
its ends when the amount of this electromotive force is given, 
or can be ascertained. But when the wire is that of a submarine 
telegraph cable there is always an unknown and ever varying 
electromotive force between its ends, due to the earth (produc¬ 
ing what is commonly called the “earth-current”), and to deter¬ 
mine its resistance, the difference in the strength of the current 
produced by suddenly adding to or subtracting from the terres¬ 
trial electromotive force the electromotive force of a given 
voltaic battery, is to be very quickly measured; and this is to be 
done over and over again, to eliminate the effect of variation of 
the earth-current during the few seconds of time which must 
elapse before the electrostatic induction permits the current 
due to the battery to reach nearly enough its full strength to 
practically annul error on this score. 


377. Endless patience and perseverance in designing and 
trying different methods for investigation are necessary for 
the advancement of science: and indeed, in discovery, he 
is the most likely to succeed who, not allowing himself to be 
disheartened by the non-success of one form of experiment, 
judiciously varies his methods, and thus interrogates in every 
conceivably useful manner the subject of his investigations. 

378. A most important remark, due to Herschel, regards Residual 
what are called residual phenomena. When, in an experiment, phenomena# 
all known causes being allowed for, there remain certain un¬ 
explained effects (excessively slight it may be), these must 

be carefully investigated, and every conceivable variation of 
arrangement of apparatus, etc., tried; until, if possible, we 
manage so to isolate the residual phenomenon as to be able 
to detect its cause. It is here, perhaps, that in the present 
state of science we may most reasonably look for extensions 
of our knowledge; at all events we are warranted by the recent 
history of Natural Philosophy in so doing. Thus, to take only 



444 


PRELIMINARY. 


[ 378 . 

Residual a very few instances, and to say nothing of the discovery of 
* electricity and magnetism by the ancients, the peculiar smell 
observed in a room in which an electrical machine is kept in 
action, was long ago observed, but called the “ smell of elec¬ 
tricity,” and thus left unexplained. The sagacity of Schonbein 
led to the discovery that this is due to the formation of Ozone, 
a most extraordinary body, of great chemical activity; whose 
nature is still uncertain, though the attention of chemists has 
for years been directed to it. 

379. Slight anomalies in the motion of Uranus led Adams 
and Le Yerrier to the discovery of a new planet; and the fact 
that the oscillations of a magnetized needle about its position 
of equilibrium are “ damped” by placing a plate of copper below 
it, led Arago to his beautiful experiment showing a resistance to 
relative motion between a magnet and a piece of copper; which 
was first supposed to be due to magnetism in motion, but which 
soon received its correct explanation from Faraday, and has since 
been immensely extended, and applied to most important pur¬ 
poses. In fact, from this accidental remark about the oscillation 
of a needle was evolved the grand discovery of the Induction of 
Electrical Currents by magnets or by other currents. 

We need not enlarge upon this point, as in the following 
pages the proofs of the truth and usefulness of the principle will 
continually recur. Our object has been not so much to give 
applications as principles, and to show how to attack a new com¬ 
bination, with the view of separating and studying in detail the 
various causes which generally conspire to produce observed 
phenomena, even those which are apparently the simplest. 

Unexpected 380. If on repetition several times, an experiment con- 

agreemeut . ,, . x 

ordiscor- tmualiy gives different results, it must either have been very 

different? careiessl y performed, or there must be some disturbing cause 
trials. not taken account of. And, on the other hand, in cases where 
no very great coincidence is likely on repeated trials, an unex¬ 
pected degree of agreement between the results of various trials 
should be regarded with the utmost suspicion, as probably due 
to some unnoticed peculiarity of the apparatus employed. In 
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either of these cases, however, careful observation cannot fail Unexpected 
to detect the cause of the discrepancies or of the unexpected ofdfsafri 4 
agreement, and may possibly lead to discoveries in a totally rSs°of 
unthought-of quarter. Instances of this kind may be given trials. n 
without limit; one or two must suffice. 

381. Thus, with a very good achromatic telescope a star 
appears to have a sensible disc. But, as it is observed that 
the discs of all stars appear to be of equal angular diameter, 
we of course suspect some common error. Limiting the aper¬ 
ture of the object-glass increases the appearance in question, 
which, on full investigation, is found to have nothing to do with 
discs at all. It is, in fact, a diffraction phenomenon, and will 
be explained in our chapters on Light. 

382. Again, in measuring the velocity of Sound by experi¬ 
ments conducted at night with cannon, the results at one station 
were never found to agree exactly with those at the other; 
sometimes, indeed, the differences were very considerable. But 
a little consideration led to the remark, that on those nights in 
which the discordance was greatest a strong -wind was blowing 
nearly from one station to the other. Allowing for the obvious 
effect of this, or rather eliminating it altogether, the mean velo¬ 
cities on different evenings were found to agree very closely. 

383. It may perhaps be advisable to say a few words here Hypotheses, 
about the use of hypotheses, and especially those of very 
different gradations of value which are promulgated in the 

form of Mathematical Theories of different branches of Natural 
Philosophy. 

384. Where, as in the case of the planetary motions and 
disturbances, the forces concerned are thoroughly known, the 
mathematical theory is absolutely true, and requires only ana¬ 
lysis to work out its remotest details. It is thus, in general, far 
ahead of observation, and is competent to predict effects not yet 
even observed—as, for instance, Lunar Inequalities due to the 
action of Venus upon the Earth, etc. etc., to which no amount 
of observation, unaided by theory, could ever have enabled us 
to assign the true cause. It may also, in such subjects as Geo¬ 
metrical Optics, be carried to developments far beyond the reach 
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Hypotheses, of experiment; but in this science the assumed bases of the 
theory are only approximate ; and it fails to explain in all their 
peculiarities even such comparatively simple phenomena as 
Halos and Rainbows—though it is perfectly successful for the 
practical purposes of the maker of microscopes and telescopes, 
and has enabled really scientific instrument-makers to carry the 
construction of optical apparatus to a degree of perfection which 
merely tentative processes never could have reached. 

385. Another class of mathematical theories, based to some 
extent on experiment, is at present useful, and has even in 
certain cases pointed to new and important results, which ex¬ 
periment has subsequently verified. Such are the Dynamical 
Theory of Heat, the Undulatory Theory of Light, etc. etc. In 
the former, which is based upon the conclusion from experi¬ 
ment that heat is a form of energy, many formulae are at pre¬ 
sent obscure and uninterpretablc, because we do not know the 
mechanism of the motions or distortions of the particles of 
bodies. Results of the theory in which these are not involved, 
are of course experimentally verified. The same difficulties exist 
in the Theory of Light. But before this obscurity can be per¬ 
fectly cleared up, we must know something of the ultimate, or 
molecular , constitution of the bodies, or groups of molecules, 
at present known to us only in the aggregate. 

Deduction 386. A third class is well represented by the Mathematical 
Sable result Theories of Heat (Conduction), Electricity (Statical), and Mag- 
netism (Permanent). Although we do not know how Heat is 
nervations. p ro p a g a £ e( j bodies, nor wliat Statical Electricity or Perma¬ 
nent Magnetism are—the laws of their fluxes and forces are as 
certainly known as that of Gravitation, and can therefore like 
it be developed to their consequences, by the application of 
Mathematical Analysis. The works of Fourier*, Green“f, and 
Poisson l areremarkable instances of such development. An¬ 
other good example is Ampere’s Theory of Electro-dynamics. 


* Theorie analytique de la Chaleur. Paris, 1822. 

t Essay on the Application of Mathematical Analysis to the Theories of 
Electricity and Magnetism. Nottingham, 1828. Beprinted in Crelle’s Journal. 
+ Memoires sur le Magnetisms. Mom. de l’Acad. des Sciences, 1811. 
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387. When the most probable result is required from a Deduction 
number of observations of. the same quantity which do not baSe result 
exactly agree, we must appeal to the mathematical theory ofberofob- 

. , (1 , „ _ . . J servations. 

probabilities to guide us to a method oi combining the results 
of experience, so as to eliminate from them, as far as possible, 
the inaccuracies of observation. Of course it is to be under¬ 
stood that we do not here class as inaccuracies of observation 
any errors which may affect alike every one of a series of 
observations, such as the inexact determination of a zero point, 
or of the essential units of time and space, the personal equa¬ 
tion of the observer, etc. The process, whatever it may be, 
which is to be employed in the elimination of errors, is ap¬ 
plicable even to these, but only when several distinct series of 
observations have been made, with a change of instrument, or 
of observer, or of both. 

388. We understand as inaccuracies of observation the 
whole class of errors which are as likely to lie in one 
direction as in another in successive trials, and which we may 
fairly presume would, on the average of an infinite number of 
repetitions, exactly balance each other in excess and defect. 
Moreover, we consider only errors of such a kind that their 
probability is the less the greater they are; so that such errors 
as an accidental reading of a wrong number of whole de¬ 
grees on a divided circle (which, by the way, can in general be 
“ probably ” corrected by comparison with other observations) 
are not to be included. 

389. Mathematically considered, the subject is by no means 
an easy one, and many high authorities have asserted that the 
reasoning employed by Laplace, Gauss, and others, is not w T ell 
founded ; although the results of their analysis have been 
generally accepted. As an excellent treatise on the subject has 
recently been published by Airy, it is not necessary for us to 
do more than to sketch in the most cursory manner a simple and 
apparently satisfactory method of arriving at what is called the 
Method of Least Squares. 

390. Supposing the zero-point and the graduation of an 
instrument (micrometer, mural circle, thermometer, electrometer, 
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Reduction galvanometer, etc.) to be absolutely accurate, successive readings 
iweremSt of tlie value of a quantity (linear distance, altitude of a star, 
berofob U - m ’ temperature,potential, strength of an electric current, etc.) may, 
8t * and in general do, continually differ. What is most probably 
the true value of the observed quantity ? 

The most probable value, in all such cases, if the observa¬ 
tions are all equally trustworthy, will evidently be the simple 
mean; or if they are not equally trustworthy, the mean found by 
attributing weights to the several observations in proportion to 
their presumed exactness. But if several such means have 
been taken, or several single observations, and if these several 
means or observations have been differently qualified for the 
determination of the sought quantity (some of them being 
likely to give a more exact value than others), we must assign 
theoretically the best practical method of combining them. 

391. Inaccuracies of observation are, in general, as likely to 
be in excess as in defect. They are also (as before observed) more 
likely to be small than great; and (practically) large errors are 
not to be expected at all, as such would come under the class 
of avoidable mistakes. It follows that in any one of a series of 
observations of the same quantity the probability of an error 
of magnitude x must depend upon x\ and must be expressed 
by some function whose value diminishes very rapidly as x 
increases. The probability that the error lies between x and 
x 4- Sx, where Sx is very small, must also be proportional to Sx. 

Hence we may assume the probability of an error of any 
magnitude included in the range of x to x + Sx to be 

$ (x 2 ) 8x. 

Now the error must be included between + co and - oo. 
Hence, as a first condition, 

f <$> (of) dx = 1 . (1). 

J-CO 

The consideration of a very simple case gives us the means of 
determining the form of the function <fc involved in the preceding 
expression*. 

* Compare Boole, Trans. R.S.E., 1857. See also Tait, Trans. E.S.E., 1864. 
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Suppose a stone to be let fall with tlie object of hitting a mark Deduction 
on the ground. Let two horizontal lines be drawn through the baSeresuit 
mark at right angles to one another, and take them as axes of # berofob^ 111 ’ 
and y respectively. The chance of the stone falling at a distance servaticns * 
between x and x + 8x from the axis of y is <£ (x 2 ) 8x. 

Of its falling between y and y+Sy from the axis of x the 
chance is (y 2 ) By, 

The chance of its falling on the elementary area 8x8y, whose co¬ 
ordinates are x, y, is therefore (since these are independent events, 
and it is to be observed that this is the assumption on which the 
whole investigation depends) 

<t> (a 2 ) <£ (y 2 ) SxSy, or acj> (x 2 ) cj> (y 2 ), 
if a denote the indefinitely small area about the point xy. 

Had we taken any other set of rectangular axes with the same 
origin, we should have found for the same probability the ex¬ 
pression a<j> {x' 2 ) 4> (y 2 ), 

x } y' being the new co-ordinates of a. Hence we must have 

4> (® 2 ) <*> (r)= <t> (*' 2 ) 4> CA if & +r= x r - + y\ 

* From this functional equation we have at once 

(as 9 ) = Ae m * 2 , 

where A and m are constants. We see at once that m must be 
negative (as the chance of a large error is very small), and we 

may write for it - ~ , so that h will indicate the degree of de¬ 
licacy or coarseness of the system of measurement employed. 

Substituting in (1) we have 
/•+<*> 

A € ~ h~ dx = 1 , 

J —00 

whence A =-• T -r- , and the law of error is 
hjTT 

1 - ^ 8x Law of 

—r- e h~ —. eiror. 

Jtt h 

The law of error, as regards distance from the marie, without 
reference to the direction of error, is evidently 

ff <t> (x 2 ) $ (f) dxdy, 

taken through the space between concentric circles whose radii 
are r and r 4- 8r, and is therefore 

2 J* cs 

— e tfror, 
h~ 
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Law of whieli is of the same form as the law of error to the right or left 

orrnr ‘ of a line, with the additional factor r for the greater space for 

error at greater distances from the centre. As a verification, we 
see at once that 

2 r _r? 7 - 

h Jo 

as was to be expected. 


Probable 392. The Probable Error of an observation is a numerical 
crror ‘ quantity such that the error of the observation is as likely to 
exceed as to fall short of it in magnitude. 


If we assume the law of error just found, and call P the 
probable error in one trial, 


Jo Jp 

The solution of this equation by trial and error leads to the 


nsisufow 


approximate result 


P = 0-477 L 


Probable 393. The probable error of any given multiple of the value 
sum[dfffcr- of an observed quantity is evidently the same multiple of the 
rauftipfe. probable error of the quantity itself. 

The probable error of the sum or difference of two quantities, 
affected by independent errors, is the square root of the sum of 
the squares of their separate probable errors. 

To prove this, let us investigate the lav) of error of 
X±Y = Z 

where the laws of error of X and Y are 


ji_ 


Jtdx 

€ a* —, 

a 



f(hj 


respectively. The chance of an error in Z , of a magnitude in¬ 
cluded between the limits z 9 % + Sz, is evidently 

f 2 rZ+Sz-x __ J / 2 
« 2 dx I <rwdy. 

Jz-x 

For, whatever value is assigned to cc, the value of y is given by 
the limits z-x and z + $z~x [or z + x, z + Bz + x; but the 
chances of =tas are the same, and both are included in the limits 
(ioo ) of integration'with respect to sc]. 


^ + 0 O — 
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The value of tlxe above integral becomes, by effecting the in- Probable 
tegration with respect to y , s^differ- 

r+co^g jz-0 ^ mufiipL ^ 

irab J - 


b* dx. 


and this is easily reduced to 

1 — z l„ 8z 

—7- € g 2+&2 --- - . y / 

i \l 7r aJ or + 6 2 

Thus the probable error is frill J a*+ b 2 , whence the proposition. 
And the same theorem is evidently true for any number of quan¬ 
tities. 


394. As above remarked, the principal use of this theory is Practical 
in the deduction, from a large series of observations, of the appHcatl0n * 
values of the quantities sought in such a form as to be liable 
to the smallest probable error. As an instance—by the prin¬ 
ciples of physical astronomy, the place of a planet is calculated 
from assumed values of the elements of its orbit, and tabulated 
in the Nautical Almanac. The observed places do not exactly 
agree with the predicted places, for two reasons—first, the data 
for calculation are not exact (and in fact the main object of the 
observation is to correct their assumed values); second, each 
observation is in error to some unknown amount. Now the 
difference between the observed, and the calculated, places 
depends on the errors of assumed elements and of observation. 

The methods are applied to eliminate as far as possible the 
second of these, and the resulting equations give the required 
corrections of the elements. 

Thus if 0 be the calculated ft. A. of a planet: 8a, 8e, 8m, etc., 
the corrections required for the assumed elements—the true 
R. A. is 0 + A 8a + E8e + nSzv + etc., Method of 

where A, E, H, etc., are approximately known. Suppose the s^Sres. 
observed R.A. to be ©, then 

0 + A8a + E8e + nSzu + ... = © 
or A8a + E8e+ IlSra* +...=©- 0, 

a known quantity, subject to error of observation. Every obser¬ 
vation made gives us an equation of the same form as this, and 
in general the number of observations greatly exceeds that of the 
quantities 8a, 8e, 8m, etc., to be found. But it will be sufficient to 
consider the simple case where only one quantity is to be found. 
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Method of 

least 

squares. 


Suppose a number of observations, of the same quantity x, lead 
to the following equations :— 


x = B t 


= /4, etc., 


-CjS. 


and let the probable errors be E x , E,,, ... ]\Iultiply the terms of 
each equation by numbers inversely proportional to E x , E >z , ... 
This will make the probable errors of the second members of all 
the equations the same, e suppose. The equations have now the 
general form ax ----- b , 

and it is required to find a system of linear factors, by which 
these equations, being multiplied in order and added, shall lead 
to a final equation giving the value of x with the probable error a 
minimum. Let them be f v f 2 , etc. Then the final equation is 

and therefore P 2 (Serf) 3 = e 2 2 (f*) 

by the theorems of § 393, if P denote the probable error of x . 

L(/ 5 ) 

(W 

with respect to each separate factor/ must vanish. 

This gives a series of equations, whose general form is 
/S(«/)-aS (/*) = <), 
which give evidently f x = <rq, f 2 = etc. 

Hence the following rule, which may easily be seen to hold for 
any number of linear equations containing a smaller number of 
unknown quantities, 


Hence 


is a minimum, and its differential coefficients 


Make the probable error of the second member the same in each 
equation, by the employment of a proper factor; multiply each 
equation by the coefficient of x in it and add all, for one of the 
final equations; and so, with reference to y, z, etc., for the others. 
The probable errors of the values of x, y, etc., found from these 
final equations will be less than those of the values derived 
from any other linear method of combining the equations. 

This process has been called the method of Least Squares, 
because the values of the unknown quantities found by it are 
such as to render the sum of the squares of the errors of the 
7?* original equations a minimum. 


tki, 

tv-<x. dtjg 


That is, in the simple case taken above, 
2 (ax - bfi = minimum. 
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For it is evident that this gives, on differentia ting with respect Method of 
to X> 'Za (ax - h) = 0, scares, 

which is the law above laid down for the formation of the single 
equation. 

395. When a series of observations of the same quantity Methods of 

i i •/v» * •, l J representing 

has been made at dinerent times, or under different circum- experimen¬ 
tal results. 

stances, the law connecting the value of the quantity with the 
time, or some other variable, may be derived from the results 
in several ways—all more or less approximate. Two of these 
methods, however, are so much more extensively used than the 
others, that we shall devote a page or two here to a preliminary 
notice of them, leaving detailed instances of their application 
till we come to Heat, Electricity, etc. They consist in (1) a 
Curve , giving a graphic representation of the relation between 
the ordinate and abscissa, and (2) an Empirical Formula con¬ 
necting the variables. 

396. Thus if the abscissae represent intervals of time, and Curves, 
the ordinates the corresponding height of the barometer, we 
may construct curves which show at a glance the dependence 

of barometric pressure upon the time of day; and so on. Such 
curves may be accurately drawn by photographic processes on a 
sheet of sensitive paper placed behind the mercurial column, 
and made to move past it with a uniform horizontal velocity 
by clockwork. A similar process is applied to the Temperature 
and Electrification of the atmosphere, and to the components 
of terrestrial magnetism. 

397. When the observations are not, as in the last section, 
continuous, they give us only a series of points in the curve, 
from which, however, we may in general approximate very 
closely to the result of continuous observation by drawing, 
libera mana , a curve passing through these points. This pro¬ 
cess, however, must be employed with great caution; because, 
unless the observations are sufficiently close to each other, 
most important fluctuations in the curve may escape notice. It 
is applicable, with abundant accuracy, to all cases where the 
quantity observed changes very slowly. Thus, for instance, 
weekly observations of the temperature at depths of from 6 to 
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Curves. 24 feet underground were found by Forbes sufficient for a very 
accurate approximation to the law of the phenomenon. 

interpoia- 398. As an instance of the processes employed for obtaining 
empirical an empirical formula, we may mention methods of Interpo- 
°mu jo. i a ti Qn > ^ the problem can always be reduced. Thus from 

sextant observations, at known intervals, of the altitude of the 
sun, it is a common problem of astronomy to determine at what 
instant the altitude is greatest, and what is that greatest alti¬ 
tude. The first enables us to find the true solar time at the 
place; and the second, by the help of the Nautical Almanac , 
gives the latitude. The differential calculus, and the calculus 
of finite differences, give us formulae for any required data; 
and Lagrange has shown how to obtain a very useful one by 
elementary algebra. 


By Taylor’s Theorem, if y =f(x), we have 
y =f(x 0+ ^ a ) =/(*,) + (x- »„)/' (xj + w + ... 

. (1) ’ 

where 0 is a proper fraction, and x Q is any quantity whatever. 
This formula is useful only when the successive derived values 
of f(x u ) diminish very rapidly. 

In finite differences we have 

f{x 4- h) = D h f{x) = (1 + N) A f(x) 

—f ( x ) + W(») + ~XT^ + . 

a very useful formula when the higher differences are small. 

(1) suggests the proper form for the required expression, but it 
is only in rare cases that f (& 0 ), /" (as 0 ), etc., are derivable directly 
from observation. But (2) is useful, inasmuch as the successive 
differences, A/*(as), A 2 / (x), etc., are easily calculated from the 
tabulated results of observation, provided these have been taken 
for equal successive increments of x. 


If for values x lf x Q , ... x n a function takes the values y l7 y 2 , 
Vzi ••• 2/ n > Lagrange gives for it the obvious expression 

(*i-*s)(*i-*s)• • ■ K-*„) + «- ^ 
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Here it is of course assumed that the function required is a Interpola- 
rational and integral one in x of the w-l* degree; and, in emp^i 
general, a similar limitation is in practice applied to the other 
formulae above; for in order to find the complete expression for 
/ (x) in either, it is necessary to determine the values of f (x 0 ), 
f" ( x 0 )> — in tiie or of Af(x), A 2 f(x), ... in the second. If 
n of the coefficients be required, so as to give the n chief terms 
of the general value of f(x ), we must have n observed simul¬ 
taneous values of a; and f(x), and the expressions become deter¬ 
minate and of the n- 1 th degree in x - x 0 and h respectively. 

In practice it is usually sufficient to employ at most three terms 
of either of the first two series. Thus to express the length l 
of a rod of metal as depending on its temperature t , we may 
assume from (1) 

1= l Q + A (t - t Q ) + B (t -1 0 ) 2 , 
l Q being the measured length at any temperature £ 0 . 

398'. These formulas are practically useful for calculating 
the probable values of any observed element, fQ.r values of the 
independent variable lying within the range for which observa¬ 
tion has given values of the element. But except for values of 
the independent variable either actually within this range, or 
not far beyond it in either direction, these formulae express 
functions which, in general, will differ more and more widely 
from the truth the further their application is pushed beyond 
the range of observation. 

In a large class of investigations the observed element is in periodic 
its nature a periodic function of the independent variable. The unc 101 * 
harmonic analysis (§ 77) is suitable for all such. When the 
values of the independent variable for which the element has 
been observed are not equidifferent the coefficients, determined 
according to the method of least squares, are found by a process 
which is necessarily very laborious; but when they are equi¬ 
different, and especially when the difference is a submultiple 
of the period, the equation derived from the method of least 
squares becomes greatly simplified. Thus, if 6 denote an angle 
increasing in proportion to t 9 the time, through four right angles 
in the period, T, of the phenomenon; so that 

z, 2 t rt 
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let f(6) = -flq-f ^cos 8 4- A 2 cos 20 + ... 

+ B 1 sin 0 -f B 2 sin 20 *f ... 

where A 0 , A l9 A 2 , ... B l9 B 2 ,... are unknown coefficients, to be 
determined so that /(0) may express the most probable value 
of the element, not merely at times between observations, but 
through all time as long as the phenomenon is strictly periodic. 
By taking as many of these coefficients as there are of distinct 
data by observation, the formula is made to agree precisely with 
these data. But in most applications of the method, the peri¬ 
odically recurring part of the phenomenon is expressible by a 
small number of terms of the harmonic series, and the higher 
terms, calculated from a great number of data, express either 
irregularities of the phenomenon not likely to recur, or errors of 
observation. Thus a comparatively small number of terms may 
give values of the element even for the very times of observa¬ 
tion, more probable than the values actually recorded as having 
been observed, if the observations are numerous but not mi¬ 
nutely accurate. 

The student may exercise himself in writing out the equa¬ 
tions to determine five, or seven, or more of the coefficients 
according to the method of least squares; and reducing them 
by proper formulae of analytical trigonometry to their simplest 
and most easily calculated forms where the values of 0 for which 
/(0) is given are equidifferent. He will thus see that when the 

2 7T 

difference is —, % being any integer, and when the number 

of the data is i or any multiple of it, the equations contain each 
of them only one of the unknown quantities: so that the 
method of least squares affords the most probable values of 
the coefficients, by the easiest and most direct elimination. 




CHAPTER IV. 


MEASURES AND INSTRUMENTS. 

399. Having seen in the preceding chapter that for the Necessity 
investigation of the laws of nature we must carefully watch measure- * 
experiments, either those gigantic ones which the universe 
furnishes, or others devised and executed by man for specia 
objects—and having seen that in all such observations accurate 
measurements of Time, Space, Force, etc., are absolutely neces¬ 
sary, we may now appropriately describe a few of the more 
useful of the instruments employed for these purposes, and the 
various standards or units which are employed in them. 

400. Before going into detail we may give a rapid resume 
of the principal Standards and Instruments to be described in 
this chapter. As most, if not all, of them depend on physical 
principles to be detailed in the course of this work—we shall 
assume in anticipation the establishment of such principles, 
giving references to the future division or chapter in which the 
experimental demonstrations are more particularly explained. 

This course will entail a slight, but unavoidable, confusion— 
slight, because Clocks, Balances, Screws, etc., are familiar even 
to those who know nothing of Natural Philosophy; unavoid¬ 
able, because it is in the very nature of our subject that no one 
part can grow alone, each requiring for its full development the 
utmost resources of all the others. But if one of our depart¬ 
ments thus borrows from others, it is satisfactory to find that it 
more than repays by the power which its improvement affords 
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Classes of 401. We may divide our more important and fundamental 
inents. instruments into four classes— 

Those for measuring Time; 

„ „ Space, linear or angular; 

„ „ Force; 

„ „ Mass. 

Other instruments, adapted for special purposes such as the 
measurement of Temperature, Light, Electric Currents, etc., will 
come more naturally under the head of the particular physical 
energies to whose measurement they are applicable. Descrip¬ 
tions of self-recording instruments such as tide-gauges, and 
barometers, thermometers, electrometers, recording photograph¬ 
ically or otherwise the continuously varying pressure, tempe¬ 
rature, moisture, electric potential of the atmosphere, and 
magnetometers recording photographically the continuously 
varying direction and magnitude of the terrestrial magnetic 
force, must likewise be kept for their proper places in our 
work. 

Calculating Calculating Machines have also important uses in assisting 

Machines. . ° r 

physical research m a great variety of ways. JLliey belong to 
two classes:— 

I. Purely Arithmetical, dealing witli integral numbers of 
units. All of this class are evolved from the primitive use 
of calculuses or little stones for counters (from which we 
derived the very names calculation and “The Calculus”), 
through such mechanism as that of the Chinese Abacus, still 
serving its original purpose well in infant schools, up to the 
Arithmometer of Thomas of Colmar and the grand but partially 
realized conceptions of calculating machines by Babbage. 

II. Continuous Calculating Machines. As these are not 
only useful as auxiliaries for physical research but also involve 
dynamical and kinematical principles belonging properly to 
ouTsubject, some of them have been described in the Appendix 
to this Chapter, from which dynamical illustrations will be 
taken in our chapters on Statics and Kinetics. 
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402. We shall consider in order the more prominent funda- classes of 
mental instruments of the four classes, and some of their most ments. 
important applications:— 

Clock, Chronometer, Chronoscope, Applications to Obser¬ 
vation and to self-registering Instruments. 

Vernier and Screw-Micrometer, Cathetometer, Sphero- 
meter, Dividing Engine, Theodolite, Sextant or Circle. 

Common Balance, Bifilar Balance, Torsion Balance, Pen¬ 
dulum, Ergometer. 

Among Standards we may mention— 

1. Time. —Day, Hour, Minute, Second, sidereal and solar. 

2. Space. —Yard and Metre: Radian, Degree, Minute, Second. 

3. Force. —Weight of a Pound or Kilogramme, etc., in any 

particular locality (gravitation unit); poundal, or dyne 
(kinetic unit). 

4. Mass . Pound, Kilogramme, etc. 

403. Although without instruments it is impossible to pro¬ 
cure or apply any standard, yet, as without the standards no 
instrument could give us absolute measure, we may consider the 
standards first—referring to the instruments as if we already 
knew their principles and applications. 

404. First we may notice the standards or units of angular Angular 

measure. 

measure : 

Radian , or angle whose arc is equal to radius; 

Degree , or ninetieth part of a right angle, and its successive 
subdivisions into sixtieths called Minutes , Seconds , Thirds , etc. 

The division of the right angle into 90 degrees is convenient 
because it makes the half-angle of an equilateral triangle 
(sin" 1 J) an integral number (30) of degrees. It has long been 
universally adopted by all Europe. The decimal division of the 
right angle, decreed by the French Republic when it success¬ 
fully introduced other more sweeping changes, utterly and 
deservedly failed. 

The division of the degree into 00 minutes and of the 
minute into GO seconds is not convenient; and tables of the 
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circular functions for degrees and hundredths of the degree are 
much to be desired. Meantime, when reckoning to tenths of a 
degree suffices for the accuracy desired, in any case the ordinary 
tables suffice, as G' is of a degree. 

The decimal system is exclusively followed in reckoning by 
radians. The value of two right angles in this reckoning is 
3*14159..., or n r. Thus 7r radians is equal to 180°. Hence 
180°“- 7 T is 57°*29578..., or 57° 17' 44"*8 is equal to one 
radian. In mathematical analysis, angles are uniformly reck¬ 
oned in terms of the radian. 

405. The practical standard of time is the Sidereal Day, 
being the period, nearly constant*, of the earth’s rotation about 
its axis (§ 247). From it is easily derived the Mean Solar Day , 
or the mean interval which elapses between successive passages 
of the sun across the meridian of any place. This is not so 
nearly as the Sidereal Day, an absolute or invariable unit: 

* In our first edition it was stated in this section that Laplace liad calculated 
from ancient observations of eclipses that the period of the earth’s rotation about 
its axis bad not altered by y^rroW-tr °* itself siuce 720 b.c. In § 830 it was 
pointed out that this conclusion is overthrown by farther information from 
Physical Astronomy acquired in the interval between the printing of the two 
sections, in virtue of a correction which Adams had made as early as 1863 upon 
Laplace’s dynamical investigation of an acceleration of the moon’s mean motion, 
produced by the sun’s attraction, showing that only about half of the observed 
acceleration of the moon’s mean motion relatively to the angular velocity of the 
earth’s rotation was accounted for by this cause. [Quoting from the first edition, 
§ 830] “In 1859 Adams communicated to Delaunay his final result:—that at 
“ the end of a century the moon is 5"*7 before the position she would have, 
“relatively to a meridian of the earth, according to the angular velocities of the 
“two motions, at the beginning of the century, and the acceleration of the 
“ moon’s motion truly calculated from the various disturbing causes then recog- 
“ nized. Delaunay soon after verified this result: and about the beginning of 
“ 1866 suggested that the true explanation may be a retardation of the earth’s 
“ rotation by tidal friction. Using this hypothesis, and allowing for the conse- 
“ quent retardation of the moon’s mean motion by tidal reaction (§ 276), Adams, 
“in an estimate which he has communicated to us, founded on the rough as- 
“ sumption that the parts of the earth’s retardation due to solar and lunar tides 
“ are as the squares of the respective tide-generating forces, finds 22 s as the 
“ error by which the earth would in a century get behind a perfect clock rated 
“ at the beginning of the century. If the retardation of rate giving this integral 
“ effect were uniform (§ 35,6), the earth, as a timekeeper, would be going slower 
“ by -22 of a second per year in the middle, or '44 of a second per year at the 
“ end, than at the beginning of a century.” 
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secular changes in the period of the earth’s revolution about the Measure of 
sun affect it, though very slightly. It is divided into 24 hours, 
and the hour, like the degree, is subdivided into successive 
sixtieths, called minutes and seconds. The usual subdivision 
of seconds is decimal. 

It is well to observe that seconds and minutes of time 
are distinguished from those of angular measure by notation. 

Thus we have for time 13 h 43 ni 27 s *58, but for angular measure 
13° 43' 27"‘58. 

When long periods of time are to be measured, the mean solar 
year, consisting of 366*242203 sidereal days, or 365*242242 mean 
solar days, or the century consisting of 100 such years, may be 
conveniently employed as the unit. 

406. The ultimate standard of accurate chronometry must Necessity 
(if the human race live on the earth for a few million years) be perennial 
founded on the physical properties of some body of more con- a ^ring^ 
stant character than the earth: for instance, a carefully arranged 
metallic spring, hermetically sealed in an exhausted glass vessel. 

The time of vibration of such a spring would be necessarily more 
constant from day to day than that of the balance-spring of the 
best possible chronometer, disturbed as this is by the train of 
mechanism with which it is connected: and it would almost 
certainly be more constant from age to age than the time of 
rotation of the earth (cooling and shrinking, as it certainly is, 
to an extent that must be very considerable in fifty million 
years). 


407. The British standard of length is the Imperial Yard, Measure of 
defined as the distance between two marks on a certain metallic founded on 
bar, preserved in the Tower of London, when the whole has a metemc^ 
temperature of 60° Fahrenheit. It was not directly derived 
from any fixed quantity in nature, although some important 
relations with such have been measured with great accuracy. 

It has been carefully compared with the length of a seconds 
pendulum vibrating at a certain station in the neighbourhood of 
London, so that if it should again be destroyed, as it was at the 
burning 1 of the Houses of Parliament in 1834, and should all 

o 

exact copies of it, of which several are preserved in various 
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Earth’s places, bo also lost, it can be restored by pendulum observa- 

dimensions * ’ -n/ --, 

8t 0 ant° a " ti° ns - A less accurate, but still (except m the event of 
earthquake disturbance) a very good, means of reproducing it 
exists in the measured base-lines of the Ordnance Survey, and 
the thence calculated distances between definite stations in the 
British Islands, which have been ascertained in terms of it with 
a degree of accuracy sometimes within an inch per mile, that is 
to say, within about 

408. In scientific investigations, we endeavour as much as 
possible to keep to one unit at a time, and the foot, which is 
defined to be one-third part of the yard, is, for British measure¬ 
ment, generally the most convenient. Unfortunately the inch, 
or one-twelfth of a foot, must sometimes be used. The statute 
mile, or 1760 yards, is most unhappily often used when great 
lengths are considered. The British measurements of area and 
volume are infinitely inconvenient and wasteful of brain-energy, 
and of plodding labour. Their contrast with the simple, uni¬ 
form, metrical system of France, Germany, and Italy, is but 
little creditable to English intelligence. 

409. In the French metrical system the decimal division is 
exclusively employed. The standard, (unhappily) called the 

nor easily Metre> was defined originally as the ten-millionth part of the 
with great length of the quadrant of the earth’s meridian from the pole 

accuracy. 

to the equator; but it is now defined practically by the accurate 
standard metres laid up in various national repositories in 
Europe. It is somewhat longer than the yard, as the following 
Table shows : 


Measure of Inch = 25*39977 millimetres, 

length. Foot = 3*047972 decimetres. 

British statute mile 
= 1609*329 metres. 


Centimetre = *3937043 inch. 

M6trc = 3*280869 feet. 
Kilometre = *6213767 British 
statute mile. 


Measure of 410. The unit of superficial measure is in Britain the square 

SUFt&CQ ■** 

yard, in France the metre carrd Of course we may use square 
inches, feet, or miles, as also square millimetres, kilometres, etc., 
or the Hectare = 10,000 square metres. 
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Square inch = 6*451483 square centimetres 
,, foot = 9*290135 „ decimetres. 

„ yard = 83*61121 „ decimetres. 

Acre = *4046792 of a hectare. 

Square British statute mile = 258*9946 hectares. 

Hectare = 2*471093 acres. 

411 . Similar remarks apply to the cubic measure in the two Measure of 

countries, and we have the following Table : — volume. 

Cubic inch = 16*38661 cubic centimetres. 

„ foot= 28*31606 „ decimetres or Litres. 

Gallon = 4*543808 litres. 

„ —277*274 cubic inches, by Act of Parliament 

now repealed. 

Litre = *035315 cubic feet. 

412 . The British unit of mass is the Pound (defined by Measure of 
standards only); the French is the Kilogramme, defined origi¬ 
nally as a litre of water at its temperature of maximum density; 

but now practically defined by existing standards. 

Grain = 64*79896 milligrammes. Gramme = 15*43235 grains. 

Pound= 453*5927 grammes. Kilogramme = 2*20462125 lbs. 

Professor W. H. Miller finds (Phil. Trans. 1857) that the 
“kilogramme des Archives ” is equal in mass to 15432*34874 
grains; and the “kilogramme type laiton” deposited in the 
Ministkre de Tlntdrieure in Paris, as standard for French com¬ 
merce, is 15432*344 grains. 

413 . The measurement of force, whether in terms of the Measure of 
weight of a stated mass in a stated locality, or in terms of the ° rce ‘ 
absolute or kinetic unit, has been explained in Chap. n. (See 

§§ 220—220). From the measures of force and length, we 
derive at once the measure of work or mechanical effect. That 
practically employed by engineers is founded on the gravita¬ 
tion measure of force. Neglecting the difference of gravity at 
London and Paris, we see from the above tables that the follow¬ 
ing relations exist between the London and the Parisian reckon¬ 
ing of work:— 

Foot-pound =0*13825 kilogramme-metre. 

Kilogramme-metre = 7*2331 foot-pounds. 


Measure of 
surface. 
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ciocK. 414. A Clock is primarily an instrument which, by means 
of a train of wheels, records the number of vibrations executed 
by a pendulum; a Chronometer or Watch performs the same duty 
for the oscillations of a flat spiral spring—just as the train of 
wheel-work in a gas-metre counts the number of revolutions of 
the main shaft caused by the passage of the gas through the 
machine. As, however, it is impossible to avoid friction, re¬ 
sistance of air, etc., a pendulum or spring, left to itself, would 
not long continue its oscillations, and, while its motion con¬ 
tinued, would perform each oscillation in less and less time as 
the arc of vibration diminished: a continuous supply of energy 
is furnished by the descent of a weight, or the uncoiling of 
a powerful spring. This is so applied, through the train of 
wheels, to the pendulum or balance-wheel by means of a 
mechanical contrivance called an Escapement, that the oscilla¬ 
tions are maintained of nearly uniform extent, and therefore 
of nearly uniform duration. The construction of escapements, 
as well as of trains of clock-wheels, is a matter of Mechanics, 
with the details of which we are not concerned, although it may 
easily be made the subject of mathematical investigation. The 
means of avoiding errors introduced by changes of temperature, 
which have been carried out in Compensation pendulums and 
balances, will be more properly described in our chapters on 
Heat. It is to be observed that there is little inconvenience 
if a clock lose or gain regularly; that can be easily and ac¬ 
curately allowed for: irregular rate is fatal. 

Electrically 415. By means of a recent application of electricity to be 

clocks. afterwards described, one good clock, carefully regulated from 
time to time to agree with astronomical observations, may be 
made (without injury to its own performance) to control any 
number of other less-perfectly constructed clocks, so as to com¬ 
pel their pendulums to vibrate, beat for beat, with its own. 

Chrono- 416. In astronomical observations, time is estimated to 

SCOpG. ' 

tenths of a second by a practised observer, who, while watching 
the phenomena, counts the beats of the clock. But for the very 
accurate measurement of short intervals, many instruments have 
been devised. Thus if a small orifice be opened in a large and 
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deep vessel full of mercury, and if we know by trial the weight Chrono- 
of metal that escapes say in five minutes, a simple proportion SCOpe ‘ 
gives the interval which elapses during the escape of any given 
weight. It is easy to contrive an adjustment by which a vessel 
may be placed under, and withdrawn from, the issuing stream 
at the time of occurrence of any two successive phenomena. 

417. Other contrivances, called Stop-watches, Chronoscopes, 
etc., which can he read off at rest, started on the occurrence of 
any phenomenon, and stopped at the occurrence of a second, 
then again read off; or which allow of the making (by pressing 
a stud) a slight mark, on a dial revolving at a given rate, 
at the instant of the occurrence of each phenomenon to be 
noted, are common enough. But, of late, these have almost 
entirely given place to the Electric Chronoscope, an instrument 
which will he fully described later, when we shall have oc¬ 
casion to refer to experiments. in which it has been usefully 
employed. 

418. We now come to the measurement of space, and of 
angles, and for these purposes the most important instruments 
are the Vernier and the Screw. 

419. Elementary geometry, indeed, gives us the means of Diagonal 
dividing any straight line into any assignable number of equal 
parts; but in practice this is by no 
means an accurate or reliable method. 

It was formerly used in the so-called 
Diagonal Scale, of which the con¬ 
struction is evident from the diagram. 

The reading is effected by a sliding- 
piece whose edge is perpendicular to 
the length of the scale. Suppose 
that it is PQ whose position on the 
scale is required. This can evidently 

cut only one of the transverse lines. Its number gives the number 
of tenths of an inch [4 in the figure], and the horizontal line 
next above the point of intersection gives evidently the number 
of hundredths [in the present case 4]. Hence the reading is 
7‘44. As an idea of the comparative uselessness of this 

30 
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method, wo may mention that a quadrant of 3 feet radius 
which belonged to Napier of Merchiston, and is divided on 
the limb by this method, reads to minutes of a degree; no 
higher accuracy than is now attainable by the pocket sextants 
made by Troughton and Simms, the radius of whose arc is 
virtually little more than an inch. The latter instrument is 
read by the help of a \ r ergier. 

420 . The Vernier is commonly employed for such instru¬ 
ments as the Barometer, Sextant, and Cathetometer, while the 
Screw is micrometrically applied to the more delicate instru¬ 
ments, such as Astronomical Circles, and Micrometers, and the 
Spherometer. 

421 . The vernier consists of a slip of metal which slides 
along a divided scale, the edges of the two being coincident. 
Hence, when it is applied to a divided circle, its edge is circular, 
and it moves about an axis passing through the centre of the 
divided limb. 

In the sketch let 0, 1, 2,...10 be the divisions on the vernier, 
o, i, 2 , etc., any set of consecutive divisions on the limb or scale 
along whose edge it slides. If, when 0 and o coin¬ 
cide, 10 and n coincide also, then 10 divisions of 
the vernier are equal in length to 11 on the limb; 
and therefore each division on the vernier is j^ths 
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or 1-R- of a division on the limb. If, then, the ver¬ 
nier be moved till 1 coincides with i, 0 will be ^th 
of a division of the limb beyond o; if 2 coincide 
with 2 , 0 will he -yytlis beyond o; and so on. 
Hence to read the vernier in any position, note 
first the division next to 0, and behind it on 
the limb. This is the integral number of divi¬ 
sions to be read. For the fractional part, see 
which division of the vernier is in a line with 
one on the limb; if it be the 4th (as in the 
figure), that indicates an addition to the reading of T 4 0 -ths of a 
division of the limb; and so on. Thus, if the figure represent 
a barometer scale divided into inches and tenths, the reading 

iu 

is 30*34, the zero line of the vernier being adjusted to the level 
of the mercury. 
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422. If the limb of a sextant be divided, as it -usually is, to Vernier, 
third parts of a degree, and the vernier be formed by dividing 

21 of these into 20 equal parts, the instrument can be read to 
twentieths of divisions on the limb, that is, to minutes of arc. 

If no line on the vernier coincide with one on the limb, then 
since the divisions of the former are the longer there will be 
one of the latter included between the two lines of the vernier, 
and it is usual in practice to take the mean of the readings - 
which would be given by a coincidence of either pair of bound¬ 
ing lines. 

423. In the above sketch and description, the numbers on 
the scale and vernier have been supposed to run opposite ways. 

'This is generally the case with British instruments. In some 
foreign ones the divisions run in the same direction on vernier 
and limb, and in that case it is easy to see that to read to 
tenths of a 'scale division we must have ten divisions of the 
vernier equal to nine of the scale. 

In general, to read to the nt h part of a scale division, n divi¬ 
sions of the vernier must equal n 4* 1 or %-l divisions on the 
limb, according as these run in opposite or similar directions. 

424. The principle of the Screw has been already noticed Screw * 
(§ 102). It may be used in either of two ways, ie., the nut 
may be fixed, and the screw advance through it, or the screw 
may be prevented from moving longitudinally by a fixed collar, 

in which case the nut, if prevented by fixed guides from rotat¬ 
ing:, will move in the direction of the common axis. The 
advance in either case is evidently proportional to the angle 
through which the screw has turned about its axis, and this 
may be measured by means of a divided head fixed perpendi¬ 
cularly to the screw at one end, the divisions being read off by 
a pointer or vernier attached to the frame of the instrument. 

The nut carries with it either a tracing point (as in the divid¬ 
ing engine) or a wire, thread, or half the object-glass of a tele¬ 
scope (as in micrometers), the thread or wire, or the play of the 
tracing point, being at right angles to the axis of the screw. 

425. Suppose it be required to divide a line into any 
number of equal parts. The line is placed parallel to the axis 
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of tlic screw with one end exactly under the tracing point, or 
under the fixed wire of a microscope carried by the nut, and 
the screw-head is read off. By turning the head, the tracing 
point or microscope wire is brought to the other extremity of 
the line; and the number of turns and fractions of a turn re¬ 
quired for the whole line is thus ascertained. Dividing this by 
the number of equal parts required, we find at once the number 
of turns and fractional parts corresponding to one of the 
required divisions, and by giving that amount of rotation to 
the screw over and over again, drawing a line after each rota¬ 
tion, the required division is effected. 

426 . In the Micrometer, the movable wire carried by the 
nut is parallel to a fixed wire. By bringing them into optical 
contact the zero reading of the head is known; hence when 
another reading has been obtained, we have by subtraction the 
number of turns corresponding to the length of the object to 
be measured. The absolute value of a turn of the screw is de¬ 
termined by ‘calculation from the* number of threads in an inch, 
or by actually applying the micrometer to an object of known 
dimensions. 

427 . For the measurement of the thickness of a plate, or 
the curvature of a lens, the Spherometer is used. It consists of a 
screw nut rigidly fixed in the middle of a very rigid three-legged 
table, with its axis perpendicular to the plane of the three feet 
(or finely rounded ends of the legs), and an accurately cut screw 
working in this nut. The lower extremity of the screw is also 
finely rounded. The number of turns, whole or fractional, of 
the screw, is read off by a divided head and a pointer fixed to 
the stem. Suppose it be required to measure the thickness of 
a plate of glass. The three feet of the instrument are placed 
upon a nearly enough flat surface of a hard body, and the screw 
is gradually turned until its point touches and presses the sur¬ 
face. The muscular sense of touch perceives resistance to the 
turning of the screw when, after touching the hard body, it 
presses on it with a force somewhat exceeding the weight of 
the screw. The first effect of the contact is a diminution of 
resistance to the turning, due to the weight of the screw coming 
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to be borne on its fine pointed end instead of on the thread of Sphero- 
the nut. The sudden increase of resistance at the instant when meter * 
the screw commences to bear part of the weight of the nut finds 
the sense prepared to perceive it with remarkable delicacy on 
account of its contrast with the immediately preceding diminu¬ 
tion of resistance. The screw-head is now read off, and the screw 
turned backwards until room is left for the insertion, beneath 
its point, of the plate whose thickness is to be measured. The 
screw is again turned until increase of resistance is again per¬ 
ceived; and the screw-head is again read off. The difference of 
the readings of the head is equal to the thickness of the plate, 
reckoned in the proper unit of the screw and the division of its 
head. 

428. If the curvature of a lens is to be measured, the in¬ 
strument is first placed, as before, on a plane surface, and the 
reading for the contact is taken. The same operation is repeated 
on the spherical surface. The difference of the screw readings 
is evidently the greatest thickness of the glass which would be 
cut off by a plane passing through the three feet. This enables 
us to calculate the radius of the spherical surface (the distance 
from foot to foot of the instrument being known). 

Let a he the distance from foot to foot, l the length of screw- 
corresponding to the difference of the two readings, R the radius 

of the spherical surface; we have at once ^ + 1, or, as l 

is generally very small compared with a, the diameter is, very 

approximately, 

429. The Cathetometer is used for the accurate determine- catheto- 

meter. 

tion of differences of level—for instance, in measuring the 
height to which a fluid rises in a capillary tube above the ex¬ 
terior free surface. It consists of a long divided metallic stem, 
turning round an axis as nearly as may be parallel to its length, 
on a fixed tripod stand: and, attached to the stem, a spirit-level. 

Upon the stem slides a metallic piece bearing a telescope of 
which the length is approximately enough perpendicular to the 
axis. The telescope tube is as nearly as may be perpendicular 
to the length of the stem. By levelling screws in two feet of the 
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Catheto- tripod the bubble of the spirit-level is brought to one position 

meter. 0 £ * ts gi ags w ] len the stem is turned all round its axis. This 

secures that the axis is vertical. In using the instrument the 
telescope is directed in succession to the two objects whose 
difference of level is to be found, and in each case moved (gene¬ 
rally by a delicate screw) up or down the stem, until a horizontal 
wire in the focus of its eye-piece coincides with the image of 
the object. The difference of readings on the vertical stem 
(each taken generally by aid of a vernier sliding-piece) corre- 
• sponding to the two positions of the telescope gives the required 
difference of level. 

Balance. 430. The common Gravity Balance is an instrument for 
testing the equality of the gravity of the masses placed in the 
two pans. We may note here a few of the precautions adopted 
in the best balances to guard against the various defects to 
which the instrument is liable; and the chief points to be at¬ 
tended to in its construction to secure delicacy, and rapidity of 
weighing. 

The balance-beam should be very stiff, and as light as possible 
consistently with the requisite stiffness. For this purpose it is 
generally formed either of tubes, or of a sort of lattice-framework. 
To avoid friction, the axle consists of a knife-edge, as it is called; 
that is, a wedge of hard steel, which, when the balance is in use, 
rests on horizontal plates of polished agate. A similar contri¬ 
vance is applied in very delicate balances at the points of the 
beam from which the scale-pans are suspended. When not in 
use, and just before use, the beam with its knife-edge is lifted 
by a lever arrangement from the agate plates. While thus 
secured it is loaded with weights as nearly as possible equal 
(this can be attained by previous trial with a coarser instru¬ 
ment), and the accurate determination is then readily effected. 
The last fraction of the required weight is determined by a rider, 
a very small weight, generally formed of wire, which can be 
worked (by a lever) from the outside of the glass case in which 
the balance is enclosed, and which may be placed in different 
positions upon one arm of the beam. This arm is graduated to 
tenths, etc., and thus shows at once the value of the rider in 
any case as depending on its moment or leverage, § 232. 
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431. Qualities of a balance: Balance. 

1. Stability .—For stability of the beam alone without pans 
and weights, its centre of gravity must be below its bearing 
knife-edge. For stability with the heaviest weights the line 
joining the points at the ends of the beam from which the pans 
are hung must be below the knife-edge bearing the whole. 

2. Sensibility .—The beam should be sensibly deflected from 
a horizontal position by the smallest difference between the 
weights in the scale-pans. The definite measure of the sensi¬ 
bility is the angle through which the beam is deflected by a 
stated difference between the loads in the pans. 

3. Quickness .—This means rapidity of oscillation, and con¬ 
sequently speed in the performance of a weighing. It depends 
mainly upon the depth of the centre of gravity of the whole 
below the knife-edge and the length of the beam. 

In our Chapter on Statics we shall give the investigation. 

The sensibility and quickness will there be calculated for any 
given form and dimensions of the instrument. 

A fine balance should turn with about a 500,000th of the 
greatest load which can safely be placed in either pan. In 
fact few measurements of any kind arc correct to more than 
six significant figures. 

The process of Double Weighing , which consists in counter¬ 
poising a mass by shot, or sand, or pieces of fine wire, and then 
substituting weights for it in the same pan till equilibrium is 
attained, is more laborious, but more accurate, than single 
weighing; as it eliminates all errors arising from unequal length 
of the arms, etc. 

Correction is required for the weights of air displaced by the 
two bodies weighed against one another when their difference 
is too large to be negligible. 

432. In the Torsion-balance, invented and used with great ^on- 
effect by Coulomb, a force is measured by the torsion of 

a glass fibre, or of a metallic wire. The fibre or wire is 
fixed at its upper end, or at both ends, according to circum¬ 
stances. In general it carries a very light horizontal rod or 
needle, to the extremities of which are attached the body on 
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which is exerted the force to he measured, and a counterpoise. 
The upper extremity of the torsion lib re is fixed to an index 
passing through the centre of a divided disc, so that the angle 
through which that extremity moves is directly measured. If, 
at the same time, the angle through which the needle has 
turned be measured, or, more simply, if the index be always 
turned till the needle assumes a definite position determined 

by marks or sights attached to the case of the instrument_ 

we have the amount of torsion of the fibre, and it becomes a 
simple statical problem to determine from the latter the force 
to be measured; its direction, and point of application, and 
the dimensions of the apparatus, being known. The force of 
torsion as depending on the angle of torsion was found by Cou¬ 
lomb to follow the law of simple proportion up to the limits of 
perfect elasticity—as might have been expected from Hooke’s 
Law (see Properties of Matter), and it only remains that we de¬ 
termine the amount for a particular angle in absolute measure. 
This determination is in general simple enough in theory; but 
in practice requires considerable care and nicety. The torsion- 
balance, however, being chiefly used for comparative, not 
absolute, measure, this determination is often unnecessary. 
More will be said about it when we come to its applications. 

433. The ordinary spiral spring-balances used for roughly 
comparing either small or large weights or forces, are, properly 
speaking, only a modified form of torsion-balance*, as they act 
almost entirely by the torsion of the wire, and not by longi¬ 
tudinal extension or by flexure. Spring-balances we believe 
to be capable, if carefully constructed, of rivalling the ordinary 
balance in accuracy, while, for some applications, they far sur¬ 
pass it in sensibility and convenience. They measure directly 
force, not mass; and therefore if used for determining masses 
in different parts of the earth, a correction must be applied for 
the varying force of gravity. The correction for temperature 
must not be overlooked. These corrections may be avoided 
by the method of double weighing. 


* Binet, Journal de VEcole Poly technique, x. 1815 : and J. Thomson, Cam¬ 
bridge and Dublin Math. Journal (1848). 
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434 . Perhaps the most delicate of all instruments for the Pendulum, 
measurement of force is the Pendulum . It is proved in kinetics 

(see Div. II.) that for any pendulum, whether oscillating about 
a mean vertical position under the action of gravity, or in a 
horizontal plane, under the action of magnetic force, or force 
of torsion, the square of the number of small oscillations in a 
given time is proportional to the magnitude of the force under 
which these oscillations take place. 

For the estimation of the relative amounts of gravity at 
different places, this is by far the most perfect instrument. 

The method of coincidences by which this process has been 
rendered so excessively delicate will be described later. 

435 . The Bifilar Suspension, an arrangement for measur- Bifilar 
ing small horizontal forces, or couples in horizontal planes, in ance ' 
terms of the weight of the suspended body, is due originally to 

Sir William Snow Harris, who used it in one of his electro¬ 
meters, as a substitute for the simple torsion-balance of Coulomb. 

It was used also by Gauss in his bifilar magnetometer for mea- Bifilar ^as¬ 
suring the horizontal component of the terrestrial magnetic netometer * 
force*. In this instrument the bifilar suspension is adjusted to 
keep a bar-magnet in a position approximately perpendicular 
to the magnetic meridian. The small natural augmentations 
and diminutions of the horizontal component are shown by 
small azimuthal motions of the bar. On account of some 
obvious mechanical and dynamical difficulties this instrument 
was not found very convenient for absolute determinations, but 
from the time of its first practical introduction by Gauss and 
Weber it has been in use in all Magnetic Observatories for 
measuring the natural variations of the horizontal magnetic 
component. It is now made with a much smaller magnet than 
the great bar weighing twenty-five pounds originally given with 
it by Gauss; but the bars in actual use at the present day are 
still enormously too large for their duty. The weight of the 

* Gauss, Resultate aus den Beobachtungen des magnetischen Vereins im 
Jalive 18S7. Translated in Taylor’s Scientific Memoirs , Vol. II., Article vi. 

t The suspended magnets used for determining the direction and the in¬ 
tensity of the horizontal magnetic force in the Dublin Magnetic Observatory, 
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bar with attached mirror ought not to exceed eight grammes, 
so that two single silk fibres may suffice for the bearing threads. 
The only substantial alteration, besides the diminution of its 
magnitude, which has been made in the instrument since Gauss 
and Weber’s time is the addition of photographic apparatus and 
clockwork for automatic record of its motions. For absolute 
determinations of the horizontal component force, Gauss’s method 
of deflecting a freely suspended magnet by a magnetic bar brought 
into proper positions in its neighbourhood, and again making 
an independent set of observations to determine the period of 
oscillation of the same deflecting bar when suspended by a fine 
fibre and set to vibrate through a small horizontal angle on 
each side of the magnetic meridian, is the method which has 
been uniformly in use both in magnetic observatories and in 
travellers’ observations with small portable apparatus since it 
was first invented by Gauss*. 

In the bifllar balance the two threads may be of unequal 
lengths, the line joining their upper fixed ends need not be hori¬ 
zontal, and their other ends may be attached to any two points of 
the suspended body: but for most purposes, and particularly for 
regular instruments such as electrometers and magnetometers 
with bifllar suspension, it is convenient to have, as nearly as may 
be, the two threads of equal length, their fixed ends at the same 
level, and their other ends attached to the suspended body sym¬ 
metrically with reference to its centre of gravity (as illustrated 
in the last set of drawings of § 345 x ). Supposing the instrument- 
maker to have fulfilled these conditions of symmetry as nearly 
as he can with reference to the four points of attachment of the 
threads, we have still to adjust properly the lengths of the 
threads. For this purpose remark that a small difference in the 
lengths will throw the suspended body into an unsymmetrical 

as described by Dr Lloyd in liis Treatise on Magnetism (London, 1874), are each 
of tliem 15 incb.es long, of an inch broad, and ;} of an inch in thickness, and 
must therefore weigh about a pound each. The corresponding magnets used at 
the Kew Observatory are much smaller. They arc each 5'4 inches long, 0-8 
inch broad, and 0T inch thick, and therefore the weight of each is about 0'012 
pound, or nearly 55 grammes. 

* Intensitas Vis Magneticae Terrestris ad Mensuram Absolutam revocata , 
Commentationee Societatis Gottingensis, 1832. 
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position, in which, particularly if its centre of gravity he very Bifiiar 
low (as it is in Sir W. Thomson’s Quadrant Electrometer), much a 06 
more of its weight will he borne by one thread than by the 
other. This will diminish very much the amount of the hori¬ 
zontal couple required to produce a stated azimuthal deflection 
in the regular use of the instrument, in other words will in¬ 
crease its sensibility above its proper amount, that is to say, 
the amount which it would have if the conditions of symmetry 
were fully realized. Hence the proper adjustment for equaliz¬ 
ing the lengths of the threads in a symmetrical bifiiar balance, 
or for giving them their right difference in an unsymmetrical 
arrangement, in order to make the instrument as accurate as it 
can be, is to alter the length of one or both of the threads, until 
we attain to the condition of minimum sensibility , that is to 
say minimum angle of deflection under the influence of a given 
amount of couple. 

The great merit of the bifiiar balance over the simple torsion- 
balance of Coulomb for such applications as that to the hori¬ 
zontal magnetometer in the continuous work of an observatory, 
is the comparative smallness of the influence it experiences 
from changes of temperature. The torsional, rigidity of iron, 
copper, and brass wires is diminished about | per cent, with 10° 
elevation of temperature, while the linear expansions of the 
same metals are each less than ^ per cent, with the same 
elevation of temperature. Hence in the unifilar torsion- 
balance, if iron, copper, or brass (the only metals for which the 
change of torsional rigidity with change of temperature has 
hitherto been measured) is used for the material of the bearing 
fibre, the sensibility is augmented \ per cent, by 10° elevation 
of temperature. 

On the other hand, in the bifiiar balance, if torsional rigidity * 
does not contribute any sensible proportion to the whole direc¬ 
tive couple (and this condition may be realized as nearly as we 
please by making the bearing wires long enough and making 
the distance between them great enough to give the requisite 
amount of directive couple), the sensibility of the balance is 
affected only by the linear expansions of the substances con¬ 
cerned. If the equal distances between the two pairs of points 
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of attachment, in the normal form of bifilar balance (or that in 
which the two threads are vertical when the suspended body is 
uninfluenced by horizontal force or couple), remained constant, 
the sensibility would be augmented with elevation of tempera¬ 
ture in simple proportion to the linear expansions of the bearing 
wires; and this small influence might, if it were worth while 
to make the requisite mechanical arrangements, be perfectly 
compensated by choosing materials for the frames or bars bear¬ 
ing the, attachments of the wires so that the proportionate 
augmentation of the distance between them should be just 
half the elongation of either wire, because the sensibility, as 
shown by the mathematical formula below, is simply propor¬ 
tional to the length of the wires and inversely proportional to 
the square of the distance between them. But, even without any 
such compensation, the temperature-error due to linear expansions 
of the materials of the bifilar balance is so small that in the most 
accurate regular use of the instrument in magnetic observatories 
it may be almost neglected; and at most it is less than ^ of 
the error of the unifilar torsion-balance, at all events if, as is 
probably the case, the changes of rigidity with changes of tempe¬ 
rature in other metals are of similar amounts to those for the 
three metals on which experiments have been made. In reality 
the chief temperature-error of the bifilar magnetometer depends 
on the change of the magnetic moment of the suspended magnet 
with change of temperature. It seems that the magnetism of 
a steel magnet diminishes with rise of temperature and aug¬ 
ments with fall of temperature, but experimental information is 
much wanted on this subject. 

The amount of the effect is very different in different bars, 
and it must be experimentally determined for each bar serving 
in a bifilar magnetometer. The amount of the change of mag¬ 
netic moment in the bar which had been most used in the 
Dublin Magnetic Observatory was found to be *000029 per de¬ 
gree Fahrenheit or at the rate of *000052 per degree Centigrade, 
being about the same amount as that of the change of torsional 
rigidity with temperature of the three metals referred to above. 

Let a be the half length of the bar between the points of 
attachment of the wires, 0 the angle through which the bar has 
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been turned (in a horizontal plane) from its position of equi- Bifilar 
librium, l the length of one of the wires, t its inclination to the BaIance - 
vertical. 

Then l cos i is the difference of levels between the ends of each 
wire, and evidently, by the geometry of the case, 
sin i = a sin -J 0, 

Now if Q be the couple tending to turn the bar, and W its weight, 
the principle of mechanical effect gives 
QdO = — Wd (l cos t) 

= Wl sin idi. 


But, by the geometrical condition above, 
l 2 sin i cos idi = a 2 sin Odd. 

' Q W 


Hence 


a 2 sin 6 l < 


or 



sin 0 



which gives the couple in terms of the deflection 0. 

If the torsion of the wires be taken into account, it is 
sensibly equal to 0 (since the greatest inclination to the vertical 
is small), and therefore the couple resulting from it will be EO . 
This must be added to the value of Q just found in order to get 
the whole deflecting couple. 


436. Ergometers are' instruments for measuring energy. Ergometera 
White's friction bralce measures the amount of work actually 
performed in any time by an engine or other “prime mover,” 
by allowing it during the time of trial to waste all its work on 
friction. Morins ergometer measures work without wasting 
any of it, in the .course of its transmission from the prime 
mover to machines in which it is usefully employed. It con¬ 
sists of a simple arrangement of springs, measuring at every 
instant the couple with which the prime mover turns the shaft 
that transmits its work, and an integrating machine from which 
the work done by this couple during any time can be read off. 

Let L be the couple at any instant, and the whole angle 
through which the shaft has turned from the moment at which 
the reckoning commences. The integrating machine shows at 
any moment the value of fLd<h, which (§ 240) is the whole work 
done. 
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jomoters. 437 . White’s friction brake consists of a lever clamped to 
the shaft, but not allowed to turn with it The moment of the 
force required to prevent the lever from going round with the 
shaft, multiplied by the whole angle through which the shaft 
turns, measures the whole work done against the friction of the 
clamp. The same result is much more easily obtained by- 
wrapping a rope or chain several times round the shaft, or 
round a cylinder or drum carried round by the shaft, and 
applying measured forces to its two ends in proper directions 
to keep it nearly steady while the shaft turns round without it. 
The difference of the moments of these two forces round the 
axis, multiplied by the angle through which the shaft turns, 
measures the whole work spent on friction against the rope. 
If we remove all other resistance to the shaft, and apply the 
proper amount of force at each end of the dynamimctric rope 
or chain (which is very easily done in practice), the prime 
mover is kept running at the proper speed for the test, and 
having its whole work thus wasted for the time and measured. 
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CONTINUOUS CALCULATING MACHINES. 

I. Tide-predicting Machine. 

The object is to predict the tides for any port for which the Tide-pre- 
tidal constituents have been found from the harmonic analysis Machine, 
from tide-gauge observations; not merely to predict the times 
and heights of high water, but the depths of water at any and l p 

every instant, showing them by a continuous curve, for a year, or 
for any number of years in advance. 

This object requires the summation of the simple harmonic 
functions representing the several constituents* to be taken into 
account, which is performed by the machine in the following 
manner:—For each tidal constituent to be taken into account 
the machine has a shaft with an overhanging crank, which 
carries a pulley pivoted on a parallel axis adjustable to a greater 
or less distance from the shaft’s axis, according to the greater or 
less range of the particular tidal constituent for the different 
ports for which the machine is to be used. The several shafts, 
with their axes all parallel, are geared together so that their 
periods are to a sufficient degree of approximation proportional 
to the periods of the tidal constituents. The crank on each 
shaft can be turned round on the shaft and clamped in any po¬ 
sition : thus it is set to the proper position for the epoch of the 
particular tide which it is to produce. The axes of the several 
shafts are horizontal, and their vertical planes are at successive 
distances one from another, each equal to the diameter of one of 
the pulleys (the diameters of these being equal). The shafts are 
in two rows, an upper and a lower,.and the grooves of the pulleys 
are all in one plane perpendicular to their axes. 

Suppose, now, the axes of the pulleys to be set each at zero 
distance from the axis of its shaft, and let a fine wire or chain, 

* See Report for 1876 of the Committee of the British Association appointed 
for the purpose of promoting the Extension, Improvement, and Harmonic 
Analysis of Tidal Observations. 
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with one end hanging down and carrying a weight, pass alter¬ 
nately over and under the pulleys in order, and vertically up. 
wards or downwards (according as the number of pulleys is even 
or odd) from the last pulley to a fixed point. The weight is 
to be properly guided for vertical motion by a geometrical slide. 
Turn the machine now, and the wire will remain undisturbed 
with all its free parts vertical and the hanging weight unmoved. 
But now set the axis of any one of the pulleys to a distance \ T 
from its shaft’s axis and turn the machine. If the distance of 
this pulley from the two on each side of it in the other row is a 
considerable multiple of T, the hanging weight will now (if the 
machine is turned uniformly) move up and down with a simple 
harmonic motion of amplitude (or semi-range) equal to T in the 
period of its shaft. If, next, a second pulley is displaced to a 
distance \ T\ a third to a distance T'\ and so on, the hanging 
weight will now perform a complex harmonic motion equal to 
the sum of the several harmonic motions, each in its proper 
period, which would be produced separately by the displace¬ 
ments T, T\ T Thus, if the machine was made on a large 
scale, with T : T\... equal respectively to the actual semi-ranges 
of the several constituent tides, and if it was turned round 
slowly (by clockwork, for example), each shaft going once round 
in the actual period of the tide which it represents, the hanging 
weight would rise and fall exactly with the water-level as 
affected by the whole tidal action. This, of course, could be of 
no use, and is only suggested by way of illustration. The actual 
machine is made of such magnitude, that it can be set to give a 
motion to the hanging weight equal to the actual motion of the 
water-level reduced to any convenient scale: and provided the 
whole range does not exceed about 30 centimetres, the geo¬ 
metrical error due to the deviation from perfect parallelism in 
the successive free parts of the wire is not so great as to be 
practically objectionable. The proper order for the shafts is the 
order of magnitude of the constituent tides which they produce, 
the greatest next the hanging weight, and the least next the 
fixed end of the wire : this so that the greatest constituent may 
have only one pulley to move, the second in magnitude only two 
pulleys, and so on. 

One machine of this kind has already been constructed for the 
British Association, and another (with a greater number of shafts 
to include a greater number of tidal constituents) is being con- 
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structed for the Indian Government. The British Association Tide-pre¬ 
in achine, which is kept available for general use, under charge Machine, 
of the Science and Art Department in South Kensington, has 
ten shafts, which taken in order, from the hanging weight, give 
respectively the following tidal constituents*: 

1. The mean lunar semi-diurnal. 

2. The mean solar semi-diurnal. 

3. The larger elliptic semi-diurnal. 

4. The luni-solar diurnal declinational. 

5. The lunar diurnal declinational. 

6. The luni-solar semi-diurnal declinational. 

7. The smaller elliptic semi-diurnal. 

8. The solar diurnal declinational. 

9. The lunar quarter-diurnal, or first shallow-water tide of 

mean lunar semi-diurnal. 

10. The luni-solar quarter-diurnal, shallow-water tide. 

The hanging weight consists of an ink-bottle with a glass 
tubular pen, which marks the tide level in a continuous curve 
on a long band of paper, moved horizontally across the line of 
motion of the pen, by a vertical cylinder geared to the revolving 
shafts of the machine. One of the five sliding points of the 
geometrical slide is the point of the pen sliding on the paper 
stretched on the cylinder, and the couple formed by the normal 
pressure on this point, and on another of the five, which is about 
four centimetres above its level and one and a half centimetres 
from the paper, balances the couple due to gravity of the ink- 
bottle and the vertical component of the pull of the bearing wire, 
which is in a line about a millimetre or two farther from the *?■■- > 

paper than that in which the centre of gravity moves. Thus is 
ensured, notwithstanding small inequalities on the paper, a 
pressure of the pen on the paper very approximately constant 
and as small as is desired. 

Hour marks are made on the curve by a small horizontal 
movement of the ink-bottle’s lateral guides, made once an hour ; 
a somewhat greater movement, giving a deeper notch, serves to 
mai'k the noon of every day. 

The machine may be turned so rapidly as to run off a year’s 
tides for any port in about four hours. 

Each crank should carry an adjustable counterpoise, to be 

* Seo Report for 1876 of the British Association’s Tidal CnmmiHe* 



482 


APPENDIX B'. 


Tide-pre¬ 

dicting 

Machine. 


Equation- 

Solver. 


[ii. 

adjusted so that when the crank is not vertical the pulls of the 
approximately vertical portions of wire acting on it through the 
pulley which it carries shall, as exactly as may be, balance on 
the axis of the shaft, and the motion of the shaft should be 
resisted by a slight weight hanging on a thread wrapped once 
round it and attached at its other end to a fixed point. This 
part of the design, planned to secure against “lost time” or 
“back lash” in the gearings, and to preserve uniformity of 
pressure between teeth and teeth, teeth and screws, and ends of 
axles and “end-plates,” was not carried out in the British 
Association machine. 


II. Machine fob the Solution of Simultaneous 
Linear Equations* 


Let J5„ j5 2 , ... B n be n bodies each supported on a fixed axis 
(in practice each is to be supported on knife-edges like the beam 
of a balance). 

Let P lV P 2] , P 8] ,... P nl be n pulleys each pivoted^on B l ; 

P P P P B • 

P P P P B • 

X 13> X 2'J? M 33> *** X «3 » >> ti } 


„ G v C s9 C 3 , ... <7 n , be n cords passing over the pulleys; 

» A> P iv P i 2 ’ ••• p i„> be tte course of (7,: 
n p p p p j? n . 

>3 x 21? J 22’ X 23 J * * * 2 ri> >5 Vy 2> 

33 ^ ^ be fixed points; 

3 , hi ••• the lengths of the cords between JD^ JE lt 
and Z> 2 , P 2i ... and D n , i? n , along the courses stated above, when 
B v B 2 , ... i? n , are in particular positions which will be called 
their zero positions; 

h + e v h + e 2 i ••• h + e n their lengths between the same 
fixed points, when B l7 B 2 , ... B n are turned through angles x l7 
a> 2 , ... from their zero positions; 

(11), (12), (13),... (In), 

(21), (22), (23),...(2n), 

(31), (32), (33),... (3*), 


SirW. Thomson, Proceedings of the Poyal Society , Yol. xxvm., 1878. 
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quantities sucli that 

(ll)* 1 + (12) ! e l +... + (lw)a; ii = e 1 i 
(21) as, + (22) + (2 m) x n = e 2 

(31) x l + (32) + (3m)*, = 63 > 


(^1) fiCj + (w2) aJ 2 + ... + (nn) x n = e n J 


Equation- 

Solver. 


(D- 


We shall suppose x l9 cc 2 , ...cc rt to be each so small that (11), 
(12),...(21), etc., do not vary sensibly from the values which 
they have when x j9 x 2 , ... x t , are each infinitely small. In 
practice it will be convenient to so place the axes of B, i? 2 ,... B n , 
and the mountings of-the pulleys on B t , I> 2 , ... B ni and the fixed 
points D x , E x , D 2 , etc., that when x y , x 2% ... x n are infinitely small, 
the straight parts of each cord and the lines of infinitesimal mo¬ 
tion of the centres of the pulleys round which it passes shall be 
all parallel. Then \ (11), \ (21), ... \ (nl) will be simply equal to 
the distances of the centres of the pulleys P u , P 21 ,... P nl) from the 
axis of B t ; \ (12), | (22)... £ (m2) the distances of P 12 , P !2 , ...P, a 
from the axis of B 2 ; and so on. 

In practice the mountings of the pulleys are to be adjustable 
by proper geometrical slides, to allow any prescribed positive or 
negative value to be given to each of the quantities (11), 
(12), ...(21), etc. 

Suppose this to be done, and each of the bodies B 19 B 2 ,... B n 
to be placed in its zero position and held there. Attach now 
the cords firmly to the fixed points J) l9 D 2 ,... D n respectively; 
and, passing them round their proper pulleys, bring them to the 
other fixed points E x1 E 2l ... E ni and pass them through infinitely 
small smooth rings fixed at these points. Now hold the bodies 
B l9 B 2 ,... each fixed, and (in practice by weights hung on their 
ends, outside E x , E 2 ,... E n ) pull the cords through E v E 2 ,...E n 
with any given tensions* T x , T 2 , ... T n . Let G v G 2 , ... G n be 
moments round the fixed axes of B x , B 2l ... B n of the forces re¬ 
quired to hold the bodies fixed when acted on by the cords thus 


* The idea of force here first introduced is not essential, indeed is not 
technically admissible to the purely kinematic and algebraic part of the subject 
proposed. But it is not merely an ideal kinematic construction of the algebraic 
problem that is intended; and the design of a kinematic machine, for success in 
practice, essentially involves dynamical considerations. In the present case 
some of the most important of the purely algebraic questions concerned are very 
interestingly illustrated by these dynamical considerations. 
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tion- stretched. The principle of “virtual velocities,” just as it came 
1 ‘ from Lagrange (or the principle of “work”), gives immediately, 

in virtue of (I), 

G x = (11) T x + (21) 2 T 2 + ... + (nl) T n 

G a = ( 12 ) T x + ( 22 ) T 2 4 -... + (« 2 ) T n 

G n ~(\n) 1\ + (2/4) 2\+ ... + (nn) T n 

Apply and keep applied to each of the bodies, 2? , B 2 ,... B 
(in practice by the weights of the pulleys, and by counter-pulling 
springs), such forces as shall have for their moments the values 
G p G 2 ...G n , calculated from equations (II) with whatever values 
seem desirable for the tensions T l} T 2 , ... T z . (In practice, the 
straight parts of the cords are to be approximately vertical, and 
the bodies B 2i are to be each balanced on its axis when the 
pulleys belonging to it are removed, and it is advisable to make 
the tensions each equal to half the weight of one of the pulleys 
with its adjustable frame.) The machine is now ready for use. 
To use it, pull the cords simultaneously or successively till 
lengths equal to e x , e 2 , ...e n are passed through the rings E x , 
E a ,... E n , respectively. 

The pulls required to do this may be positive or negative; in 
practice, they will be infinitesimal downward or upward pressures 
applied by hand to the stretching weights which remain per¬ 
manently hanging on the cords. 

Observe the angles through which the bodies B v B 2 , ... B n are 
turned by this given movement of tlie cords. These angles are 
the required values of the unknown x l} a? 8 , ... x u , satisfying the 
simultaneous equations (I). 

The actual construction of a practically useful machine for 
calculating as many as eight or ten or more of unknowns from 
the same number of linear equations does not promise to be either 
difficult or over-elaborate. A fair approximation having been 
found by a first application of the machine, a very moderate 
amount of straightforward arithmetical work (aided very ad¬ 
vantageously by Crelle’s multiplication tables) suffices to calculate 
the residual errors, and allow the machines (with the setting of 
the pulleys unchanged) to be re-applied to calculate the corrections 
(which may be treated decimally, for convenience) : thus, 100 
times the amount of the correction on each of the original un¬ 
knowns may be made the new unknowns, if the magnitudes thus 






II.] 


CONTINUOUS CALCULATING MACHINES. 


485 


falling to be dealt with are convenient for the machine. There solver 0 *" 
is, of course, no limit to the accuracy thus obtainable by succes¬ 
sive approximations. The exceeding easiness of each application 
of the machine promises well for its real usefulness, whether for 
cases in which a single application suffices, or for others in which 
the requisite accuracy is reached after two, three, or more, of 
successive approximations. 

The accompanying drawings represent a machine for finding 
six* unknowns from six equations. Fig. 1 represents in eleva¬ 
tion and plan one of the six bodies P 2 , etc. Fig. 2 shows in 
elevation and plan one of the thirty-six pulleys P, with its 
cradle on geometrical slide (§ 198). Fig. 3 shows in front-ele** 
vation the general disposition of the instrument. 


Fig. 1. One of the six moveable bodies, B. 



Elevation. 


Plan. 


* This number has been chosen for the first practical machine to be con¬ 
structed, because a chief application of the machine may be to the calculation 
of the corrections on approximate values already found of the six elements of 
the orbit of a comet or asteroid. 
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Fig. 2. One of the tliirty-six pulleys, 1\ with its sliding cradle. 
Full Size. 


Front ele¬ 
vation. 




In Fig, 3 only one of the six cords, and the six pulleys over 
which it passes, is shown, not any of the other thirty. The three 
pulleys seen at the top of the sketch are three out of eighteen 
pivoted on immoveable bearings above the machine, for the pur¬ 
pose of counterpoising the weights of the pulleys 2^, with their 
sliding cradles. Each of the counterpoises is equal to twice the 
weight of one of the pulleys V with its sliding cradle. Thus if 
the bodies B are balanced on their knife-edges with each sliding 
cradle in its central position, they remain balanced when one 
or all of the cradles are shifted to either side; and the tension 
of each of the thirty-six essential cords is exactly equal to half 
the weight of one of the pulleys with its adjustable frame, as 
specified above (the deviations from exact vertical!ty of all the 
free portions of the thirty-six essential cords and the eighteen 
counterpoising cords being neglected). 
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Bisk- 

Globe-, and 
Cylinder- 
Integrating 
Machine. 


III. An Integrating Machine: having a New Kine¬ 
matic Principle*. 


The kinematic principle for integrating ydx, which is used in 
the instruments well known as MSrin’s Dynamometert and 
Sang’s Planimeter admirable as it is in many respects, involves 
one element of imperfection which cannot but prevent our con¬ 
templating it with full satisfaction. This imperfection consists 
in the sliding action which the edge wheel or roller is required 
to take in conjunction with its rolling action, which alone is 
desirable for exact communication of motion from the disk or 
cone to the edge roller. 

The very ingenious, simple, and practically useful instrument 
well known as Amsler’s Polar Planimeter, although different in 
its main features of principle and mode of action from the instru¬ 
ments just referred to, ranks along with them in involving the 
like imperfection of requiring to have a sidewise sliding action 
of its edge rolling wheel, besides the desirable rolling action on 
the surface which imparts to it its revolving motion—a surface 


* Professor James Thomson, Proceedings of the Royal Society, Vol. xxiv., 1876, 

p. 262. 

t Instruments of this kind, and any others for measuring mechanical work, 
may better in future be called Ergometcrs than Dynamometers. The name 
“ dynamometer” has been and continues to be in common use for signifying 
a spring instrument for measuring force; but an instrument for measuring 
work, being distinct in its nature and object, ought to have a different and more 
suitable designation. The name “ dynamometer,” besides, appears to be badly 
formed from the Greek; and for designating an instrument for measurement of 
force , I would suggest that the name may with advantage be changed to 
dynamimeter. In respect to the mode of forming words in such cases, reference 
may be made to Curtius’s Grammar, Dr Smith’s English edition, § 854, p. 220.— 
J. T., 26th February, 1876. 

+ Sang’s Planimeter is very clearly described and figured in a paper by its 
inventor, in the Transactions of the Royal Scottish Society of Arts, Vol. iv. 
January 12,1852. 
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which in this case is not a disk or cone, but is the surface of the Disk-, 
paper, or any other plane face, on which the map or other plane Cyikfder^ nd 
diagram to be evaluated in area is drawn. Maehine. ng 

Professor J. Clerk Maxwell, having seen Sang’s Planimeter 
in the Great Exhibition of 1851, and having become convinced 
that the combination of slipping and rolling was a drawback on 
the perfection of the instrument, began to search for some ar¬ 
rangement by which the motion should be that of perfect rolling 
in every action of the instrument, corresponding to that of com¬ 
bined slipping and rolling in previous instruments. He suc¬ 
ceeded in devising a new form of planimeter or integrating 
machine with a quite new and very beautiful principle of kine¬ 
matic action depending on the mutual rolling of two equal 
spheres, each on the other. He described this in a paper sub¬ 
mitted to the Royal Scottish Society of Arts in January 1855, 
which is published in Yol. iv. of the Transactions of that Society. 

In that paper he also offered a suggestion, which appears to be 
both interesting and important, proposing the attainment of the 
desired conditions of action by the mutual rolling of a cone and 
cylinder with their axes at right angles. 

The idea of using pure rolling instead of combined rolling 
and slipping was communicated to me by Prof. Maxwell, when 
I had the pleasure of learning from himself some particulars as 
to the nature of his contrivance. Afterwards (some time be¬ 
tween the years 1861 and 1864), while endeavouring to contrive 
means for the attainment in meteorological observatories of 
certain integrations in respect to the motions of the wind, and 
also in endeavouring to devise a planimeter more satisfactory in 
principle than either Sang’s or Amsler’s planimeter (even though, 
on grounds of practical simplicity and convenience, unlikely to 
turn out preferable to Amsler’s in ordinary cases of taking 
areas from maps or other diagrams, but something that I hoped 
might possibly be attainable which, while having the merit of 
working by pure rolling contact, might be simpler than the 
instrument of Prof. Maxwell and preferable to it in mechanism), 

I succeeded in devising for the desired object a new kinematic 
method, which has ever since appeared to me likely sometime 
to prove valuable when occasion for its employment might be 
found. How, within the last few days, this principle, on being 
suggested to my brother as perhaps capable of being usefully 
employed towards the development of tide-calculating machines 
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which he had been devising, has been found by him to be capable 
of being introduced and combined in several ways to produce 
important results. On his advice, therefore, I now offer to the 
Royal Society a brief description of the new principle as devised 
by me. 

The new principle consists primarily in the transmission of 
motion from a disk or cone to a cylinder by the intervention of 
a loose ball, which presses by its gravity on the disk and cylinder, 
or on the cone and cylinder, as the case may be, the pressure 
being sufficient to give the necessary frictional coherence at 
each point of rolling contact 5 and the axis of the disk or cone 
and that of the cylinder being both held fixed in position by 
bearings in stationary framework, and the arrangement of these 
axes being such that when the disk or the cone and the cylinder 
are kept steady, or, in other words, without rotation on their 
axes, the ball can roll along them in contact with both, so that 
the point of rolling contact between the ball and the cylinder 
shall traverse a straight line on the cylindric surface parallel 
necessarily to the axis of the cylinder—and so that, in the case 
of a disk being used, the point of rolling contact of the ball 
with the disk shall traverse a straight line passing through the 
centre of the disk-—or that, in case of a cone being used, the 
line of rolling contact of the ball on the cone shall traverse a 
straight line on the conical surface, directed necessarily towards 
the vertex of the cone. It will thus readily be seen that, 
whether the cylinder and the disk or cone be at rest or revolving 
on their axes, the two lines of rolling contact of the ball, one 
on the cylindric surface and the other on the disk or cone, when 
both considered as lines traced out in space fixed relatively to 
the framing of the whole instrument, will be two parallel straight 
lines, and that the line of motion of the ball’s centre will be 
straight and parallel to them. For facilitating explanations, 
the motion of the centre of the ball along its path parallel to 
the axis of the cylinder may be called the ball’s longitudinal 
motion. 

Now for the integration of ydx\ the distance of the point of 
contact of the ball with the disk or cone from the centre of the 
disk or vertex of the cone in the ball’s longitudinal motion is 
to represent y , while the angular space turned by the disk or 
cone from any initial position represents x 3 and then the angular 
space turned by the cylinder will, when multiplied by a suitable 
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constant numerical coefficient, -express the integral in terms of Disk-, 
any required unit for its evaluation. Cylinder- 11 ' 

The longitudinal motion may be imparted to the ball by Integrator * 
having the framing of the whole instrument so placed that the 
lines of longitudinal motion of the two points of contact and 
of the ball’s centre, which are three straight lines mutually 
parallel, shall be inclined to the horizontal sufficiently to make 
the ball tend decidedly to descend along the line of its longitu¬ 
dinal motion, and then regulating its motion by an abutting 
controller, which may have at its point of contact, where it 
presses on the ball, a plane face perpendicular to the line of the 
ball’s motion. Otherwise the longitudinal motion may, for some 
cases, preferably be imparted to the ball by having the direction 
of that motion horizontal, and having two controlling flat faces 
acting in close contact without tightness at opposite extremities 
of the ball’s diameter, which at any moment is in the line of 
the ball’s motion or is parallel to the axis of the cylinder. 

It is worthy of notice that, in the case of the disk-, ball-, and 
cylinder-integrator, no theoretical nor important practical fault 
in the action of the instrument would be involved in any 
deficiency of perfect exactitude in the practical accomplishment 
of the desired condition that the line of motion of the ball’s 
point of contact with the disk should pass through the centre of 
the disk. The reason of this will be obvious enough on a little 
consideration. 

The plane of the disk may suitably be placed inclined to the 
horizontal at some such angle as 45°; and the accompanying 
sketch, together with the model, which will be submitted to the 
Society by my brother, will aid towards the clear understanding 
of the explanations which have been given. 

My brother has pointed out to me that an additional opera¬ 
tion, important for some purposes, may be effected by arranging 
that the machine shall give a continuous record of the growth 
of the integral by introducing additional mechanisms. suitable 
for continually describing a curve such that for each point of it 
the abscissa shall represent the value of x , and the ordinate 
shall represent the integral attained from x — 0 forward to that 
value of x. This, he has pointed out, may be effected in practice 
by having a cylinder axised on the axis of the disk, a roll of 
paper covering this cylinder’s surface, and a straight bai situated 
parallel to this cylinders axis and resting with enough of pres- 
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sure on the surface of the primary registering or the indicating 
cylinder (the one, namely, which is actuated Ly its contact with 
the ball) to make it have suliicient frictional coherence with that 



PLAN. 


surface, and by having this bar made to carry a pencil or other 
tracing point which will mark the desired curve on the secondary 
registering or the recording cylinder. As, from the nature of 
the apparatus, the axis of the disk and of the secondary register¬ 
ing or recording cylinder ought to be steeply inclined to the 
horizontal, and as, therefore, this bar, carrying the pencil, would 
have the line of its length and of its motion alike steeply in¬ 
clined with that axis, it seems that, to carry out this idea, it 
may be advisable to have a thread attached to the bar and 
extending off in the line of the bar to a pulley, passing over the 
pulley, and having suspended at its other end a weight which 
will be just sufficient to counteract the tendency of the rod, in 
virtue of gravity, to glide down along the line of its own slope, 
so as to leave it perfectly free to be moved up or down by the 
frictional coherence between itself and the moving surface of the 
indicating cylinder worked directly by the ball. 
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IV. An Instrument for calculating 
the Integral of the Product of two given Functions*. 

In consequence of the recent meeting of the British Association Machine to 
at Bristol, I resumed an attempt to find an instrument which integmfof 
should supersede the heavy arithmetical labour of calculating fwo^unc- 
the integrals required to analyze a function into its simple bar- tl0ns ‘ 
monic constituents according to the method of Fourier. During 
many years previously it had appeared to me that the object 
ought to be accomplished by some simple mechanical means; 
but it was not until recently that I succeeded in devising an 
instrument approaching sufficiently to simplicity to promise 
practically useful results. Having arrived at this stage, I de¬ 
scribed my proposed machine a few days ago to my brother 
Professor James Thomson, and he described to me in return a 
kind of mechanical integrator which had occurred to him many 
years ago, but of which he had never published any description. 

I instantly saw that it gave me a much simpler means of attain¬ 
ing my special object than anything I had been able to think of 
previously. An account of his integrator is communicated to 
the Boyal Society along with the present paper. 

To calculate Jcf>(x) f (x) dx y the rotating disk is to be displaced 
from a zero or initial position through an angle equal to 

I <j> (x) dx, 

Jo 

while the rolling globe is moved so as always to be at a distance 
from its zero position equal to \j/(x). This being done, the cylinder 

obviously turns through an angle equal to '4>(x) \]/(x)dx, and 

thus solves the problem. 

One way of giving the required motions to the rotating disk 
and rolling globe is as follows :— 

* Sir W. Thomson, Proceedinas of the Boyal Society, "V ol. xxiv., 1876, p. 266. 
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On two pieces of paper draw the curves 
rx 

y= I <j>(x)dx, and y-\p(x). 

Jo 

Attach these pieces of paper to the circumference of two cir¬ 
cular cylinders, or to different parts of the circumference of one 
cylinder, with the axis of x in each in the direction perpendicular 
to the axis of the cylinder. Let the two cylinders (if there are 
two) be geared together so as that their circumferences shall 
move with equal velocities. Attached to the framework let 
there be, close to the circumference of each cylinder, a slide or 
guide-rod to guide a moveable point, moved by the hand of an 
operator, so as always to touch the curve on the surface of the 
cylinder, while the two cylinders are moved round. 

Two operators will be required, as one operator could not 
move the two points so as to fulfil this condition—at all events 
unless the motion were very slow. One of these points, by 
proper mechanism, gives an angular motion to the rotating disk 
equal to its own linear motion, the other gives a linear motion 
equal to its own to the centre of the rolling globe. 

The machine thus described is immediately applicable to 
calculate the values // 2 , // 3 , etc. of the harmonic constituents 
of a function \f/ (x) in the splendid generalization of Fourier’s 
simple harmonic analysis, which he initiated himself in his 
solutions for the conduction of heat in the sphere and the 
cylinder, and which was worked out so ably and beautifully by 
Poisson*, and by Sturm and Liouville in their memorable 
papers on this subject published in the first volume of Liouville’s 
Journal des Mathematiques. Thus if 

f (*) = H ,<£, ( x ) + (*) + #A (*) + etc - 

be the expression for an arbitrary function if/x, in terms of the 
generalized harmonic functions <j> 1 (x), <jf> 2 (x), cj> 3 (x), etc., these 
functions being such that 

[ $1 (*) $2 ( x ) dx=§, f (x) <j> a (x) dx = 0, f <j>„ (x) (x) = 0, etc., 

*io jo JO 


* His general demonstration of the reality of the roots of transcendental 
equations essential to this analysis (an exceedingly important step in advance 
from Fourier’s position), which he first gave in the Bulletin de la Societe 
Philomathique for 1828, is reproduced in his Theorie Mathcmatique de la 
Chaleur , § 90. 
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we have 


II, 


j ( x) ij/ (x) dx 



Machine to 
calculate 
Integral of 
Product of 
two Func¬ 
tions. 



In the physical applications of 


this theory the integrals 
etc. 


which constitute the denominators of the formulas for H v H c 

are always to be evaluated in finite terms by an extension of 
rX 

Fourier’s formula for the J xu,? dx of his problem of the cylinder* 


made by Sturm in equation (10), § iv. of his Memoire sur une 
Classe d'Equations d differences partiettes in Liouville’s Journal , 
Vol. i. (1836). The integrals in the numerators are calculated 
with great ease by aid of the machine worked in the manner 
described above. 


The great practical use of this machine will be to perform 
the simple harmonic Fourier-analysis for tidal, meteorological, 
and perhaps even astronomical, observations. It is the case in 
which 




sin 

cos 


(nx); 


f£'l7T 

and the integration is performed through a range equal to — 

(i any integer) that gives this application. In this case the 
addition of a simple crank mechanism, to give a simple harmonic 


angular motion to the rotating disk in the proper period 

when the cylinder bearing the curve y = \j/(x) moves uniformly, 
supersedes the necessity for a cylinder with the curve y — <j> (x) 
traced on it, and an operator keeping a point always on this 
curve in the manner described above. Thus one operator will be 
enough to carry on the process; and I believe that in the appli¬ 
cation of it to the tidal harmonic analysis he will be able in an 


Fourier’s Theorie Analytique de la Chaleur, § 319, p. 391 (Paris, 1822). 
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hour or two to find by aid of the machine any one of the simple 
harmonic elements of a year's tides recorded in curves in the 
usual manner by an ordinary tide-gauge—a result which hitherto 
has required not less than twenty hours of calculation by skilled 
arithmeticians. I believe this instrument will be of great value 
also in determining the diurnal, semi-diurnal, ter-diurnal, and 
quarter-diurnal constituents of the daily variations of temperature, 
barometric pressure, east and west components of the velocity of 
the wind, north and south components of the same; also of the 
three components of the terrestrial magnetic force; also of the 
electric potential of the air at the point where the stream of 
water breaks into drops in atmospheric electrometers, and of 
other subjects of ordinary meteorological or magnetic observa¬ 
tions; also to estimate precisely the variation of terrestrial 
magnetism in the eleven years sun-spot period, and of sun-spots 
themselves in this period; also to disprove (or prove, as the case 
may be) supposed relations between sun-spots and planetary 
positions and conjunctions; also to investigate lunar influence 
on tbe height of the barometer, and on the components of the 
terrestrial magnetic force, and to find if lunar influence is 
sensible on any other meteorological phenomena—and if so, to 
determine precisely its character and amount. 

From the description given above it will be seen that the 
mechanism required for the instrument is exceedingly simple and 
easy. Its accuracy will depend essentially on the accuracy of the 
circular cylinder, of the globe, and of the plane of the rotating 
disk used in it. For each of the three surfaces a much less 
elaborate application of the method of scraping than that by 
which Sir Joseph Whitworth has given a true plane with such 
marvellous accuracy will no doubt suffice for the practical re¬ 
quirements of the instrument now proposed. 
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V. Mechanical Integration of Linear Differen¬ 
ce Equations of the Second Order with Variable 

'EFFICIENTS*. 

^ Every linear differential equation of the second order may, as 
is known, be reduced to the form 

d f1 du\ /t . 

dx, \P dx) ~ u . 

where P is any given function of x. 

On account of the great importance of this equation in 
mathematical physics (vibrations of a non-uniform stretched 
cord, of a hanging chain, of water ih a canal of non-uniform 
breadth and depth, of air in a pipe of non-uniform sectional area, 
conduction of heat along a bar of non-uniform section or non- 
uniform conductivity, Laplace’s differential equation of the tides, 
etc. etc.), I have long endeavoured to obtain a means of facilitat¬ 
ing its practical solution. 

Methods of calculation such as those used by Laplace him¬ 
self are exceedingly valuable, but are very laborious, too 
laborious unless a serious object is to be attained by calculating 
out results with minute accuracy. A ready means of obtaining 
approximate results which shall show the general character of 
the solutions, such as those so well worked out by Sturm t, has 
always seemed to me a desideratum. Therefore I have made 
many attempts to plan a mechanical integrator which should 
give solutions by successive approximations. This is clearly done 
now, when we havo the instrument for calculating / cj> ( x ) 0*0 dx, 

founded on my brother’s disk-, globe-, and cylinder-integrator, 
and described in a previous communication to the Eoyal Society; 
for it is easily proved J that if 

Sir W. Thomson, Proceedings of the Royal Society, Yol. xxiv., 1876, p. 269. 

Memoire sur les equations differentielles lineaires du second ordre, Liouville s 

'nal, Vol. i. 1886. 

Cambridge Senate-Houso Examination, Thursday afternoon, January 22nd, 

t. 
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where u x is any function of x, to begin with, as for example 
u x = cc; then u 2 , u 3 , etc. are successive approximations converg¬ 
ing to that one of the solutions of (1) which vanishes when sc = 0. 

P 

Now let my brother’s integrator be applied to find 0 - I u x dx, 

J o 

and let its result feed, as it were, continuously a second machine, 
which shall find the integral of the product of its result into 
Pdx . The second machine will give out continuously the value 
of u 2 . Use again the same process with u 2 instead of u x , and 
then u 3 , and so on. 

After thus altering, as it were, u x into u 2 by passing it through 
the machine, then u 2 into u 3 by a second passage through the 
machine, and so on, the thing will, as it were, become refined 
into a solution which will be more and more nearly rigorously 
correct the oftener we pass it through the machine. If u i+l does 
not sensibly differ from then each is sensibly a solution. 

So far I had gone and was satisfied, feeling I had done what 
I wished to do for many years. But then came a pleasing 
surprise. Compel agreement between the function fed into the 
' double machine and that given out by it. This is to be done by 
establishing a connexion which shall cause the motion of the 
centre of the globe of the first integrator of the double machine 
to be the same as that of the surface of the second integrator’s 
cylinder. The motion of each will thus be necessarily a solution 
of (1). Thus I was led to a conclusion which was quite unex¬ 
pected ; and it seems to me very remarkable that the general 
differential equation of the second order with variable coefficients 
may be rigorously, continuously, and in a single process solved 
by a machine. 

Take up the whole matter ab initio : here it is. Take two of 
my brother’s disk-, globe-, and cylinder-integrators, and connect 
the fork which guides the motion of the globe of each of the 
integrators, by proper mechanical means, with the circumference 
of the other integrator’s cylinder. Then move one integrator’s 
disk through an angle = x, and simultaneously move the other 
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integrator’s disk through an angle always = J Pdx y a given 

function of x. The circumference of the second integrator’s 
cylinder and the centre of the first integrator’s globe move each 
of them through a space which satisfies the differential equa¬ 
tion (1). 

To prove this, let at any time g v g 2 be the displacements of 
the centres of the two globes from the axial lines of the disks ; 
and let dx, Pdx be infinitesimal angles turned through by the two 
disks. The infinitesimal motions produced in the circumferences 
of two cylinders will be 

g x dx and g a Pdx. 

But the connexions pull the second and first globes through spaces 
respectively equal to those moved through by the circumferences 
of the first and second cylinders. Hence 

g l dx = dg 2 , and g 2 Pdx=dg l ; 
and eliminating g 2 , 

±(± d£i\ = „ 

dx\P dx) ’ 


which shows that g x put for u satisfies the differential equa¬ 
tion (1). 

The machine gives the complete integral of the equation with 
its two arbitrary constants. For, for any particular value of x, 
give arbitrary values G } , G 2 . [That is to say mechanically; dis¬ 
connect the forks from the cylinders, shift the forks till the globes’ 
centres are at distances G xi G 2 from the axial lines, then connect, 
and move the machine.] 

We have for this value of x, 

g l = G v and 


that is, we secure arbitrary values for y, and ~ by the arbitrari- 
ness of the two initial positions G v G a of the globes. 


Mechanical 

Integratioa 

of Linear 
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VI. Mechanical Integration of the general Linear 
Differential Equation of ant Order with Variable 
Coefficients*. 


ichanical 

tegration 

General 

near 

fferential 
luation of 
jy Order. 


Take any number i of my brother’s disk-, globe-, and cylinder- 
integrators, and make an integrating chain of them thus:— 
Connect the cylinder of the first so as to give a motion equal to 
its ownt to the fork of the second. Similarly connect the 
cylinder of the second with the fork of the third, and so on. 
Let g , g 2 > g.j up to g v be the positions}, of the globes at any time. 
Let infinitesimal motions P x dx } P 2 dx , P s dx, ... be given simul¬ 
taneously to all the disks (dx denoting an infinitesimal motion of 
some part of the mechanism whose displacement it is convenient 
to take as independent variable). The motions (cZk i5 cZk^, ... c?/c.) 
of the cylinders thus produced are 

dK x = g x P dx } dic a =g a P a dx ,... dm. = g^P.dx .(1). 

But, by the connexions between the cylinders and forks which 
move the globes, = dg 2 , dt < 2 = dg^ ... dn.^- dg.y and there¬ 
fore 

d g 3 = U,P 2 dx, ... dcj^g^T.^ dx} 
and dK x - g ) P 1 dx , d< 2 = g 2 P 2 dx , ... dx i = g.P. dx. j ^ ' 

Hence 

n __ 1 d 1 d 1 d 1 dK { ^ 

9 ' ~ T\ di F 2 1m F, fa . w 

Suppose, now, for the moment that we couple the last cylinder 
with the first fork, so that their motions shall be equal—that is 
to say, k. = g v Then, putting u to denote the common value of 
these variables, we have 


1 d 1 d 1 d 1 du 
P l dx P 2 dx ‘ “ P i _ } dx Pi dx 


(4). 


* Sir W. Thomson, Proceedings of the Royal Society , Vol. xxiv., 1876, p. 271. 
t For brevity, the motion of the circumference of the cylinder is called the 
cylinder’s motion. 

% For brevity, the term “ position” of any one of the globes is used to denote 
its distance, positive or negative, from the axial line of the rotating disk on 
which it presses. 
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Tims an endless chain or cycle of integrators with disxs moved Mechanical 
as specified above gives to each fork a motion fulfilling a dif- GenSnd 1 
ferential equation, which for the case of the fork of the zth inte- Differential 
grator is equation (4). The differential equations of the displace- SyO^er^ 
ments of the second fork, third fork, ... (z-l)th fork may of 
course be written out by inspection from equation (4). 


This seems to me an exceedingly interesting result; but 
though P l9 P 2 , P# ... Pi may be any given functions whatever of 
x, the differential equations so solved by the simple cycle of inte¬ 
grators cannot, except for the case of i — 2, be regarded as the 
general linear equation of the order i, because, so far as I know, 
it has not been proved for any value of i greater than 2 that the 
general equation, which in its usual form is as follows, 


^ d*u ~ d { l u - du _ 

. 


can be reduced to the form (4). The general equation of the 
form (5), where Q l} (? 2 , ... Q { are any given forms of x , may be 
integrated mechanically by a chain of connected integrators 
thus:— 


First take an open chain of i simple integrators as described 
above, and simplify the movement by taking 


r =r=p = ... = p a =i, 


so that tho speeds of all the disks arc equal, and dx denotes an 
infinitesimal angular motion of each. Then by (2) we have 


dx t 
9i = dx’ 


__ ^ Ki 

9i - = dtf ’ ' 


2V 


<t\ _A 

''dot" 


.(G). 


Now establish connexions between the i forks and the zth 
cylinder, so that 

Qi ( J\ + ^#2 + ••• + + Qi9i ~ K i ......(7). 

Putting in this for g l9 g 2 , etc. their values by (6), we find an 
equation the same as (5), except that k { appears instead of u. 
Hence the mechanism, when moved so as to fulfil the condition 
(7), performs by the motion of its last cylinder an integration of 
tho equation (5). This mechanical solutionis complete; for we 
may give arbitrarily any initial values to k 0 <y, g^, ... g 3 , g 2 \ 
that is to say, to 

du d~u d x ~ l u 
u > dx 9 S’ *’* 
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Until it is desired actually to construct a machine for thus 
integrating differential equations of the third or any higher 
order, it is not necessary to go into details as to plans for the 
mechanical fulfilment of condition (7); it is enough to know 
that it can he fulfilled by pure mechanism working continuously 
in connexion with the rotating disks of the train of integrators. 


Addendum. 


The integrator may be applied to integrate any differential 
equation of any order. Let there be i simple integrators; let 
ct’j, g , k, he the displacements of disk, globe, and cylinder of the 
first, and so for the others. We have 


9 1 = 


<L* X 



etc. 


Now by proper mechanism establish such relations between 


f7i> <7*, ^c. 

that 

) = 0 > 

< 7 „ »„■-) = 0 , 


g lt k x , 

(2^ -1 relations). 


This will leave just one degree of freedom; and thus we have 
2 i - 1 simultaneous equations solved. As one particular case 
of relations take 


and 
so that 


x i ~ X 2 ~ • ■■(& — 1 relations), 

g 2 = = k 2 , etc. (i — 1 relations); 


9r 


dtti 

dx i} 


9 2 = 


dx l 


etc. 


Thus one relation is still available. Let it ho 

/(®> 9v K i)— 0 . 

Thus the machine solves the differential equation 

j.( d l u d^u du \ ^ . . . . 

S? 9 '"Tx> “ for Ki) * 

Or again, take 2i double integrators. Let tho disks of all bo 
connected so as to move with the same speed, and let t be the 
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displacement of any one of them from any particular position. 
Lot 

x > y> y', x ", y",...^‘- u , /- 11 

be tlie displacements of the second cylinders of the several 
double integrators. Then (the second globe-frame of each being 
connected to its first cylinder) the displacements of the first 
globe-frames will be 


Mechanical 
Integration 
of any 
Differential 
Equation of 
Any Order. 


d?x <£y dW dSj 
dt* 9 dt a ’ df ’ d? ,etC ' 


Let now X, Y } X', Y', etc. be each a given function of 
x, y, x', y\ x'\ etc. 

By proper mechanism make the first globe of the first double 
integrator-frame move so that its displacement shall be equal to 
X, and so on. The machine then solves the equations 


r 

df ’ df~ ’ 


<fx_ T , 
df X ’ 


etc. 


For example, let 

X = (x‘ - x)f{(x' - xf+ (y' - v y\ 
+ («" - x)f{(x" - xf + (y" - yf\ 


Y =(y'~ y)/W - x f + (y - yf} 


X' = etc., Y' — etc., 
where /denotes any function. 

Construct in (frictionless) steel the surface whose equation is 
* = £/(? + *■) 

(and repetitions of it, for practical convenience, though one 
theoretically suffices). By aid of it (used as if it were a cam, but 
for two independent variables) arrange that one moving auxiliary 
piece (an cc-auxiliary I shall call it), capable of moving to and 
fro in a straight line, shall have displacement always equal to 

(x'-x)f{(x' - x) a + (/ - y)% 

that another (a y- auxiliary) shall have displacement always 
equal to 
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that another (an ^-auxiliary) shall have displacement equal to 
{x''-x)f{(x"-xy+ (?,"-!,)% 

and so on. 

Then connect the first globe-frame of the first double integra¬ 
tor, so that its displacement shall be equal to the sum of the 
displacements of the cc-auxiliaries; that is to say, to 
(a/ - «)/{(*' - xf + (?/ - yf\ 

+ (*"-*)/{(«"-*)* + (y"-y)*} 

+ etc. 

This may be done by a cord passing over pulleys attached to 
the cc-auxiliaries, with one end of it fixed and the other attached 
to the globe-frame (as in my tide-predicting machine, or in 
Wheatstone’s alphabetic telegraph-sending instrument). 

Then, to begin with, adjust the second globe-frames and the 
second cylinders to have their displacements equal to the initial 
velocity-components and initial co-ordinates of i particles free 
to move in one plane. Turn the machine, and the positions of 
the particles at time t are shown by the second cylinders of the 
several double integrators, supposing them to be free particles 
attracting or repelling one another with forces varying according 
to any function of the distance. 

The same may clearly be done for particles moving in three 
dimensions of space, since the components of force on each may 
be mechanically constructed by aid of a cam-surface whose ecpia- 
tion is 

*=f m 

and taking rj for the distance between any two particles, and 
f = x' - x 

or ~y'-y 

or = x" - x , etc. 

Thus we have a complete mechanical integration of the pro¬ 
blem of finding the free motions of any number of mutually 
influencing particles, not restricted by any of the approximate 
suppositions which the analytical treatment of the lunar and 
planetary theories requires. 


[I.] 
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VII. Harmonic Analyzer*. 

This is a realization of an instrument designed rudirnentarily 
in tlie author’s communication to the Boyal Society (“ Proceed¬ 
ings,” February 3rd, 1876), entitled “On an Instrument for 
Calculating (/<p (x) \p (x) cZx), the Integral of the Product of two 
given Functions.” 

It consists of five disk-, globe-, and cylinder integrators of the 
kind described in Professor James Thomsons paper “On an 
Integrating Machine having a new Kinematic Principle,” of the 
same date, and represented in the woodcuts of Appendix B', in. 

The five disks are all in one plane, and their centres in one 
line. The axes of the cylinders are all in a line parallel to it. 
The diameters of the five cylinders are all equal, so are those of 
the globes; hence the centres of the globes are in a line parallel 
to the line of the centres of the disks, and to the line of the axes 
of the cylinders. 

One long wooden rod, properly supported and guided, and 
worked by a rack and pinion, carries five forks to move the five 
globes and a pointer to trace the curve on the paper cylinder. 
The shaft of the paper cylinder carries at its two ends cranks at 
right angles to one another ; and a toothed wheel which turns a 
parallel shaft, and a third shaft in line with the first, by means 
of three other toothed wheels. This third shaft carries at its 
two ends two cranks at right angles to one another. 

Another toothed wheel on the shaft of the paper drum turns 
another parallel shaft, which, by a slightly oblique toothed wheel 
working on a crown wheel with slightly oblique teeth, turns 
one of the five disks uniformly (supposing to avoid circumlocu¬ 
tion the paper drum to be turning uniformly). The cylinder of 
the integrator, of which this one is the disk, gives the continu¬ 
ously growing value of jydx. 

Each of the four cranks gives a simple harmonic angular 
motion to one of the other four disks by means of a slide and 
crosshead, carrying a rack which works a sector attached to the 
disk. Hence, the cylinders moved by the disks, driven by the 

Sir W. Thomson, Proceedings of the Royal Society, Yol. xxvii ., 1878, p,S71. 
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first mentioned pair of cranks, give the continuously growing 
values of 





and y sin 


2ttx 7 
ax; 
c ’ 


where c denotes the circumference of the paper drum: and the 
two remaining cylinders give 

f 2? T(t)X y , f . 2tTO)X 7 

y cos ax, and y sm —~ dx; 


where a> denotes the angular velocity of the shaft carrying the 
second pair of shafts, that of the first being unity. 

The machine, with the toothed wheels actually mounted on it 
when shown to the Royal Society, gave o =. 2, and was therefore 
adopted for the meteorological application. By removal of two 
of the wheels and substitution of two others, which were laid on 

39 x 109 

the table of the Royal Society, the value of <o becomes 

(according to factors found by Mr E. Roberts, and supplied by 
him to the author, for the ratio of the mean lunar to the mean 
solar periods relatively to the earth’s rotation). Thus, the same 
machine can serve for analyzing out simultaneously the mean 
lunar and mean solar semi-diurnal tides from a tide-gauge curve. 
But the dimensions of the actual machine do not allow range 
enough of motion for the majority of tide-gauge curves, and they 
are perfectly sufficient and suitable for meteorological work. The 
machine, with the train giving o>~ 2, is therefore handed over to 
the Meteorological Office to be brought immediately into prac¬ 
tical work by Mr Scott (as soon as a brass cylinder of proper 
diameter to suit the 24 h length of his curves is substituted for 
the wooden model cylinder in the machine as shown to the 
Royal Society): and the construction of a new machine for the 
Tidal tidal analysis, to have eleven disk-, globe-, and cylinder-integrators 

Analyzer. 0 ' m ^ ne > an< ^ f° ur crank shafts having their axes in line with the 
paper drum, according to the preceding description, in proper 
periods to analyse a tide curve by one process for mean level, and 
for the two components of each of the five chief tidal con¬ 
stituents—that is to say, 

* The actual numbers of the teeth in the two pairs of wheels constituting the 
train are 78 : 80 and 109 : 110. 
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( 1 ) 

The mean solar semi-diurnal • 

Tidal 

Harmonic 

( 2 ) 

JJ 5> 

lunar „ 

Anal} zer. 

( 3 ) 

>> 

lunar quarter-diurnal, shallow-water tide; 


W 

D r> 

lunar declinational diurnal ; 


( 5 ) 

>> 9) 

limi-solar declinational diurnal; 



is to be immediately commenced. It is hoped that it may be 
completed without need to apply for any addition to the grant 
already made by the Boyal Society for harmonic analyzers. 

Counterpoises are applied to the crank shafts to fulfil the con¬ 
dition that gravity on cranks, and sliding pieces, and sectors, is 
in equilibrium. Error from “back lash” or “lost time” is thus 
prevented simply by frictional resistance against the rotation of 
the uniformly rotating disk and of the tertiary shafts, and by 
the weights of the sectors attached to the oscillating disks. 

Addition, April, 1879. The machine promised in the pre¬ 
ceding paper has now been completed with one important modi¬ 
fication :—Two of the eleven constituent integrators, instead of 
being devoted, as proposed in No. 3 of the preceding schedule, 
to evaluate the lunar quarter-diurnal shallow-water tide, are 
arranged to evaluate the solar declinational diurnal tide, this 
being a constituent of great practical importance in all other 
seas than the North Atlantic, and of very great scientific interest. 

For the evaluation of quarter-diurnal tides, whether lunar or 
solar, and of semi-diurnal tides of periods the halves of those of 
the diurnal tides, that is to say of all tidal constituents whose 
periods are the halves of those of the five main constituents for 
which the machine is primarily designed, an extra paper-cylinder, 
of half the diameter of the one used in the primary application 
of the machine, is constructed. By putting in this secondary Secondary, 

cylinder and repassing the tidal curve through the machine the quaternary, 
i . , / ? , ,. ,, „ . „ etc. tides, 

secondary tidal constituents (corresponding to the first “ over- duetoiufiu- 

tones” or secondary harmonic constituents of musical sounds) shallow 

are to be evaluated. Similarly tertiary, quaternary, etc. tides water> 

(corresponding to the second and higher overtones in musical analogous 
' , ? ... to musical 

sounds) may be evaluated by passmg the curve over cylinders of overtones. 

one-third and of smaller sub-multiples of the diameter of the 
primary cylinder. These secondary and tertiary tidal consti¬ 
tuents are only perceptible at places where the rise and fall is 
influenced by a large area of sea, or a considerable length of 
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channel through which the whole amount of the rise and fall is 
notable in proportion to the mean depth. They are very percep¬ 
tible at almost all commercial ports, except in the Mediterranean, 
and to them are due such curious and practically important 
tidal characteristics as the double high waters at Southampton 
and in the Solent and on the south coast of England from the 
Isle of Wight to Portland, and the protracted duration of high 
water at Havre. 


END OF PART T. 
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